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1 A short crash course in SCV

We denote by CV¥ N-dimensional complex space, that is, the vector space {(Z1, ..., Zn): Z; € C}. Thisis a
complex vector space with the usual addition and (complex) scalar multiplication. We denote the coordinates
of a vector Z by Z;, and identify the coordinate functions with the vectors in the usual way. The norm of a
vector is given by [ Z]| =3, |Z;|?; with this norm, C becomes an inner product space, the inner product
given by (Z, W) =3, Z;W;.

The underlying real vector space is R?Y; real coordinates in this space are given by Z; = xj +1y;, i.e.

7. — 7
s ijIijzij j.

Z+ Z;
2 2

Zj :Rer =

1.1 Some linear algebra: complexification of vector spaces

Given a real vector space F', its complexification is denoted by CF' = C® F'. In terms of a universal property,
every real linear map from F' into a complex vector space has a unique complex linear extension to CF’; in
terms of a basis f; of F', CF is given by all complex linear combinations

Z()éjfj, a; € C.
J

F is isomorphic to the real subspace given by {Ima; = 0} = 1 ® F. Note that F' @ iF = CF); in general, a
real subspace of a complex vector space with this property is said to be mazimally totally real.

If we consider the complexification of the underlying real vector space Vg of a complex vector space V
of complex dimension N, it is natural to ask whether we can find V as a complex subspace of W = CVk.
Now if we denote the real linear map on Vg given by multiplication by ¢ in V' by J, J extends to a complex
linear map on W; since J2 = —id, its eigenvalues are i and —i. We denote the eigenspace of the eigenvalue
i by W10 and the eigenspace of —i by W (%1 These are two complex subspaces of W, each of complex
dimension N, and W = W®9 @ WD Note that complex conjugation (the real linear map given by
v+ iw — v —dw for € Vg @ iVR) interchanges these two spaces. Explicit isomorphisms V — W0 and
V — WO are respectively given by

s (v —1iJv) and v (’U—I—ZJ’U)’
2 2
which are also formulas for projections of W onto these spaces. We also have that

w—w
27

Rew:w and Imw =



are both in Vg, and of course w = Rew + i Im w.

If we consider the complexification of the dual space W*, its (1,0) and (0, 1) parts can be identified with
the space of complex linear and complex antilinear forms with values in C. That is, if we have a mapping
A€ CW* (ie. a real linear map W — C), its decomposition is A = A(10) 4 A(0:1) where

AMw) —iA(Jw)
2 )

Av) —iA(Jv)
A(l,O) — )\(0,1) —
(w) () = A=A,
and for o € C, A9 (aw) = aAH9 (w) and AV (aw) = aA®V (w).
The decomposition of CW = W0 ¢ WD gives rise to decompositions of associated spaces, like
exterior products; e.g.,
ACW = @ AWED AN OD = @ wr,

ptq=n ptg=n

1.2 Tangent spaces: the flat case

The tangent space Tp(CN is the usual real tangent space. As a vector space, it is spanned by the partial
derivatives

9
8.l“j

0

i j=1,...,N.
y;

) )
p p

For p € CV, the real tangent space TP(CN is a real vector space of dimension 2/N. We declare a complex
structure operator J on it by

0

0

_ 0
y;

9
y;

0

_ﬁj

j=1,...,N.

) )
p p P p

With this, TP(CN becomes a complex vector space of dimension N, which we will denote by T;(CN . TCV and
TeC¥ denote the flat vector bundles over CV (whose fiber over p € CV is Tp(CN and T;(CN , Tespectively).
The real cotangent space TI;“(CN is just the dual space to Tp(CN . The complex structure described above
gives rise to a complex structure on this space.
Let now © C CV be open. A smooth vector field X on Q is a section of TCN over €, for which we write
X € T(, TCY); in terms of the basis vectors introduced before,

N

Y9 )
X = Z(Ljaixj +ij87yj,
j=1 j=1

where a; and b; are smooth (real-valued) functions on §2; other regularity classes are similarly defined.

X acts on smooth functions on Q by differentiation. The (exterior) differential dp of a smooth (real-
valued) function p: Q — R is a section of the cotangent bundle T*CN over €, defined by dp(X) = X¢. In
general, section of this bundle are called 1-forms; it is easy to check that the dual basis to our coordinate
basis 6%]-’ a%j of TCY is given by the differentials of the coordinate functions dz;, dy;. Smooth 1-forms on

Q) are therefore expressions of the form
w = Z(Ljd.’lﬁj + ijdyj7
J J

where again a; and b; are smooth (real-valued) functions on €2. The exterior differential is then defined for
forms of arbitrary degree n, that is, sections of A"T*C" by requiring that d fulfills the Leibniz rule, i.e. for
an n-form w and a smooth function a, we have daw = da A w + adw.

