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Strictly pseudoconvex CR manifolds

A CR manifold is a pair (M, T1?), where M is a (smooth)
manifold and T%9M is complex sub-bundle of CT'M which
satisfies

o TYOM NTLOM = {0}.
o [T1OM, THOM] c T'OM.
A CR manifold M is of hypersurface type if

dimg M = 2dimec T°M + 1.

Real hypersurfaces in C"*! are of hypersurface type.

We shall confine to hypersurface type CR manifolds. Let

H(M) = RT°M be the codimension one, real vector sub-bundle
of TM. There exists a real 1-form 6 such that

H(M) = ker#.

M is strictly pseudoconvex if the Levi form df is definite on H(M).
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Pseudo-Hermitian structures

Let M be a s.p.c CR manifold. We can find a 1-form 6 such that

df is positive definite on H(M ). Then df induces a metric Gg on
H(M) via Go(X,Y) =dO(X,JY), J being the complex structure
on H(M). Then 0 is called a pseudo-Hermitian structure.

The Reeb vector field T is uniquely determined by

a9 T =0, 6(T)=1.
This T is everywhere transverse to H(M). The Webster metric is
go=Gog+0-0.
Fix such 6, any pseudo-Hermitian structure on M is given by
0=e’0, ocC®(M,R).

Following Webster, we call M with the data TYOM and 6 a
pseudo-Hermitian manifold.



Tanaka-Webster connection

Let {6} be an admissible coframe for (T*?)*, §%(T) = 0. Then
{6%,0%,0} is a coframe for CTM*. Let {Z,} be a local frame for
THOM dual to {0}, {Z4, Z5, T} is a local frame for CT M. Then

—idf = h,50% N 6°, (summation convention)

for some Hermitian matrix han called the Levi matrix. The
Tanaka-Webster connection forms w,” and torsion forms
Tg = Apga0” are defined by the relations

d6P = 0% Awo + 0 A TP, Waj +wae = dhygz,
Anp = Aga.
Tanaka-Webster connection associated to 6 is defined via

VZ, = wa'B ® Zg, VI =0, etc



Tanaka-Webster vs. Levi-Civita

Let V be the (torsionless) Levi-Civita connection associated to gg.
The Tanaka-Webster connection always has torsion.

VxY =VxY +0(Y)AX + % (0(Y) X +6(X) oY)
— |[(AX,Y) + %d& (X, V)| T.

Here ¢ is the extension of J to T'M by setting ¢(7') = 0, and
A(X) = 7(T, X) where T being the torsion of V.

The relation is particularly useful when the “pseudo-Hermitian”
torsion A, vanishes (Sasakian case).



Cauchy-Riemann 9;-operator and Kohn-Laplacian

The Cauchy—Riemann operator 0, is defined by
Onf = (Za)0, Oof = (210", df = Ouf +0uf + (T)0.
The divergence operator §; takes (0,1)-forms to functions:
ob(0al®) = 00,7,

On compact manifolds without boundary, Stokes theorem implies
/ 5500 A (dO)" = 0
M
Consequently, 9; = —d; and so
Opf = —h*V, V5.

By definition, [, depends on the “scale” 6: Let 0 = %0 and Eb is
the Kohn-Laplacian operator that corresponds to 6. Then

6“ |jbf = Dbf —n <8bu, 5bf> (1)
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Spectral theory of Kohn-Laplacian

Theorem (Burn-Epstein)

Let (M,0) be a compact pseudo-Hermitian manifold of dimension
3. Then the spectrum of [y, in (0, +00) consists of point
eigenvalues of finite multiplicity. Moreover, all corresponding
eigenfunctions are smooth.

If M is embedded into C¥, then zero is an eigenvalue of infinite
dimension; the kernel ker [, consists of CR functions. If M is
non-embeddable, then small eigenvalues converge rapidly to zero.



