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Problem of jet determination

Real submanifold M c CN, biholomorphisms ¢, ¥ of CN such that
&»(M) c M,y(M) c M
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Problem of jet determination

Real submanifold M c CN, biholomorphisms ¢, ¥ of CN such that
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implies ¢ = y7?
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Problem of jet determination

Real submanifold M c CN, biholomorphisms ¢, ¥ of CN such that
$(M) € M, (M) c M
For what r can we conclude that

iz = ¥
implies ¢ = y7?

Equivalent to ask for what r can we conclude that ji(¢ o ') = id
implies ¢ oy~ = id.
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Problem of jet determination

Real submanifold M c CN, biholomorphisms ¢, ¥ of CN such that
$(M) € M, (M) c M
For what r can we conclude that

iz = ¥
implies ¢ = y7?

Equivalent to ask for what r can we conclude that ji(¢ o ') = id
implies ¢ oy~ = id.
Nontrivial ¢ such that

jz¢ = id
for r > 0 have nontrivial dynamics and pose restrictions, how M
can look like.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Jet determination of CR automorphisms

(almost) CR structure ... M with distribution O and (almost)
complex structure 7 on D... CR automorphisms of M preserving D
and 7
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Jet determination of CR automorphisms

(almost) CR structure ... M with distribution O and (almost)
complex structure 7 on D... CR automorphisms of M preserving D
and 7

Regular point of M c CN ...
D= TMNi(TM)

in the neighborhood of regular point ... CR structure of M, D with T
induced by multiplication by i... biholomorphisms preserving M
restrict to CR automorphisms on M
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Jet determination of CR automorphisms

(almost) CR structure ... M with distribution O and (almost)
complex structure 7 on D... CR automorphisms of M preserving D
and 7

Regular point of M c CN ...
D= TMNi(TM)

in the neighborhood of regular point ... CR structure of M, D with T
induced by multiplication by i... biholomorphisms preserving M
restrict to CR automorphisms on M

In general, not every CR structure can be embedded into CN. Not
every CR automorphisms extends uniquely to biholomorphisms
preserving M.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Jet determination of infinitesimal CR automorphisms

Topology comes to play ... CR automorphisms outside of
connected component of identity can be determined by a higher
jet.

In the connected component of identity, ..., jet determination of
(complete) holomorphic vector fields Z whose flow preserve M:
For what r can we conclude that

jzZ=0

implies Z = 07
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Jet determination of infinitesimal CR automorphisms

Topology comes to play ... CR automorphisms outside of
connected component of identity can be determined by a higher
jet.

In the connected component of identity, ..., jet determination of
(complete) holomorphic vector fields Z whose flow preserve M:
For what r can we conclude that

EZ=0
implies Z = 07

Infinitesimal CR automorphisms ... vector fields on M whose flows
are CR automorphisms.
Jet determination of infinitesimal CR automorphisms.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Bounds on jet determination

What properties of M say about jet determination of
biholomorphisms preserving M with such property?

l.e. we want to obtain bound on jet determination imposed by the
properties of M.
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Bounds on jet determination

What properties of M say about jet determination of
biholomorphisms preserving M with such property?

l.e. we want to obtain bound on jet determination imposed by the
properties of M.

Theorem (Cartan, Tanaka, Chern and Moser)

Let M be a real-analytic hypersurface through a point p in CN with
non-degenerate Levi form at p. Let F, G be two germs of
biholomorphic maps preserving M. Then, if F and G have the
same 2-jets at p, they coincide.
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Bounds on jet determination

What properties of M say about jet determination of
biholomorphisms preserving M with such property?

l.e. we want to obtain bound on jet determination imposed by the
properties of M.

Theorem (Cartan, Tanaka, Chern and Moser)

Let M be a real-analytic hypersurface through a point p in CN with
non-degenerate Levi form at p. Let F, G be two germs of
biholomorphic maps preserving M. Then, if F and G have the
same 2-jets at p, they coincide.