We now turn to the complexification of the tangent bundles. Just as tangent vectors act on real-valued
functions, complexified tangent vectors act on complex-valued functions. CT'CY can be decomposed into



its (1,0) and (0, 1) parts, which are denoted by THOCY and T®VCN. The coordinate basis of TMHOCN

which is associated to the basis % in the complex vector bundle T°C¥ is usually denoted by
J

0 1(8 .0

e -y i=1,...,N
a;j 2 8xj ZByj>’ J ’ ’

and likewise we have a coordinate basis of T(>DCN given by

0 1<8 .0

A L T R
821 2 8$j-+28yj), J ’ ’

Sections of TMOCN over Q are commonly referred to as (1,0)-vector fields; they are thus expressions of the

form
Y9
X = P—
zz:ajazj’
Jj=1

where a; are smooth functions on €.

We also have the complexification CT*CY of the cotangent bundle. Its decomposition into (1,0)- and
(0,1)-parts gives rise to (1,0)- and (0,1)-forms. A coordinate basis is given by the differentials of the
coordinate functions z; and Z;, i.e. the dz; = dx; + idy; span CT*0CN and the dz; = dxj — idy; span
CT*OVCN . This is actually the dual basis to the basis {% and B%j' Also, the exterior differential splits

into d = 0 + 0; specifically, we have for a smooth function ¢: Q — C
N D N Dy
dp=0p+9p=5" 2. S P 4s.
o =00+ ;azj ZJ+;azj %

1.3 Formal power series

Definition 1. A formal power series A: (C,0) — C is an expression of the form

AZ)= Y AuZ*, As€eC.
aeNN
Here, we use standard multi-index notation; a = (aq,...,ay) and Z% = Z7* ... Z3". The ring of formal
power series is denoted by C[[Z]].
Problem 1. Prove that C[[Z]] is a ring. Find a condition which ensures that the composition of two formal
power series is well-defined.

We can also consider formal power series at every other point p € C™; this ring is denoted by C[[Z — p]].
For convenience, we shall usually only deal with p = 0. Note that it does not make sense to speak about the
“value” of a formal power series (besides of its value at 0).

Example 1. If f is a germ of a smooth function at a € CV, its Taylor series T, f is the series T, f(Z,Z) €

C[[Z — a,Z — a]] given by

_ let8l
1022 - Y. S Aoz, (1)
a,BENN .

Similarly, we can define formal maps A: (CV,0) — C™ as expressions of the form

AZ)= Y Aaz®, A, eC™;

aeNN

hence, formal maps can be thought of as elements of C[[Z]]™.



Differentiation is well-defined on the ring of formal power series; we have

o8l !
977 ( 2 AJ“) -3 A7

a€eNN ol

We often denote differentiation by subscripts; thus, we have in particular
Aza(0) = alA,.
It is a good exercise to prove the

Theorem 1 (Formal implicit function theorem). Let A(z,w) = (A',...A"): (C" x C%,0) — (C™,0) be a
formal map, satisfying A(0) =0 and det A,(0) # 0. Here, A, denotes the matriz

Zn

AL ... Al
A= : :
AL AT

Zn
Then there exists a unique formal map p(w): (C%,0) — (C",0) which satisfies A(p(w),w) = 0.
We also have a useful operation on formal power series given by truncating all terms of order higher or

equal to some k € N. The resulting object (a polynomial of degree at most k) is often referred to as a “jet”:

Definition 2. The space of k-jets of formal power series, denoted by JF(C¥), is the space of all polynomials
of degree at most k in N variables. The mapping j¥: C[[Z]] — JE(CV) is defined by

& ( Z Aaza> = Z Ay Zy.
aeENN la| <Kk

JE A is referred to as the k-jet of A.

Similarly, we can define the space Jyo(CY,C") of k-jets of formal maps (CV,0) — (C",0), and the
associated truncation operation.

Problem 2. We denote by M the maximal ideal in C[[Z]], that is, M = (Z1,...,Zn). Show that

CllZ
e - S
The rank of a formal map A: (CV,0) — (C™,0), denoted by rk A, is defined as the rank of the matrix
Az over the quotient field of C[[Z]]. Hence, rk A = r if there exists a minor of Az of size r which has nonzero
determinant, but all determinants of minors of Az of bigger size vanish.
Full-rank maps carry over to the formal setting some of the properties of full-rank maps in the usual
setting. We will record here one such instance (although in rather rough form).

Proposition 1. Let A: (CV,0) — (CN,0) be a formal map of full rank, and assume that f: (C",0) —
(CN,0) is a formal map satisfying
det A'(f(2))#0.
Then there exists an integer k such that if g: (C",0) — (CN,0) is a formal map satisfying
A(f(2)) = Alg(2)), J6 ] = dog,

then f(z) = g(2).