Spectral theory of Kohn-Laplacian

Theorem (Kohn)

Let (M,0) be a compact CR manifold (not necessarily strictly
pseudoconvex). Then M is CR embeddable into CN if and only if
the Kohn-Laplacian has closed range.

If M is embeddable,then the spectrum of [, consists of a discrete
sequence 0 = Ag < A\; < -+ < --- converging to infinity.

If M is non-embeddable, then there exists a sequence of
eigenvalues decreasing rapidly to zero.

If the dimension is of at least five, by a theorem of Boutet de
Monvel, all compact s.p.c CR manifolds are embeddable and hence
zero is an isolated eigenvalue of infinite multiplicity.

If the manifold is not embedded, the kernel of [J, need not be of
infinite dimension. Barrett constructed examples on which CR
functions are just constants. There are perturbation of the
standard CR structure on the sphere (Rossi's structures) such that
the CR functions are “even”.



Estimate for the eigenvalue of Kohn-Laplacian

Theorem (Chanillo, Chiu and Yang)

Let (M,0) be a pseudo-Hermitian manifold of dimension 3. If the
Webster scalar curvature is positive and the CR Paneitz operator is
nonnegative, then any non-zero eigenvalue of [, satisfies

A > %minR.
M

The CR Paneitz operator in three dimension is given by

1 . 1\
Pop = (90;1 1 +iApp )

This operator first appeared on the work of Graham—Lee. The
nonnegativity of CR Paneitz operator is CR invariant (e.g., does
not depend on the scale 6). It holds when M admits a transversal
symmetry (an infinitesimal CR automorphism that transverses to
H(M) at all points).



Example 1

Let M be the standard sphere
M = {(z,w) € C%: |2]* + |w|* = 1}.

The standard pseudo-Hermitian structure 6 := id||Z||?. Let
L =20, — w0z. Then

Ouf = —LLf.

Thus, Opz = Z and pw = w. The Webster curvature R = 2, and
the CR Paneitz operator is nonnegative, since the sphere admits a
transversal symmetry. Hence, A\; = 1. The eigenspace is spanned
by Z and w.
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Bochner formula for Kohn-Laplacian

Lemma (Chanillo, Chiu, Yang)

Let f be a complex-valued function. Then

_ 1
_Db‘abff: ,5\2—i

faz| +fa R NS R

- 1o == —1 ¥
—i—Ragfafg—%fapaf"‘ana(Paf)'

The CR Paneitz operator is given by

Bi =Vt - [ faPaf)= [ Rifz0
M M
It is always positive if n > 2 (Graham—Lee). The proof of the
estimate follows the proof of the Lichnerowicz estimate using

Bochner formula for Laplacian on Riemannian manifolds.
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Equality case

Theorem

Let (M,0) be a compact strictly pseudoconvex manifold of
dimension 2n + 1 > 5. Suppose that there exists a positive
constant K such that

Ric > K

then
A1 > nk/(n+1).

The equality case occurs if and only if (M, 0) is CR equivalent to a
sphere in C"*1.

The inequality is just a straightforward generalization of
Chanillo-Chiu-Yang's estimate. The characterization of equality
case is proved by D.-Li-Wang.
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Example 2

Let (M, 0) be given by p = 0 where

n+1

pi= Z(log 12j]%)* — €, 0 =—idp|u-

Jj=1

Then the Webster Ricci curvature is
n
Rop = (53) s

Thus, A1 > 55—, provided that n > 2. On the other hand,

(n+1)
2 n? 2
Oy (log |2;]7) = @(log|zj| )-

Thus \; < % We suspect that the last value is precisely the first
eigenvalue of [, on M.
The case n =1 is less understood. One needs positivity of CR

Paneitz operator to obtain the lower bound.
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Proof of the characterization of equality case

©Q Let f be the “critical” eigenfunction. Formulate the
overdetermined PDEs that must be satisfied by f:

VoVgf =0, VgVaf=—cfhga, c>0.