The result becomes false without any hypothesis on the Levi form.
What about higher codimension?

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Beloshapka’s theory of quadric models

(Levi) non—degenerate quadric models My c C™tk... 2-degree
polynomial submanifolds given by

Imw; = zH;z*,--- ,Im wx = zHkZ", (1)

where ze C", we CK, 1 <k < n?,
@ the nx n Hermitian matrices H; are linearly independent, and

@ the common kernel of all Hermitian matrices H; is trivial, i.e.,
zH;z* = 0 for all j implies z = 0.
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Beloshapka’s theory of quadric models

(Levi) non—degenerate quadric models My ¢ C"*X... 2-degree
polynomial submanifolds given by

Imw; = zH;z*,--- ,Im wx = zHkZ", (1)

where ze C", we CK, 1 <k < n?,
@ the n x n Hermitian matrices H; are linearly independent, and

@ the common kernel of all Hermitian matrices H; is trivial, i.e.,
zH;z* = 0 for all j implies z = 0.

Beloshapka investigated jet determination of real-analytic M that
can be approximated by such My and proposed that 2—jet
determination in such situation.
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Beloshapka’s theory of quadric models

(Levi) non—degenerate quadric models My ¢ C"*X... 2-degree
polynomial submanifolds given by

Imw; = zH;z*,--- ,Im wx = zHkZ", (1)

where ze C", we CK, 1 <k < n?,
@ the n x n Hermitian matrices H; are linearly independent, and

@ the common kernel of all Hermitian matrices H; is trivial, i.e.,
zH;z* = 0 for all j implies z = 0.

Beloshapka investigated jet determination of real-analytic M that
can be approximated by such My and proposed that 2—jet
determination in such situation.

Baouendi, Ebenfelt and Rothschild ... there is a general bound
1 + k for jet determination in such situation.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Counterexample of F. Meylan

Let M c C° be the real submanifold of (real) codimension 5 through

0 given in the coordinates (z, w) = (z1,...,24, W1, ..., Ws) € C°, by
Imwy = Py(2,2) = 2122 + 2021
Imw, = PQ(Z, 2) = —iZ1Z_2+ iZgZ
Imws = P3(2,2) = 23Zo + 2421 + 22Z3 + 2124 @)
Imwy = P4(Z, 2) = Z1Z4
Im ws = P5(Z, 2) = 222_2

Then there is the following holomorphic vector field whose flow
preserves M

1 1 ., . 0 .0
T = (—§W12 -+ §W22 + 2W4W5)I(—IZ1 0—23 TF IZZE)

—+ Wq W2i(Z1 8123 + Zzaiz‘t) = 2W2W5i(Z1 6124) = 2W2W4I.(Zga;§3)
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Aims of the talk

Analyze the counterexample of F. Meylan from viewpoint of
Tanaka’s prolongation theory.
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Aims of the talk
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Tanaka’s prolongation theory.

Formulate a general construction of counterexamples to 2—jet
determination Chern-Moser Theorem in higher codimension.
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Aims of the talk

Analyze the counterexample of F. Meylan from viewpoint of
Tanaka’s prolongation theory.

Formulate a general construction of counterexamples to 2—jet
determination Chern-Moser Theorem in higher codimension.

Construct counterexamples with general order of jet determination.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Infinitesimal CR automorphisms of quadric models

Nondegenerate quadric models Im w; = zH;z"... weighted
homogeneous for [zj] = 1, [w;] = 2 with corresponding Euler field

0 0

J
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Infinitesimal CR automorphisms of quadric models

Nondegenerate quadric models Im w; = zH;z"... weighted
homogeneous for [zj] = 1, [w;] = 2 with corresponding Euler field

0 0

J

=> Lie algebra of infinitesimal CR automorphisms decomposes as
3=82®0-1® - ®gp-1® gp such that [gc, 9] C gc1d