Proof. We note that we can write
1
A(Y) — A(X) = / A + (1— X)) dt (Y — X),
0

by the fundamental theorem of calculus (which we can apply in this formal setting - why?). Thus, we have
A(Y) = A(X) = B(X,Y)(X - Y),

where B is a formal map in the variables X and Y taking values in the N x N matrices, and satisfies
B(Y,Y) = A'(Y). We can thus write

0=A(f(2)) = Alg(2)) = B(f(2),9(2))(f(2) = 9(2)).

Recall that for any N x N-matrix M, its classical adjoint M€ is defined by M¢ = (Mﬁk), where (71)j+ijc’k
is the determinant of the matrix obtained from M by deleting its k-th row and its j-th column. For example,

a by [(d —c
c d) \-b a)’
The main property of the classical adjoint is that MM = M°M = (det M)I. Since det A’(f(z))#0, there

exists a k such that for any g with j&g = j& f, we have that det B(f(z), g(2))#0. Thus, multiplying by the
classical adjoint of B(f(z),g(z)), we have that

(det B(f(2),9(2))(f(2) — 9(2)) =0,

and since the determinant is nonzero, f(Z) = g(Z). O

1.4 Convergent power series

Definition 3. A formal power series A(Z) € C[[Z]] is convergent at ( € C¥ if the series
T A

converges to a finite value, which we will denote by A(().

Given (r1,...,7n) € Rﬁ and a € CY we denote by P(a,r) the polydisc centered at a with multiradius r,
that is,
Pla,r)={Z e C":|Z; —a;| <r;.}

Lemma 1. If A(Z) € C[[Z]] converges at ¢ € CV, then it converges uniformly and absolutely on compact
subsets Of P(O? (‘<1|v SERE) ‘CND)

Proof. Let us write r; = |(;|. Note that since the series > ao(® converges, there exists a constant C such
that
lag|r® < C, a €NV,

For all n € CV with |n;| < R; < rj we have that

R(X
S laal <3 =[] — <
« « J

1- &

so the uniform convergence of this series follows from the convergence of the geometric series. O

Lemma 2. Assume that the power series A(Z) converges absolutely uniformly on P(0,r). Then

o Az(0) 1
al  2NgN

rYA, = / A(re™ ... ,rNeitN)e_i(altt+"'+aNtN) dti---dtyn. (1.2)
[0,2m]N



Problem 3. Prove Lemma 2.

Lemma 3 (The Cauchy Estimates). Assume that the power series A(Z) converges absolutely uniformly on
P(0,7). Then

rAal < max{|A(Q)]: |¢j| = 75,5 = 1,..., N} (1.3)

This follows by a brute estimate of (1.2).

The subring of C[[Z]] containing all convergent power series is denoted by C{Z}. It carries a natural
inductive limit topology (which we will discuss in more detail later on) as the limit of the spaces H,. of power
series convergent on the polydisc P(0,r) as » — 0. Differentiation is a continuous map in this topology; and
if A(Z) converges on P(0,7), Aza(Z) also converges on P(0,7).

Problem 4. Show that the domain of convergence D(A) (i.e. the interior of the set of points at which A
converges) of a power series A is a complete Reinhardt domain, that is, Z € D(A) implies AZ € D(A) for all
A € C with [A| < 1 which is also logarithmically convex.

1.5 Holomorphic functions

Definition 4. Let Q ¢ CV be an open set. A smooth function f: Q — C is holomorphic if f = 0 on €.
From the linear algebra above, we thus have that f is holomorphic on €2 if and only if df is complex linear
at every point in 2. The space of holomorphic functions on {2 is denoted by H((2).

Remark 1. H(f2) is a Frechet space with the topology of uniform convergence on compact subsets of .
This topology is generated by the norms

11l = max[f(Z)

9

where K varies over all compact subsets of ). By choosing a compact exhaustion of €2, we see that a
countable number of these norms generates the topology.

Our first goal is to derive the power series expansion of a holomorphic function. Let us first recall the
basic Cauchy formula from one-dimensional complex analysis.

Proposition 2 (The inhomogeneous Cauchy formula). Let D C C be a smoothly bounded domain, f €
CY(D). Then for any z € D,

of
1 F(0) 1 5¢(©) _
f(Z)—%/aDC_ZdC—i-%/DC_ZdC/\dQ. (1.4)

Corollary 1. Let D C C be a domain with smooth boundary. If f € C1(D) is holomorphic in D, then for

any z € D we have
6= 5 [ (15)
)

Proposition 3. Let Q C CVN be an open set, f a holomorphic function on Q. Then for any a € Q, the
Taylor series Tof of f converges to f on any polydisc P(a,r) C .

Proof. We assume w.l.o.g. @ = 0. Let r be any multiradius such that P(0,r) C Q. Fix Z = (Z1,...,ZN) €
P(0,r). Now we apply the Cauchy formula (1.5) to the holomorphic function of one variabe ¢ — f(¢, Za, ..., ZnN)

and obtain
1 f(¢, Za,y ..., ZN)

&)= 5w Icl=r1 (=2

dc.