@ Prove that A, is of rank-one: |9y f|?Aug = ¥ fafs.
© Prove that
(0-1) [ oI =0,
M

@ Show that the pseudo-Hermitian torsion A,3 must vanish.

@ Prove that D?u = Cugy where u = Rf and the Hessian is
computed using the Levi-Civita connection.

O Apply Obata’s theorem.

When n = 1 there're several places the proof does not work.
Under the weaker condition that the manifold is complete?
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Explicit computations

Let M be given by p =0 and # = —idp|ps. Since
Ouf = 0,0uf = —fa." = =W (225 f — w3"(Z5) Z5 f).

To calculate [J,, we need to calculate the connection form wgg.
This was done by Li-Luk, Webster, etc. B
Suppose that pji is positive definite and let 0" be its inverse.

Write |8p|l2) = pjl;pjp,-c. Choose a local admissible holomorphic
coframe {6*}, a =1,2,...,n on M by

0° = dz* — ih®0,  h = |9pl; 20" = 00l %050, (2)

We use summation conventions: repeated Latin indices are
summed from 1 to n + 1, while repeated Greek indices are summed
from 1 to n.
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Explicit formulas for [,

This admissible coframe is valid when p,1 # 0. At p with

pnt1 # 0, _
df = ih,z0% N 6°,

where the Levi matrix [h,z] is an n X n matrix given explicitly:

PaPp
hag = Pap — Pa0310g pnt1 — p5a logfr***+-pn+1n+1‘ ﬁg-

The inverse [R77] of the Levi matrix is given by

B B n+1
WP — i |ap|2’ ot = ZP o

16 /37



Explicit formulas for [,

The Tanaka-Webster connection forms are
Wge = (Z“_fhaB — h@ho@,)efY + hahwgev + iha525h59,
where hy, = hthB and the dual frame are given by

0 Pa O
Lo = — .
0z% Pn+1 82n+1

The relevant Christoffel is
w3 (Zp) = h%hgy

Therefore, o .
Wwl(Zg) = nh°.



Explicit formulas for [,

Formulas for (J,: (a) The following holds on M.
uf =h*7(Z525 f —wr"(25) Z f)
= (10p1,26" 7 = ™) f51.+ nll, 20" f
= — trace(i0d ) + |0pl,*(00f,dp N Dp) + nldpl,*(9p, Of),

(b) Suppose that (z!,22,...,2""!) is a local coordinate system on
an open set V. Define the vector fields
Xjk = pkaj — pjak, Xj_ = Xjk- (3)

Then the following holds on M NV

1y -
Onf = —§|3p!p20pkp“quij;f- (4)

These formulas were derived by D.-Li-Lin.
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Examples 3

e If M is the sphere with 6§ := i9(||Z||?), then (5) reduces to a
well-known formula (e.g., Daryl Geller)

Oof = Y X XGif. (5)
i<k

o If M is an ellipsoid: p = || Z||* + R(a;r 27 ZF), then p,z = 0j1;

then

Onf = ~10p1,% Y XjuX55/f. (6)
i<k
o If M is given by p = 0 with
p = (log|2|*)? + (log |2[*)* — ¢
then B
Ovf = (|2w|?/(2¢*))LLf
with L = 27 'log|2|?0y — w1t log |w|?0..
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Ritz-Rayleigh quotient

The characterization of the first positive eigenvalue of [y is

Srul?
Al :inf{‘w: uekerDbL}.
U

Finding a “test function” u € ker [, is not easy. It should have
something to do with Szego projection.
Another Ritz-Rayleigh type quotient is

N 2
A1 :inf{w: U ¢kerDb}.
v W0pu

This is useful in some case. These were proved in D.-Li-Lin.
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An useful observation

Let (M, 0) be compact, strictly pseudoconvex pseudohermitian
manifold. If there is a smooth non-CR function f on M such that
|Opf)? < B(2)R(f0,f) for some non-negative function B on M,
then

A1 < max B(z). (7)

If the equality holds, then B must be a constant.
In fact, the hypothesis implies that

A / Fonf < / 012 < / BER(FOL).

