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Notation Weig

Conventions - Notation

& denotes the class of smooth functions

C“ denotes the class of real analytic functions

‘H denotes the class of holomorphic functions
write Ryo :={x € R: x > 0}

write Nyg = {1,2,...} and N= Ny, U {0}

(k) denotes the k-th order Fréchet derivative of f

write ||f(k>(x)|yLk(R,,Rs) = sup{[|[FR ) (va, ..., vi)l|rs - |villrr <
1V1<i<k}

we write [] if either {-} or (*) is considered but not mixing the cases
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Notation Weig

Ultradifferentiable classes

Ultradifferentiable classes &5, x € {M,w, M} - certain subclasses
of smooth functions satisfying growth conditions on all their
derivatives

Classically defined by using weight sequences M or weight functions
w

Historically first the classes £}y were considered

Classes &,): First the decay property of the Fourier transform f
was measured w.r.t. to w (Beurling)

Using a weight matrix M = {M* : x € T} unifies/generalizes both
approaches

In each setting one can distinguish between the Roumieu case £,
and the Beurling case £,
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Notation Weig

(Non)-Quasianalyticity of &

Each case can be divided into quasianalytic and non-quasianalytic
classes

Non-quasianalyticity: Existence of functions with compact support
of the particular case ("&},-test functions”)

E. Borel (ca. 1900) - Discovery of quasianalytic functions:

Explicit construction of smooth functions on the real line which are
not real-analytic but nevertheless £U)(0) for all j € N implies f = 0.
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Weight sequences

Weight sequences M

M = (M), € RYy, put mp, := M{’ and get m := (mp)p.
M is called normalized, if 1 = My < M; (w.l.o.g.).
Write M < N if M, < N, for all p e N.
(1) M is called log-convex if
VjEeNsg: M? < MjiMjy.
If M is normalized and log-convex, then k — M and k — (M, )'/*
are increasing.
(2) M has moderate growth (write (mg)) if

I3C>1Vj,keN: My < MM,
(3) M is called non-quasianalytic (write (nq)) if
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tion Weight sequences

(4) For M, N we define
M\ L/P
M < N:&  sup (p> < 400,

pEN>o NP

ie. 3C,h>0VpeN: M, < ChPN,.
1/p

M <N :< lim <Mp> =0,
p—oo \ Np

ie. Vh>0(small)3C,>0VpeN: M, < CphPN,.
We call two sequences equivalent, if

M~=N: M<N and N<M
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Weight sequences

Example

The Gevrey-sequences G® = (p!*)pen, s > 1, are normalized and
satisfy all properties (1) — (3). If s < t, then G* < G".

For convenience we put

LC :={M € RY, : normalized, log-convex, klim (M )% = 400}
—00
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Weight sequences

Classes E[M] (H. Cartan, S. Mandelbrojt, W. Rudin, H.

Komatsu)

Let r,s € Nyg, U C R" be non-empty open, then define the
Roumieu class

Emy(U,R®) =
{f € E(U,R®): VK C Ucompact3h>0: |f||mkn<-+oo}

and the Beurling class

g(M)(U,RS) =
{f € E(U,R®): VK C UcompactV h>0: |f|mkn<-+oo},
where 0
Ed (X)HLk(R’ RR5)
f = —.
1#laa s keSNL,erK hx M,
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Weight sequences

Topology on &y

For compact sets K with smooth boundary
5M’h(K,RS) = {f S E(K,Rs) : HfHM,K,h < +OO}

is a Banach space and we have the topological vector space
representations

E{M}(UaRS) = ||<_m ||_m> gM,h(KaR )_ ||<_m 5{M}(K’R ) (1)
KCU h>0 KCu
resp.

Emy is a Fréchet space, Ep (K, R?) is a Silva space.
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tion Weight sequences

We get Ep),} = C¥ and &((p1),)(U) = H(C") (restrictions of
entire functions on open connected U)

If M € LC and N arbitrary, then M X N < &y € €y and
MaN < 5{/\//} - 5(/\/).

liminf pyoo(mp) /P > 0 <= C¥ C Eqppy <= H(C") C E (V)
limp_y00(mp) /P = 00 <= C¥ C Emy
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Weight functions

Weight functions w

A function w : [0, 00) — [0, 00) is called a weight function if:
(/) w is continuous,

(i) w is increasing,

(i) w(x) =0 for x € [0,1] (normalization - w.l.0.g.),

(iv) limy—o00 w(x) = +o00.