Repeated application of this argument gives us the formula

(L " f(Ci,o o Cn)
1= <27Ti) /41—7”1 /|CN—TN (G1—=21)(Cv — 2Zn) G AN -




We now develop this integral in a series using the geometric series formula (why is the interchange justified?)

to obtain
f(Z) = Za(xzaa

(Y GG e
Go = (27‘(@) /Cl—T’1 /KN—TN ill+1."<]%N+1 dCl dCN

The term in the denominator of the integrand above will be denoted by (“*! (just as in the one-dimensional
case); since every function represented as a power series is its own Taylor expansion, the Proposition is fully
proved. We also obtain the following useful formula

ol N f(Cla"'aCN)
fz=(a) = <271’Z> /|C1a1|—7“1 - /CNaN|—rN W dCy -+ dCn- (1.6)

O

where

Now that we know that holomorphic functions are exactly functions locally represented as a power series,
we obtain a couple of useful conclusions.

Proposition 4 (The Cauchy estimates, again). Assume that K CC L° CC Q. Then there exists a constant
¢ (depending on K and L) such that

|
1 fzelle < o 151 (L.7)

For the proof, we apply Lemma 3 and note that since K is relatively compact in L°, there exists a radius
r such that P(a,r) C L° for all a € K. One conclusion from the Cauchy estimates is

Theorem 2. M C H(Q) is compact if and only if it is closed and bounded.

In other words, the Montel theorem states that if a sequence f,, € H(f2) is uniformly bounded on compact
subsets of €2, then there exists a subsequence f,,, which converges uniformly on compact subsets of 2.

Proof. We prove the Montel theorem in the second formulation; that this implies the theorem as stated
follows from general functional analysis. We will use the Ascela-Arzoli theorem: Every sequence in a family
F of continuous functions on a compact set K contains a uniformly convergent subsequence if and only if F'
is bounded and equicontinuous.

We first choose a compact exhaustion K of €; that is, each Kj is compact, K; C K74, and UK; = Q.
Given a sequence f,, € H(2), we apply the Cauchy estimates to the pair K; and K, 1; we obtain that there
exists a constant C; such that

Iz, < Cillfllx,,,» k=1,...N.

Since f, is bounded on compacts, we see that the right hand side of this inequality is bounded by some
constant [7;. We claim that this implies that f,, is equicontinuous on compacts.
Indeed, by the fundamental theorem of calculus,

£ — f(n) = /0 26+ (L= 1)) - (€ — m)dt,

and so
1f(Q) = fm < Ry IS —nll,

if ¢, n, and the line connecting them are contained within K;. We now cover K;_; by balls whose radius r
is chosen so small that balls of the double radius still stay inside K;. Thus, if | —n| < r, the line connecting
¢ and 7 fully stays inside K; and we can apply the above estimate. The Ascela-Arzoli theorem implies that
we can extract a uniformly convergent subsequence, and a diagonal argument gives the result. O



Proposition 5 (The identity principle). Let Q C CV be a domain (an open and connected set). If f € H(S2)
vanishes on an open subset of 2, it vanishes on all of €.

Problem 5. Prove the identity principle. (Hint: Show that the set of all points in € which have an open
neighourhood on which f vanishes is both open and closed)

Definition 5. The ring of germs of holomorphic functions at 0, denoted by O (or Oy, if we want to denote
the dimension), is the limit of the spaces H(A) as A varies over all open neighbourhoods of 0. That is, it is
the set of all equivalence classes of holomorphic functions defined near 0, where two functions are equivalent
if they agree on some open neighbourhood of 0.

Problem 6. Show that O = C{Z} (as sets; they are actually isomorphic as topological vector spaces).

Definition 6. The space of bounded holomorphic functions, denoted by H>(2), is the space of all holo-
morphic functions on 2 which are also bounded, endowed with the norm

[flle = sup [f(2)]-
Ze

Problem 7. Show that H>°(Q2) is a Banach space.

1.6 Domains of holomorphy: just an aside

In one complex variable, if we are given a domain €2 C C, then there exists a holomorphic function which
cannot be extended to any domain strictly larger than €. This is not true in several complex variables; there
exist domains Q C CV for which every f € H(Q) automatically extend to some strictly larger open set.

An example is the “Hartogs figure” €2, the set given by

Q={(z,w) €C%:1/2 < |z| < 1,|w| < 1/2} U{(z,w) € C*: 1/2 < |w| < 1}.
We claim that every function holomorphic on € extends to the polydisc P(0,(1,1)). Given f € H(Q),

we define a function g by
9(z,w) = L/ M, || < 3/4.
270 Je—zy C—2
¢ is holomorphic on P(0, (3/4,1)), and agrees with f on the intersection with 2 by the Cauchy formula. We
can thus extend f by setting it equal to g on P(0, (3/4,1)).