Then the estimate (6) follows from the Mean Value Theorem.
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Upper estimate 1

Theorem (D.-Li-Lin 2016)

Asume that for some j, %ijp p; + %|8p]/2, |Ap;i|> <0 on M, then

=3
M(M,0) < nmax|0pl, (8)

and the equality holds only if |8p[% is constant along M.

This theorem hold for a large class of p, e.g., if
p(Z,Z) = |z1|* 4 (22, Z2) + pluriharmonic terms,

then )\ is bounded above by max|dp| 2.
The proof follows from the observation above with
B(z) = n[8p|;2.



Another interpretation

If M is strictly pseudoconvex defined by p = 0, then there is a
function r[p] such that,

—idf = h,56% A 6° +10p A I, (9)

This function is called transverse curvature by Graham and Lee.
When p,; is definite, then

-2
r= |8p]p .
The estimate above reads

< .
A1 < max r[p]

If the equality holds, then r[p] must be a constant.
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Upper estimate 2 - Reilly type estimate

Theorem (D.-Li 2017)

Let M be a compact strictly pseudoconvex hypersurface in C*+1
defined by p = 0 and let 0 = 1*(i/2)(0p — Op). Suppose that there
are positive numbers N > 0, v > 0, and a pluriharmonic function
1 defined in a neighborhood of M such that

K
(p+)¥ == |fWP (10)

pn=1
where f* are holomorphic for p=1,2,..., K. Then

MM, 0) < — /Mr[p] 0 A (dO)" +

n(N —1)
v(M, ) '

v

(11)

Ify) = 0 and the equality occurs, then r[p] = L is a constant on M.
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Proof of Estimate 2

For anti-CR function f

Oy f = nrlple® fr.

Where ¢ = (£¥) is the transverse vector field determined by

§100p =rlp]dp, Ip(€) = 1. (12)
Compute )
O 02 = n2ek F0€! 1. (13)
Summing over = 1,2,..., K, we obtain
Z |Op f®)| = ngke! Z £
pn=1

= n*€"e (NN g+ N(N = 1) pjpp)
=n? NN 2 (ur+ N —1). (14)
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Proof of Estimate 2 continued

Next, observe that by (16) (assuming p,, # 0)

Sorgozso -3 (10 20) (10 - 2210
p=l p=1 w w
v <pm - pﬁpp; “- pap[ijw * pﬁ\[;jfl);u w)
=NvV s (15)
Therefore,
K K
S0 FP2 = TS 25 F 2, f00 = NN, (16)
n=1 s

Applying the Ritz-Rayleigh characterization of A1, we get desired
estimate.
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Corollary: Reilly type estimate

Corollary (D.-Li 2017)

Suppose that M is a compact strictly pseudoconvex manifold and
F: M — S*6*1 js a CR immersion. Let © be the standard
pseudohermtian structure on the unit sphere, and let rp = r[p]
where p := fo:l |F")2 — 1. Then

(M, F*O) < — =

_M/MTFF*@/\(dF*@)n. (17)

If the equality occurs, then rp =1 on M and f* are
eigenfunctions of L1y, for the first positive eigenvalue \1.

This follows immediately from the previous theorem with N =1,
v=1and ¢ =0.
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Example 4

The unit sphere S? in C? can be defined by p = 0 with
p =122 + 2|z2w|?* + |w?|* — 1. (18)

Observe that on S3, det H[p] = 8, J[p] = 4, and the transverse
curvature is constant: r[p] = 2. Since dp = 2(2dz + wdw) on S3,
the pseudohermitian 6 := (i/2)(0p — dp) is twice of the standard
pseudohermitian structure on S and hence \;(S3,0) = % Observe
that (S3,0) is CR immersed into S° C C? via H. Alexander's map
F(z,w) := (2%, v2zw,w?) and the corollary above does apply.
The constancy of r[p] does not implies that the equality occurs in