(1) — (iv) are denoted by (wp)

Sometimes w is extended to C” by w(z) := w(|z|) - connection to
complex analysis
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es Weight functions

Moreover we consider:
w1) w(2t) = O(w(t)) as t — oo

wy) w(t) =0(t) as t — oo
w3) log(t) = o(w(t)) as t — ¢
wy : t — w(e') is convex

H>1Vt>0: 2w(t) <w(Ht)+H
w7) IH>03C>0Vt>0:w(t?) < Cw(Ht)+ C (new!)

9] w(t

We

(
(w2)
(ws)
(wa) @
(ws) w(t) =o(t) ast — 400
(we) 3
(wr)
)

(Wnq dt < o0.
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Weight functions

Example

ws(t) := max{0, (log(t))°}, s > 1, satisfies all properties except

(we).-

The weight ws(t) := t1/5, s > 1, yields the Gevrey class G°. It
satisfies all properties except (w7).
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s Weight functions Weight matrices

Put
Wo = {w : [0,00) = [0,00) : w has (wp), (w3), (wa)},
W= {w € Wp : w has (w1)}.

For w € Wy define the Legendre-Fenchel-Young conjugate

Pu(x) = ;L;%(Xy — vu(y))

which is convex, increasing, ©f(0) =0, ¢ = @,

X - =0 and finally x — %T(X) and x — %(X) are

lim X
DX i (X)
increasing.
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Weight functions

Classes &, - Braun,Meise, Taylor (1990)

Let r,s € Nug, U C R" non-empty open, for w € Wj define the
Roumieu class

S{w}(U,RS) =
{fe&(U,R®): VK C Ucompact 3/>0: |[f|lwk,s < +oo}

and the Beurling class

Ew)(U,R?) =
{f € E(U,R®): VK C UcompactV [ >0: |f|,ks<-+oo},

where

1F5 G ke oy

[[fllo, i, == sup
¢ kenxek exp(tpr(lk))
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Weight functions

Relations of weight functions

For o, 7 € Wy write
o <X71:57(t) = O(o(t)), as t — 400

oc~T o<1 and T<0
o1 7(t)=o0(c(t)), ast = +oo

if o,7€W, then o <7 <:>8[U] C E[T] and o a7 @5{0} - S(T).
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Weight functions

Associated function wy, - S. Mandelbrojt, H. Cartan, H.

Komatsu

For M := (M), € RY we define the associated function
WM - RZO —RU {+OO} by

tP M,
wp(t) := sup log ( 0> for t > 0, wm(0) := 0.
peEN Mp

If M € LC, then wp € W.

M has (nq) if and only if wp; has (wnq)-
M has (mg) if and only if wy has (we).
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Weight functions

Associating a weight matrix

A central new idea: To each w € W, we consider the associated
weight matrix Q := {Q/ = (QJ/-)J-GN : 1> 0} defined by

1,
Q== exp <,%(U)>

Motivation for this: Compare the expressions in the denominators of
the defining seminorms

Lemma

Let w € Wy, then Q' € LC and w ~ wq for each | > 0.
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es Weight functions Weight matrices

Important new representations

Theorem

Let w € W, then we have for each compact K C R" and
non-empty open U C R':

w)(U) S(Q/)(U) and 5{w}(K) = ||_m> 5{9/}(K).
/>0 >0

If in addition (w7), i.e. 3IH,C >0V t > 0: w(t?) < Cw(Ht) + C,

then
>0 >0
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es Weight functions Weight matrices

Characterizing condition (weg)

Let w e Wy, TFAE:
1) w has (we), e. IH>1Vt>0: 2w(t) <w(Ht)+ H,

(

(2) each/some wqi has (we)

(3) & = & for all x,y >0

(4) Q= QY for all x,y >0

(5) Q* has (mg) for some/for each x > 0

w has (wnq) if and only if some/each Q* has (nq)

Consequence: (w7) is an obstruction for (we)
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Weight matrices

Definition of a weight matrix

The representations above motivate the following abstract
definition:

A weight matrix M := {M* € RY, : x € T = R0} is a set of
weight sequences, s.th.

(M) = Vx: M*is normalized, increasing, M* < M” for x < y.
We call M standard log-convex, it

(Mge) & (M)andVxeZ: M e LC.
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Weight matrices

Spaces &

Let r,s € Ny, let U C R" be non-empty and open, for all compact
K C U we put

Epp (K R) = ] Equey (K, R?)
x€L

Ey(UR%) == () | &y (K,R?)
KCU xeZl

and

g(M)(K,RS) = m E(Mx)(K,RS)
xeT

Emy(U,R%) == () Emey(U, R)
x€L
Em) is a Fréchet space, Eqpqy(K,R?) is a Silva space.