0
g2={) gi—}
9 , , 0
8-1 = {Z pj()—Zj + ZIZZHjP a_W]}’
J J

where p € C", g € R¥ and the real span of the real parts of these
vector fields on My is TMj.
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Levi-Tanaka algebra

Definition

A non—degenerate Levi Tanaka algebra (of a nondegenerate
quadric model) is a graded Lie algebra m = g_» @ g_1 together with
complex structuredJ on g_4 satisfying

Q [s-1,9-1] =92,
Q [X,0.1]=0,X €g_1, implies X =0
Q [U(X).J(Y)] =[X,Y]forall X,Y €g_4.
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Levi-Tanaka algebra

Definition
A non—degenerate Levi Tanaka algebra (of a nondegenerate
quadric model) is a graded Lie algebra m = g_» @ g_1 together with
complex structuredJ on g_4 satisfying

Q [0-1.9-1] = g-2,

Q [X.3.4]=0,X g4, implies X =0

Q [U(X),J(Y)]=[X,Y]forall X,Y € g_4.

g-2 ® g_1 in the Lie algebra of infinitesimal CR automorphism with
the Lie bracket taken with the opposite sign defines a
non—degenerate Levi Tanaka algebra (at z = 0, w = 0) of the
nondegenerate quadric model with J induced by multiplication by i.

[(9.p), (G.P)] = (2i(—=pH;p" + PH;p*),0)

in the above coordinates (g, p) of g_» ® g_1.
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Tanaka prolongation

Tanaka prolongation of Levi Tanaka algebra (m = g_> ® g_1, J) is
the maximal graded Lie algebra g = m @ ®;>04; such that

@ go consists of grading preserving derivations of m commuting
with J,

@ for all X € ®>00; the condition [X, g_4] = 0 implies X = 0.
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Tanaka prolongation

Tanaka prolongation of Levi Tanaka algebra (m = g_> ® g_1, J) is
the maximal graded Lie algebra g = m @ ®;>04; such that

@ go consists of grading preserving derivations of m commuting
with J,

@ for all X € ®>00; the condition [X, g_4] = 0 implies X = 0.

The ith prolongation g; can be algebraically computed as

6i = {f € ®jcog; ®gji = F([X, Y]) = [F(X), YI+[X.A(Y)], X, Y € m}.
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Tanaka prolongation

Tanaka prolongation of Levi Tanaka algebra (m = g_»> ® g-1,J) is
the maximal graded Lie algebra g = m @ ®;>04; such that

@ go consists of grading preserving derivations of m commuting
with J,

@ for all X € ®>00; the condition [X, g_4] = 0 implies X = 0.

The ith prolongation g; can be algebraically computed as

i = If € Bjeog’ ®aj1 ¢ (IX. Y]) = [f(X). YI+[X.A(Y)], X. Y € m).

LG CINNEERELEY)

Suppose for all X € g_1 the condition [X, g-1] = 0 implies X = 0.
Then g, = 0 for all | large enough and g is finite dimensional Lie
algebra.
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Realization of Tanaka prolongation as infinitesimal CR

automorphisms of My

Reconstruction of My with the coordinates (w, z) of subalgebra
n_o ® n_y of complexification gc of Tanaka prolongation g :

Imw = %[J(z),z].
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Realization of Tanaka prolongation as infinitesimal CR

automorphisms of My

Reconstruction of My with the coordinates (w, z) of subalgebra
n_o ® n_y of complexification gc of Tanaka prolongation g :

Imw = %[J(z),z].

Construction of holomorphic vector fields corresponding to
elements X, € g whose flow preserves My:

w(ad(z)c(ad(w)d(xb))) i

c+2d=b+1, ¢,d>0 (c+d)! - 5
(-1 )c+d . ) ; (3)

" c+2d=b78, c.as0 (€ T ) (ad(2)"(ad(w) (Xb)))"—z,ja_vvj

where ad is Lie bracket on gc and ,._,; is projection from gc to
jth—component of 1n_;.
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Levi decomposition of Tanaka prolongation

R ... the radical of the Tanaka prolongation g of (m, J).