The characterization of domains of holomorphy (i.e. domains on which there exists a function not
extendible to any strictly larger domain) has been one of the leading problems in the analysis of several
complex variables. The solution to the so-called Levi problem gives us that a domain is a domain of
holomorphy if and only if it is pseudoconvex. We will explore this notion in more detail in the case of domains
with smooth boundaries; it turns out that in this case, pseudoconvexity is actually a local holomorphic
boundary invariant.

1.7 The Cartan uniqueness theorem

In the 1930s, H. Cartan proved his important uniqueness theorem, which generalizes the Schwarz Lemma
in one complex variable. Loosely stated it says that biholomorphisms of a bounded domain in CV are
determined by their value and the value of their derivative at any given point. For a domain Q C CV, we
denote by Aut(f2) the set of all holomorphic mappings 2 — € which are one-to-one and onto.

Theorem 3. Let Q C CV be a bounded domain. If H € Aut(Q) satisfies H(p) = p and H'(p) = I, then
H(Z)=7Z for Z € Q.

Proof. W.lo.g. we can assume that p = 0. Assume that H(Z) = Z + p(Z) + ..., where p(Z) is the
lowest order homogeneous polynomial in the Taylor series expansion of H which does not vanish. Note that
composing H with itself k times gives us the Taylor expansion of H*) as

H®™NZ)=Z +kp(Z)+...;



but since €2 is bounded, the Cauchy estimates imply that the derivatives of any automorphism at 0 of any
fixed order are uniformly bounded. Hence, p(Z) = 0, and so H(Z) = Z. O

2 The Weierstrass theorem and its consequences

2.1 The Weierstrass division theorem

The Weierstrass division theorem paves the way to understanding the most fundamental local properties of
analytic functions. In what follows, we will write Z = (Z’, Zy) € CVN~! x C. We say that a (germ of a)
holomorphic function D(Z) defined near 0 is k-regular in the Zy direction if the function Zy — D(0, Zx)
has a zero of order k at the origin. In terms of a power series expansion

D(Z) = Y 0,77,

this means that
D;(0) =0, j<k, Dg0)#0.

Problem 8. If D is any holomorphic function, then there exists a k& and a holomorphic coordinate system
Z such that D is Zy-regular in that coordinate system.

A function p is polynomial in Zy of degree at most k if

k

p(2) = pi(Z)Z.

=0

We are now ready to state the Weierstrass theorem. It generalizes the well-known division algorithm for
polynomials in the sense that we can divide by any k-regular function:

Theorem 4 (The Weierstrass Division Theorem). Let D be a germ of a holomorphic function near 0, which
is k-regular in the Zy direction. Then there exists a polydisc P = P(0,r) such that any bounded holomorphic

function h on P can be written as
WMZ) = D(2)q(Z) +r(Z), (2.1)

where r(Z) is polynomial in Zy of degree at most k — 1. Furthermore, this decomposition is unique, and

there exists a constant C such that
||Q||P < CHhHP' (2.2)

Proof. Note that w.l.o.g. we can assume that Di(Z’) = 1 (by dividing D by Dy if necessary). We write
P =P xA,,. Given f, we write

1(2) - £(2,0)

1(2) = 12+ Zu(TF(2), T(2) = B2

We first claim that T is continuous on H*°(P) and
2
ITfllp < —lIfllp-
N

Indeed, this follows from the fact that || f(Z’,0)| p, < | f||, and

1Zne(Z)l[p = rn le(Z)]p

which follows from the (one-dimensional) maximum principle.

10



We can thus write
k—1

£(2) =" flZ) 2 + ZNTH£(2),

=0
where o
1741, < S st
N

Consider the operator S defined by
Sf = (f(2) = ZNT*{(2)) + D(Z)T" f(Z).

We claim that with an appropriate choice of » = (1,7 ), this operator is bijective.
To see this, compute Sf — f = E(Z)T*f(Z), where E(Z) = Zﬁ:& Ej(Z)Z3 + ZNTVE(Z), where
E;(0) =0 for j < k by our assumptions on D. We can thus estimate

k / K k+1
55— fllp < ZECLIEN )y gy

N

where e(r’) — 0 as v’ — 0, and K does not depend on r. We choose 7 so that this ratio is smaller than 1/2,
and see that on this P we now have

1
15F = fllp = 5 1£1p-
This implies that S is bijective, its inverse being given by the series

o0

ST =Y (I-38),

Jj=0

which is bounded in norm by 2.
Thus, given any h, we have a unique f with Sf = h, or equivalently

%) = D(2)q(Z) +r(2),

where ¢(Z) = TFf(Z) and 7(Z) = f(Z) — Z§T" f satisfy the assumptions of the theorem, their uniqueness
being guaranteed by the uniqueness of f. Furthermore,

k+1

lallp < 12l p -

k
N
O

If we divide Z%, by a function D which is k-regular in the Zy direction, we obtain a representation of D
as D(Z) = uw(Z)W(Z) where W is a Weierstrass polynomial of degree k in Zy, that is

W(Z)=Zk + Wi(Z) 2+ + Wi (Z),
where W;(0) = 0.