Gerhard Schindl| University of Vienna

Quasianalyticity of classes of ultradifferentiable functions



Weight matrices

Some conditions for M

Roumieu type:
(Mimgy) YXETI3IC3y eIV jkeN: My, <M My
(Myy) VCVxeZ3ID3IyeIVkeN:CkM < DMY
(Migry) VxeI3dyel: M MY

Beurling type:
(M(mg)) YXEZICIy€eIVjkeN: M/, < CItkMx My
(M) YCVx€eZ3ID3IyeIVkeN:CM] < DM
(M(BR)) VxeZdyel: M <M
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Weight matrices

Relations for weight matrices

If M ={M*:xecRso}, N ={N:yecR.g}, then
M{=ZIN &V xTy: M N

MEN &V xIy: MY < NX
MI=IN & M=V, N [=IM
Finally
MAN &V xVy: M N
In this context we introduce also:
(Mycwy) Ix €L lim infi oo (M5 >0
(M) ¥ x € T: liminfy_ oo (m)Vk >0
(Mewy) ¥ x €T : limpoyoo(m)* = +o0
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Weight matrices

Characterization of relations

Let M and NV be (M), then
(i) Emy CEW) &M aN

(M{Cw}) — C¥ - E{M}
(My) <= H(C") C E (V)
(M(Cw)) <— C¥ C S(M)

We call M constant, if M = {M} or more generally if M* ~ MY
for all x,y € 7.
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Weight matrices

Conditions for w versus conditions for

Let M = Q for w € W, then:

(1) Qis (Msc)

(2) Q2 has (Mmgy) and (M(mg))

(3) If w has in addition (wy) then (M) and (M)
(4) M is constant if and only if (we) is satisfied

(5) If w has in addition (w7) then (Mggry) and (Mgr))
(6)

6) Let 0,7 € W with 0 < 7 then M{=}N and M(Z)N. If

o <1 then M < N (M is associated to o and N to 7).
(7) If w has (w1) and (w2), then (My) and if it has (w1) and
((U5) then (M(C“’))
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Weight matrices

Autonomy of & - joint work with A. Rainer

Comparison of &y and &), - in general mutually distinct
(Bonet,Meise,Melikhov - 2007)

Using weight matrices generalizes both approaches

But we can describe more classes: Set
G = {G's = (p!*T1) pen : s > 0} - the Gevrey-matrix.

Proposition

Neither 5{g} nor S(Q) coincides with S{M}, S(M), E{W} or 5(w) for
any M € LC and any w € W.
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Non-quasianalyticity

Definition

Let M be (M), then &y is called non-quasianalytic if &y
contains non-trivial functions with compact support.

Importance of non-quasianalyticity: existence of
& m-testfunctions/partitions of unity

Characterization of non-quasianalyticity is given by the
"Denjoy-Carleman theorem”
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Non-quasianalyticity

Regularizations of a weight M (Mandelbrojt, Cartan,

Komatsu, Hérmander)

Let M € RY with My = 1.
M = (M) denotes the log-convex minorant of M given by

ME = sup 7tk
AR exp(wm(t))’
Moreover put M! := (M), defined by
/ 1/j k /
M) = (inf{(l\/lj) > k}) fork>1, M} =1

((M])}/k) is the increasing minorant of ((Mx)'/¥),
we have M'© < M! < M - if M is log-convex, then M' = M' = M.
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Non-quasianalyticity

Importance of M

Theorem
Let M be arbitrary and U C R" open.

(i) Hliminfy,o(me)!/k >0, then Epy(U) = Egppey (U).
(ii) I limpsoo(mi)/* = 400, then E (V) = Eppey (V).

Roumieu case: H. Cartan (1940)
Beurling case: Rainer, S. (2014) - reduction to the Roumieu case
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Non-quasianalyticity

Denjoy-Carleman theorem for classes &y (e.g. L.

Hormander, H. Komatsu, W. Rudin)

Theorem
Let M € RY, with My = 1. TFAE
(i) &y is non-quasianalytic
(ii) M' satisfies (nq)
(iii) 3 p1 W < +o0.
In this case C* C &y = Epy = Eie holds.
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t matrices Non-quasianalyticity

Denjoy-Carleman theorem for &

Generalizing a result by J. Schmets/M. Valdivia (2008) we prove:

Theorem

Let M ={M*:xe€Z=Rso} be (M).