Levi decomposition Theorem... the semisimple Lie algebra g/R is
isomorphic to s C g, i.e., g = s &, R, where p : s — gI(R) is the
representation induced by the Lie bracket [s, R] c R.
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Levi decomposition of Tanaka prolongation

R ... the radical of the Tanaka prolongation g of (m, J).

Levi decomposition Theorem... the semisimple Lie algebra g/R is
isomorphic to s C g, i.e., g = s &, R, where p : s — gI(R) is the
representation induced by the Lie bracket [s, R] c R.

Medori and Nacinovich ... Levi decomposition of form

S=5 o0DS_1D5yD S DS
R=R.®---&Ry,

with J(s_1) c s_y and J(R-1) c R_4.
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Levi decomposition of Tanaka prolongation

R ... the radical of the Tanaka prolongation g of (m, J).

Levi decomposition Theorem... the semisimple Lie algebra g/R is
isomorphic to s C g, i.e., g = s &, R, where p : s — gI(R) is the
representation induced by the Lie bracket [s, R] c R.

Medori and Nacinovich ... Levi decomposition of form

S=5 o0DS_1D5yD S DS
R:R_QEB"'@Rb,

with J(S_1) (@~ and J(R_1) C R_1.

=> decomposition of coordinates w of s_o, w’ of R_, z of s_1 and
z' of R_4y and
Imw; = zH;z",
Imw/ = Re(zPj(2)*) + 2/ Qy(Z')",
zP(Z')* := —-2p(z)(2’) and H;, Q; depend only on brackets in s, R.
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Analysis of Tanaka prolongation of counterexample of F.

Meylan - |

The computation and decomposition of Tanaka prolongation g can
be done in Maple (package DifferentialGeometry).
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Analysis of Tanaka prolongation of counterexample of F.

Meylan - |

The computation and decomposition of Tanaka prolongation g can
be done in Maple (package DifferentialGeometry).

The Levi decomposition
su(2,3) @, (Re. Vi),

where

@ su(2,3) is 24 dimensional simple Lie algebra that commutes
with R and acts on 75 dimensional vector space V4214 by a
real representation with highest weight 1> + A3,

@ R in radical acts by multiplication - on V*2+4 and
@ V%214 jn radical is abelian.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Analysis of Tanaka prolongation of counterexample of F.

Meylan - Il

su(2,3) is |2-graded and corresponds to universal quadric model

Imwy = 2122 + 2024
Imws = —iz125 + izoZy
Im W3 = Z1Z

Imwy = 2025

R C g0

dimg(V_2) =1, dimc(V_-1) = 2 corresponds to additional equation

— — — —
Imw] = Z{Zs + 2,71 + 2221 + 2122 (5)

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Analysis of Tanaka prolongation of counterexample of F.

Meylan - 1lI

dlmR(Vo) = 8, dImR(V1) = 16, dlmR(Vg) = 17,
dimR(V3) = 16,dimR(V4) =8, dlmR(Vs) =4, dimR(Ve) =1
In particular, the holomorphic vector field T € V4 and in Vg is

(=3w] — 6W2 W5 + 24wiwawg — 3wy + 24w wawy — 48WAW5)

ow;
+ (2wf + 2wy Ws — 8wy wawy)(2wy + z 9 + 2> 9 )
ow; 0z 0z,

+ (2w12wz + ZWS - 8W2W3W4)(2W28Wq —iz4 oz + izo c’)(zé)
+ (—4wPws — dwiws + 16WEws)(2wy + 2 9 )

ow;] 0z
+ (—4w2wy — 4wiwy + 16W3w§)(2W3i + 2z i)

ow;] 0z,

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Conclusions from the counterexample

We can try to prescribe the Levi decomposition g = s @, (K & V4):
|2|—grading of simple Lie algebras corresponding to simple Lie
algebras are classified by Medori and Nacinovich.
Representations of simple Lie algebras are classified via the
heighest weights A.