Corollary 2 (The Weierstrass Preparation Theorem). Let D € O be a function which is k-regular in the
Zn-direction. Then there exists a unique unit u(Z) € O and a unique Weierstrass polynomial W(Z) of
degree k in Zn such that D(Z) = w(Z)W(Z).

11



2.2 Properties of the ring of germs

In one complex variable, the ring of germs ; is a principal ideal domain; indeed, every ideal is of the form
I = (2%) for some integer k € N. Thus, it is a unique factorization domain. This means that for any f € Oy,
there exist finitely many distinct irreducible elements p; € O; and integers n; such that

f = Hp?ja

and this representation is unique up to multiplication by units.
The unique factorization property actually carries over to the rings Oy for all N; before we prove that,
we give the following useful property of Weierstrass polynomials.

Lemma 4. If the product of two polynomials W,V € On_1[Zy] is a Weierstrass polynomial, so are W and
V.

Proof. Assume that
k m
=> Wi(Z)ZY, => Vi(2"Z4.
Jj=1 Jj=1

Choose jw minimal with W}, (0) # 0, and jy minimal with Vj,, (0) # 0. Consider the term of order jw + jyv
in WV it has as a coefficient

> Wa(Z)Wi(2),

a+b=jw +jv

which evaluated at 0 is equal to W, (0)V},, (0) # 0, so WV is not Weierstrass unless jyy = k and jy =m. O
Proposition 6. The ring Oy is a unique factorization domain.

Proof. We assume by induction that Oy _1 is a unique factorization domain (it’s true for N = 2; see above).
We will use the fact that if a ring U is a unique factorization domain, then so is the polynomial ring U|[z]
(which is a standard fact from algebra).

Now let f € On be a germ of a holomorphic function, f # 0. Thus, w.l.o.g., we can assume that f is
k-regular in Zy for some k > 1. By the Preparation Theorem, we can write f = uW, with v a unit in Oy
and W € On_1[Zn] a Weierstrass polynomial of degree k in Zx. By unique factorization in On_1[Zn] we
can thus write W =[] j p?j , where the p; are distinct irreducible Weierstrass polynomials in On_1[Zy] (see
Lemma 4).

We first claim that the p; are also irreducible in Oy . Indeed, assume that p is a Weierstrass polynomial
and p = gi1g2 in On. Then necessarily both g; are regular in Zy of some order; and we can apply the
preparation theorem to each in turn, obtaining g; = u;W;. Thus, p = uusW1Ws. Since p is Weierstrass,
ujug = 1, and p = W1 Wy already splits in On_1[Zn].

Thus, every f € Oy has a representation as a product of irreducible factors; that this representation is
unique up to units follows from the uniqueness of factorization in On_1[Zn]. O

We will have to deal with sets of the form V = Z € CV: f,(Z) =0,a € A where A is some index set
and the f, are holomorphic functions (such sets are called analytic varieties). One of the most important
simplifications we will use is the fact that any such set can be defined by only finitely many of the fo. In
fact, every ideal I C Oy is finitely generated, i.e. Oy is Noetherian:

Definition 7. A ring R (we will always assume that our rings are commutative and with unity) is called
Noetherian if any ideal I C R is finitely generated, or equivalently, if R satisfies the ascending chain condition:
iflh clyC---Cl; C--- C Ris an ascending chain of ideals, then I; = I 11 = Ij4» = ... for some index j.

Note that O; is Noetherian, since it is a principal ideal domain - indeed, every ideal is of the form (z*)
for some k € N, as already noted above. The Noetherian property also carries over to the rings Op; the
proof is based on what is known as the “Hilbert basis theorem”:

12



Theorem 5. If R is Noetherian, so is R[x].

Proof. Let I C R[x] be an ideal. We choose a sequence of elements p; € I by letting p; be any polynomial

of minimum degree in I, and inductively, p; any polynomial of minimal degree in I'\ (p1,...,pj—1)-

We now consider the ideal I C R of initial coefficients of the pj: if p; = a;a% + O(d; — 1), then
I = (aj,as,...). Since R is Noetherian, there exists an n such that I = (ai,...,a,). We claim that
I = (p1,...,pn). If not, there exists a polynomial p, ;1 of minimal degree in I\ (p1,...,pn)-

But since I = (aq,...,a,), we can write a,; = ngn rja; for some r; € R. Then the polynomial

Pnil— Zj<n rjaxditi=dip. € I\ (p1,...pn) has strictly lower degree than p, 1, contradicting the minimality
of the degree of p, 1. O

Proposition 7. The ring Oy is a Noetherian ring.