(i) Etay is non-quasianalytic if and only if there exists xo € 7
such that Epxo) Is non-quasianalytic.

(i) &y is non-quasianalytic if and only if each &y is
non-quasianalytic.

Attention: "Large intersections” of non-quasianalytic classes are in
general NOT non-quasianalytic again! - The class C¥ is the
intersection of all non-quasianalytic classes (T. Bang).
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t matrices Non-quasianalyticity

Denjoy-Carleman theorem for M = Q

Corollary

Let w € W be given. TFAE:

(i) w has (wnq),
(if) Eqwy contains functions with compact support,

)

) €
(iv) some Q' has (nq),
(v) each Q' has (nq).

(iii) &) contains functions with compact support,
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The Borel mapping

General assumption

- Joint work with A. Rainer -

From now on assume for each weight M resp. M* € M:

Mec £C and liminf(m)Vk>0ecv CéE
€ an lirgngo(mk) >0&CY Cé&m

This is no restriction whenever C* C &y Make a change
M — M' if necessary
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The Borel mapping

Definitions

The space of germs at 0 € R" of Eyp-type is defined by

Emy = lim Enn((=1/k,1/k)")
keNs o

resp.
0,” [ H
o = lim Ean((=1/k,1/K)").
k€N>o

The germ of real analytic functions (corresponding to M, = p!) is
defined by O%".

. 0,n 0,n
Analogously we introduce S[w] and S[M].
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nalyticity The Borel mapping

Moreover we define

f/w} = {a = (aj)j ecN:3h>0: ’a’/\/],h < —l—OO}

resp.
/\FM) = {a = (aj)j € (CNn :Vh>0: \a\MJ, < +OO},
where
|a|m,h := sup |J-|aj‘ :
jenn hVIMyj

H n n
Analogously we introduce /\[w] and /\[M].

The Borel mapping j*° : EFM"] — AFM] is defined by

f = (F9(0))jenn.
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The Borel mapping

Questions concerning the Borel mapping j*°

Let 8[0/’\4"] be quasianalytic <= j* is injective

(/) What can be said about the surjectivity of j*°7

(i) More generally what can be said about the image
jOO(S[M]) - /\[M] "How large” is the image in A[M]

(iii) Let a € A[M] be given, does a belong to the image of j°°7
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The Borel mapping

Known results

(1)

Classes Sgﬁ} - T. Carleman (1920's), V. Thilliez (2008):

0,n C Ho ol
If S{M} is quasianalytic and O 5{/\//} then j* is never
surjective.
Proof: Carleman uses variational arguments, Thilliez uses
functional analysis

Classes 5{ ) and 58;')7 - J. Bonet/R. Meise (2013):

If E[L;] is quasianalytic and ©%" C 5[2’)]", then j* is never
surjective. Proof: very much functional analysis is involved

H. Sfouli (2014): Proves the non-surjectivity for abstract
quasianalytic local rings, but requires stability under
differentiation and composition - really restrictive assumptions
for the ultradifferentiable case!
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The Borel mapping

Our results (2015)

elementary proofs, no functional analysis is used

proof for classes 5&4"] - very general setting

)
)

(iii) show not only the non-surjectivity of j°°, but a little bit more
)

obtain some information of sequences which are not contained
in the image of j*°
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nalyticity The Borel mapping

Important theorem from T. Bang (1953)

Theorem
Let M be quasianalytic, f € £([0,1]) such that

VieN: sup |[fU(1) <M,
te€[0,1]

If f # 0 and for all j € N there exists x; € [0,1] with fU)(x;) =0,
then

o
> I = X1l = +oo.
=0
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The Borel mapping

Important consequence from T. Bang (1953)

Corollary

Let M be quasianalytic and f as above. If fU)(0) > 0 for all j € N,
then fU)(t) > 0 for all t € [0,1] and j € N, i.e. f is absolutely
monotonic.

Proof: Apply the previous theorem and Rolle’s theorem.
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The Borel mapping

Non-surjectivity for j° - Roumieu case 5?,’\2}

Let M be quasianalytic and such that
0, 0,n 1/k _
O™ C & < SUPkeN- o (Mk) /K = +o0.
Then there exist elements in /\EM} which are not contained in

j°°(5?,’\7}) for any quasianalytic N.

Proof: Use the previous Corollary and Bernstein’s theorem:
Absolutely monotonic functions are real analytic.