K =R, C or H for real, complex or quaternionic representations.
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Conclusions from the counterexample

We can try to prescribe the Levi decomposition g = s @, (K& VA):
|2|—grading of simple Lie algebras corresponding to simple Lie
algebras are classified by Medori and Nacinovich.
Representations of simple Lie algebras are classified via the
heighest weights A.

K =R, C or H for real, complex or quaternionic representations.

Proposition

Suppose E; € s is the element providing the grading on s with
largest/smallest eigenvalues Kmax and Kmin on V4. Suppose
Vi=Vie-- @ V. Then:
@ Viisthe i+ Kmin + 2 eigenspace of p(Es) in V* and
¢ = Kmax — Kmin — 2.
@ Infinitesimal CR automorphisms in V2 are at least K—jet
determined, where K is KzzKnin rounded down.
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General construction of counterexamples

Additional assumptions are required to:
Find J on V_4 that would make g_» @ g_1 into Levi Tanaka algebra.
Check g = s @, (K@ V1) is in Tanaka prolongation of (3_» @ g_1, J).
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General construction of counterexamples

Additional assumptions are required to:
Find J on V_4 that would make g_» @ g_1 into Levi Tanaka algebra.
Check g =sa, (Ko V) is in Tanaka prolongation of (g_» ® g_1, J).

Theorem

—
—-

@ V_, is a complex representation of sy and the corresponding
complex structure J on g_1 is satisfying
p(JX)(I(Y)) = p(X)(Y) forall X € s_1,Y € V_q,

@ V) acts complex linearly as a map from s_4 to V_4,

then (g-2 ® g-1, J) is a non—degenerate Levi Tanaka algebra and
the nondegenerate quadric model M defined as above has Lie
algebra s &, (K & V*) of infinitesimal CR automorphisms. In
particular, infinitesimal CR automorphisms in Vi, —k,,,-2 are at
least K—jet determined, where K is Xmec¥ain rounded down.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Counterexample in codimension 4 - |

Start with [2|—graded Lie algebra s = s0(3, 5) of infinitesimal CR
automorphisms of:

Imwy = —iz1Zo + izoz4
Imws = —izoz3 + iz32o
Imws = —iz1Z3 + iz3Z4

Pick A = A3 + A4 which is real representation with
Kmax = 3, Kmin = -3, V=V 0@ ---& V4, dimR(V—2) =1.
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Counterexample in codimension 4 - |

Start with [2|—graded Lie algebra s = s0(3, 5) of infinitesimal CR
automorphisms of:

Imwy = —iz1Zo + izoz4
Imws = —izoz3 + iz32o
Imws = —iz1Z3 + iz3Z4
Pick A = A3 + A4 which is real representation with
Kmax = 3, Kmin = -3, V=V &--- & V4, dimg(V_p) = 1.
V_4 is standard complex representation of go = sl(3,R) & C =>
condition (1) is satisfied and we get

Im W; = Z 2; -+ 2421 + ZQZé + ZéZz + 232:; + 2523,

Analysis of wight spaces of V implies that condition (2) is satisfied
=> we can apply our theorem

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Counterexample in codimension 4 - |l

The following submanifold in C'° :

Imwy = —iz1Zo + izoz4
Imws = —i2223 aF iZ322
Im W3 = —iZ1 23 I iZ321
Imw) = 21Z] + 2121 + 2225 + 2322 + 232} + 2323

has infinitesimal CR automorphism in V4 that has weighted order 4
and is 3—jet determined:

iz
az, %4z,

0 0 )
) + wows(izo— + iz1 =)

- W W3(i23 9z , 9z
2

— wywy(iz + iz a)+IW (z a)+IW(Z a)++IW(Z 6)
1Wa\1£3 2 31(921 22622 138{,”