(17).
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Upper estimate 3

Theorem (D.-Li-Lin 2016)

Let p be a smooth strictly plurisubharmonic function defined on an
open set U of C"*1, M a compact connected regular level set of
p, and \p the first positive eigenvalue of 00, on M. Let y(z) be
the spectral radius of the matrix [p*(2)] and

s(2) = trace [p’*] — v(z). Then

n? [17(2)|0p|5*
Jusz)

Dropping condition on p, the upper bound also depend on the
eigenvalues of the complex Hessian pz.

A <

(19)

v
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Proof of Upper estimate 3

First, we define

[P, Tl 20
= Ju ool Dﬂ‘/M<pj o) 0

From the explicit formula for [J,, we can compute

0,27 = n|op| =20’ (21)

Therefore,

10,27 || = n? lidig nC;. (22)
M \8P|ﬁ !
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Proof of Upper estimate 3

We can also compute

_ o B _ 712
5 - af _ PP i _ 1]
0077 = 8jadjs <p - |3p!2> s |0p]? )

Here without lost of generality, we assume j # n + 1. Therefore,

[ 1872 = b, (24)
M
Thus, we obtain for all j

/\1 S HQCJ'/DJ'. (25)
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Proof of Upper estimate 3

Observe that 1/v(z) is the smallest eigenvalue of the Hermitian
matrix [p,z(2)], and thus, for all (n + 1)-vector v/,

n+1

1 ) . -
EPIE (29)
=1

Plugging v/ = p’ into the inequality, we easily obtain
n+1 .

> P72 < ~(2)|9p|2. Consequently

j=1

n+1 2
ZC Z/ ||g;||4 —/ (2)‘6P|;27 (27)
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Proof of Upper estimate 3

and therefore,

n+1
;Dj B g/M < ‘6p‘2> /M trace ’7(2)]

/
M

n* 355G _n? [y (2)|0p],
Zj D; fM s(z) .

A < n? min(C;/Dj) < (28)

The proof is complete.
Since v(z) > ns(z), the bound in this theorem is weaker.
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Example 5

Put
p(Z) =log(1+ 1 Z|*) + (2, Z), (29)

where 1) is a real-valued pluriharmonic function. [p/*] has
eigenvalues A, 11 = (1 + [/ Z]|?)? of multiplicity one and
M=X=-=X\,=1+]Z|?% Thus

(=) = A+ 12172 s(z) =n1+[Z]?).
One gets

n [y (1+ 1 2)2)210p],2
S SN VA B

When 1p = 0, M is just the sphere.

< nmax(1 + || Z]*)[p],*.
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Example 6: Ellipsoids

Theorem (D.-Li.-Lin 2016)

The equality occurs only if |(9p|/2J is a constant on M. If
furthermore, p is defined in the domain bounded by M, then M

must be a sphere.

This follows from the previous theorem, since y(z) = 1 and

s(z) = n.
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Example 6: Ellipsoids

Let - '
p(2.2) = | ZI + Rlaz 7).

Compact level sets of p are ellipsoids. Moreover, p;z = d;x. By
either one of the theorems above,

/ 190|726 A (d0)".

M < ———
Uol

If M is a compact level set {p = v}, with v > 0, then

vol

75 [ Vorl %0 0 (a)” =
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Example 6: Ellipsoids

Corollary (D.-Li-Lin)

Let p(Z) be a real-valued, strictly plurisubharmonic homogeneous
quadratic polynomial satisfying p,z = djx, M = p~'(v) (v >0) a
compact connected regular level set of p. Then

M (M, 0) < M\ (VS 6y) = n/v. (30)

The equality occurs if and only if (M, 0) = (/v S**1,6,).

Here, /v S?"*1 is the sphere || Z||? = v and 0y = 1*(i0|| Z||?) is
the “standard” pseudohermitian structure on the sphere.
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