Proof. We prove this by induction on N. For N = 1, it follows from the observation above. Now assume
that N > 1 and let I C Oy be an ideal. We can choose variables in such a way that there exists a function
D € On_1[Zn] which is k-regular in the Zy-direction. For any f € I, we denote by ry the remainder of
f upon division by D, i.e. f = Dg+ ry. Consider the ideal Ip C On_1[Zn] generated by {r;: f € I}.
Ip is finitely generated by the induction assumption and Theorem 5, and hence, so is I (by D and a set of
generators of Ip). O

2.3 Local structure of complex hypersurfaces

A complex variety V- C C¥ is a set given locally by the vanishing of a family of holomorphic functions; i.e.
for any p € V, there exists an open neighbourhood U of p in C¥ and a family of functions S C H(U) such
that VNU ={f =0, f € S}. A germ of a complex variety at p is an equivalence class of complex varieties
through p, the equivalence relation being given by agreeing on a neighbourhood of p. A germ of a variety is
thus defined by a family S C O (and we will as usual assume that p = 0). Note that we can always replace
S by the ideal I(S) generated by S. Thus, the Noetherian property of O implies that any germ of a variety
is defined by the vanishing of a finite family S C O. If we can choose S such that it contains of a single
element, we say that V is a germ of a complex hypersurface. 1t is irreducible if it cannot be written as the
proper union of two complex hypersurfaces.

Lemma 5. IfV is the germ of a complex hypersurface, it can be written uniquely as a union Vi U---UV;
of pairwise nonequal complex hypersurfaces.

Lemma 6. If V is the germ of an irreducible complex hypersurface, there exists an integer k, complex
coordinates Z = (Z', Zy), a polydisc P(0,7) C CV, a complex hypersurface E C P(0,r") such that VN P(0,r)
has the following properties, where w(Z) = Z' is the projection onto the first N — 1 coordinates:

1. 7T(V) = P(O,T/);
2. 7T|Vm7rl(E)I V' — CN=1 s a k-fold covering map.

In particular, the set of points where a complex hypersurface is not smooth is thin; also, we have that its
complement, the set of reqular points, is connected. This can be proved by induction from Lemma 6.

3 CR-manifolds

3.1 Basic notions for real submanifolds of R*
3.1.1 Definitions and short review

Let us recall that a smooth real submanifold of R¥ of codimension d is given (locally) by the simultaneous
vanishing of d real-valued, smooth “defining functions”. That is, for any p € M, there exists a neighbourhood
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U of p in R* and smooth functions py, ..., pq on U such that M NU =2 € U: py(z) = -+ = pg(x) = 0 and
dp1(z) A -+ Ndpg(x) # 0 for € U. The tangent space at p is the kernel of the defining functions:

T,M = {X € T,R*: dp;(p)(X) =0, =1,...,d}. (3.1)
In coordinates, this means that T, M consists of all tangent vectors
0
X=> aj5—
7 aZL'j p
which annihilate the py, that is, Zj aj%(p) =0,for £=1,...,d, and we identify an X as in (3.1) with the
J

vector vy = (ai,...,a;) € R

If we use a rotation to choose coordinates x = (21, z2) € RF~? x R? such that the tangent space T, M
corresponds to zo = 0, the defining equations necessarily satisfy det aa—xpz(p) # 0, so we can apply the implicit
function theorem to write the defining equations in the form xo = ¢(x1); we also have that de(p) = 0.

A further transformation shows that a smooth real submanifold as above is locally diffeomorphic to a
coordinate hyperplane x5 = 0. Another way to present a real submanifold of R¥ is by a parametrization near
p, that is, a one-to-one smooth map ¢: R¥~¢ 5 U — R* which satisfies M = £(U) NV for a neighbourhood
V of p and where £’ is of full rank k on U. A graphing function as in the preceding paragraph gives rise to
such a parametrization by z1 — (21, ¢(z1)). In that case, T,M = image& (£~ (p)).

Example 2. Consider the real submanifold M C R* given by
M = {(x,y,s,t) € R*: t = 2% 4+ y?}.
Its tangent space T , s 22442 M is spanned by the tangent vectors

0 0 0 0 9]

A parametrization is given by (z,vy,s) = (z,vy, s, 22 + y?).

3.1.2 The Lie bracket

A vector field X is a smooth mapping which associates to any point p € M a tangent vector X (p) = X, €
T,M (i.e. it is a smooth section of TM). The set of smooth vector fields on M is denoted by X(M). On
this set, the Lie bracket defines a bilinear map by

[X,Y] = XY - VX,

where the right hand side is understood in the operator notation, i.e. it corresponds to the differential
operator XY — Y X. It turns out that this is again a first-order operator, and so it defines a vector field.