/ ’
0z}, 823

where in the braces are rigid holomorphic vector fields in V.
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Conclusion for 2—jet determination

Codimension 1,2 ... 2—jet determinations holds

Codimension 3 ... 2—jet determinations is open, our construction
does not lead to any counterexample

Codimension > 3 ... adding equitation for quadrics in new variables
to counterexamples in codimension 4,5 we get:
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Conclusion for 2—jet determination

Codimension 1,2 ... 2—jet determinations holds

Codimension 3 ... 2—jet determinations is open, our construction
does not lead to any counterexample

Codimension > 3 ... adding equitation for quadrics in new variables
to counterexamples in codimension 4,5 we get:

Theorem

For any codimension k > 5, there is a generic quadratic
submanifold M in C?*=" of codimension k such that 4—jets are
required (and not less) to determine uniquely germs of
biholomorphisms sending M to M.
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Conclusion for 2—jet determination

Codimension 1,2 ... 2—jet determinations holds

Codimension 3 ... 2—jet determinations is open, our construction
does not lead to any counterexample

Codimension > 3 ... adding equitation for quadrics in new variables
to counterexamples in codimension 4,5 we get:

Theorem

For any codimension k > 5, there is a generic quadratic
submanifold M in C?*=" of codimension k such that 4—jets are
required (and not less) to determine uniquely germs of
biholomorphisms sending M to M.

CR dimension can be always made greater by adding quadrics
with more new variables

There is counterexample to 2—jet determination in codimension 5
that does not have such a Levi decomposition.
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Arbitrary high order of jet determination

Both of our counterexamples generalize to higher rank:

@ Codimension (n—1)n 1) submanifold in (C that has |2|—graded
Lie algebra s = so(n n+2) with 2 = /l,, + Aniq. This has

codlmenS|on (" 1)" -1-1 submanifold in C ™25 such that

elements of Vg,, > are n—jet determined.
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Arbitrary high order of jet determination

Both of our counterexamples generalize to higher rank:

@ Codimension

(n—1)n 1) submanifold in C™%™ that has |2|-graded
Lie algebra s = so(n n+2) with 2 = /ln + Aniq. This has
codlmenS|on (" 1)" +1 submanifold in C ™5™ such that
elements of Vg,, > are n—jet determined.

For even n = 2m: Codimension m? submanifold in C™+™ that
has |2|-graded Lie algebra s = su(m, m + 1) with

A= Am + Am41. This has Kpax = n, Knin = —n,

dimg (Van_2) = 1 and we get codimension m? + 1 submanifold
in C(M+1)* such that elements of Von_o are n—jet determined.
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Conclusion for n—jet determination

Theorem

For any even n = 2m and any k > m?, there is a generic quadratic
submanifold M in C2k-m*+2m=1 o codimension k such that n—jets
are required (and not less) to determine uniquely germs of
biholomorphisms sending M to M.

For any odd n and any k > (o-1)n 1) , there is a generic quadratic
submanifold M in C2k-zm+3 = of codimension k such that n—jets
are required (and not less) to determine uniquely germs of
biholomorphisms sending M to M.

Jan Gregorovi¢ (joint work with F. Meylan) arXiv:2010.10220



Conclusion for n—jet determination

Theorem

For any even n = 2m and any k > m?, there is a generic quadratic
submanifold M in C2k-m*+2m=1 of codimension k such that n—jets
are required (and not less) to determine uniquely germs of
biholomorphisms sending M to M.

For any odd n and any k > (oo 1) , there is a generic quadratic
submanifold M in C2k-3n+3n- i of codimension k such that n—jets
are required (and not less) to determine uniquely germs of
biholomorphisms sending M to M.

Observe that codimension grows quadraticaly w.r.t. to n.

It is not clear, how close to the bound 1 + k—determination you can
get.

We do not know how sharp these counterexamples are.
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