Consequence (n = 1): Each strictly positive sequence

b= (bp)p € Ny (i.e. bp > 0 for all p € N) is not contained in

jOO(S?,’\;’}) for any quasianalytic NV unless b defines a real-analytic
germ.
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ht matrices Non-quasianalyticity The Borel mapping

Non-surjectivity for j* - Beurling case 5(05/7)

Theorem

Let M be quasianalytic and such that

@0 - g(OM) =2 |imkg)oo(mk)1/k +00.

Then there exist elements in /\( M) which are not contained in
(E?N}) for any quasianalytic N (and so consequently are not

5 00 0,n
contalned in any j (S(N))).

Proof: Reduction to the Roumieu case using

Proposition

Let M be arbitrary with ||mk_>oo(mk)1/k +00. Then

Ny =UiAfy s LM, k“—>moo(/k)1/k = +00}.
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The Borel mapping

Non-surjectivity for j* - Roumieu case 5{/\/1}

Let M be quasianalytic and such that O%" C 5{M} i.e. there
exists some xg € T s.th.
1/k 0, 0,n
SUPken-o (M) k=400 e OO C 5{Mx0}
Then there exist elements in \7 M) which are not contained in

joo(g{j’v}) for any quasianalytic N := {NY : y € Ry¢}.

Proof: Reduction to the &gy case.
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t matrices on asianalyticity The Borel mapping

Non-surjectivity for j* - Roumieu case 5{ )

Corollary

Let w € W be quasianalytic, i.e. foo w(t dt = 0o (does not satisfy
(wnq)). and such that

{w} <& t—00

0% C €01 |iminf@ =0.

Then there exist elements in /\’{’w} which are not contained in

joo(é’?(;'i) for any quasianalytic o € V.
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Non-surjectivity for j> - Beurling case 5(0/’\2)

Let M be quasianalytic and such that O%" C 5(0/’\'/’1), i.e. (Mcwy).
Then there exist elements in /\E’ M) which are not contained in
joo(E?j’\'}}) for any quasianalytic N := {NY : y € R-¢} (and so

consequently not contained in anyjoo(é'(o’"))).
Proof: Reduction to the £,y case by using
Proposition

Let M be (M) with (M cwy), ie.
Vx €T limgyoo(m)Yk = +o00. Then

Aoy = ATy - L9 M, lim (5% = +oc).

Gerhard Schindl| University of Vienna

Quasianalyticity of classes of ultradifferentiable functions



t matrices Non-quasianalyticit

The Borel mapping

Non-surjectivity for j* - Beurling case 5(003')7

Corollary

Let w € W be quasianalytic, i.e. does not satisfy (wnq), and such
that

0" ¢ €0 & w(t) = o(t) as t — +oo.

Then there exist elements in /\E’w) which are not contained in
j°°(€?£) for any quasianalytic o € W (and so consequently not

contained in anyj°°(5(0(;')’)).
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ping Literature

(/) For weight matrices, their properties and associated function
spaces (Sections 3 and 4) see [1] resp. [3, Sections 3-9],

(i) for the characterization of the non-quasianalyticity (Section 5)
see [4, Section 4],

(iii) for Section 6 see [2].

Gerhard Schindl| University of Vienna

Quasianalyticity of classes of ultradifferentiable functions



g Literature

[1] A. Rainer and G. Schindl.
Composition in ultradifferentiable classes.
Studia Mathematica, 224(2):97-131, 2014.
available online at http://arxiv.org/pdf/1210.5102.pdf.

[2] A. Rainer and G. Schindl.
On the Borel mapping in the quasianalytic setting, 2015.
Available online at http://arxiv.org/pdf/1509.05565.pdf.

[3] G. Schindl.
Exponential laws for classes of Denjoy-Carleman-differentiable
mappings, 2014.
PhD Thesis, Universitat Wien, available online at http://
othes.univie.ac.at/32755/1/2014-01-26_0304518.pdf.

[4] G. Schindl.

Characterization of ultradifferentiable test functions defined by
weight matrices in terms of their Fourier transform, 2015.
Available online at http://arxiv.org/pdf/ 1502 .0738%.pdE.

Gerhard Schindl| University of Vienna

Quasianalyticity of classes of ultradifferentiable functions


http://arxiv.org/pdf/1509.05565.pdf
http://othes.univie.ac.at/32755/1/2014-01-26_0304518.pdf
http://othes.univie.ac.at/32755/1/2014-01-26_0304518.pdf
http://arxiv.org/pdf/1502.07387.pdf

	Notation
	Weight sequences
	Weight functions
	Weight matrices
	Non-quasianalyticity
	The Borel mapping
	Literature