3.1.3 The Frobenius Theorem

A particularly important class of submanifolds arise as the solutions to systems of ordinary differential
equations. If we have a family of smooth vector fields {X1,..., X} C X(Q), where Q C R* is open, which
is linearly independent at each point, when is there through any p € Q a smooth r-dimensional manifold M
such that for any ¢ € M, T,M = span{Xi(q),...,X:(q)}? The answer is given by the Frobenius Theorem,
which states that the “obvious” necessary condition that the system {Xj,...,X,} satisfies that the Lie
bracket of every two vector fields can be expressed in terms of the system is also sufficient.

Theorem 6. Assume that {X1,...,X,} C X(Q), where Q C R* is open, is linearly independent at each
p € Q, and that for every j,k=1,...,7 we have

T
(X5, Xk] = > aj ke Xe, (3.2)
=1
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for some smooth functions aj e on 2. Then for any p € Q, there exists a neighbourhood U C 2 of p and
smooth coordinates (x1,...,xx) on U in which

0
span{Xj:jgr}:span{ax:jgr}.

J

3.2 Biholomorphically invariant geometry: First order
3.2.1 Complex tangent spaces and CR manifolds

We will now assume that M is a smooth, real submanifold of CV. Our goal will be to describe the fundamental
(that is, first order) invariant associated to the geometry of such a real object when considering biholomorphic
transformations as symmetries. The first one is the complex tangent space. Since M C CV, we have for any
p € M the real subspace T,M C T,CN. Recall the complex structure operator J introduced in the first
section. There exists a maximal subspace of T, M which is left invariant by J, given by T, M N JT,M. This
space is called the complex tangent space of M at p and denoted by TyM. It is a complex vector space of
some (complex) dimension n = n(p).

Example 3. Consider the manifold given by the equation w = |z|? in C?. It is a real submanifold of real
codimension 2. In this case, dim¢ T¢M = 1, and dim¢ Ty M = 0 for all 0 # p € M.

Example 4. Consider the manifold M from Example 2. The complex tangent space is spanned over R by
Z1=X+2yS, Zy=Y —2S.

(Check that JZl = ZQ, J22 = —Zl).
Definition 8. A real submanifold M C C¥ is CR (or Cauchy-Riemann) if the dimension of its complex
tangent spaces is constant. The common complex dimension of these spaces is referred to as the CR-
dimension of M.
Example 5. Every real hypersurface in CV is CR of CR-dimension N — 1. Indeed, in every complex
vector space V' of complex dimension N, the dimension of the maximal complex subspace of a real 2N — 1-
dimensional real subspace E is N — 1. This follows since £+ JE = V and so, as real vector spaces, we have
E/(ENJE)=(E+ JE)/JE. So the real codimension of ENJE in E is equal to the real dimension of the
space on the right hand side, which is one.

Since we have identified the real tangent space with a subspace of R*, we need to give a description of the
complex tangent space as a subspace of the ambient space C*. We can achieve this in terms of the defining
functions:

Lemma 7. Assume that p = (p1,...,pa): CV D U — RY is a defining function for a real submanifold M
near p € U. Then for g € M near p, we have

TeM = {Z € CN: 89p;(q)(Z) =0} .

In other words, T M s the kernel of the matriz

9p1 .. 9p1
074 OZN

Pz = )
Opa ... 0pd
0Z, 0ZN

evaluated at q.

Proof. Let X € TgM be any vector. Hence, also JX = iX € TgM. At g, we thus have dp(X) = 9p(X) +
Op(X) =0, and —idp(iX) = Ip(X) — Op(X) = 0. Add the two equations to get dp(X) = 0. On the other
hand, if 0p(X) = 0, we have dp(X) = 0; indeed, we have

dp(X) = 9p(X) = Ip(X),
for X € T,CN = T,R2V. O
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Corollary 3. A connected real submanifold M C CV is CR if for any p € M there exists a local defining
function p near p such that the rank of pz is constant on M near p. The dimension of the complex tangent
spaces n(p) depends upper-semicontinuously on p.

3.2.2 Generic and totally real submanifolds

A special case appears if the matrix pz is of mazimal rank d. These manifolds are of special importance:

Definition 9. A real submanifold M C CV of real codimension d is generic if it can be written as the
intersection of d smooth real hypersurfaces whose complex tangent spaces are in general position. M is
generic at p € M if there exists a neighbourhood U of p in M such that U is generic.

We have already met a class of real subspaces of complex vector spaces which are of special importance,
the totally real ones. This concept carries over to submanifolds:

Definition 10. A real submanifold M C C¥ is totally real if the dimension of its complex tangent spaces
is 0. An equivalent condition is that T, M N JT,M = {0} for p € M. M is mazimally totally real if its real
dimension is IV, or equivalently, if T,M © JT,M = Tp(CN.

Problem 9. Every totally real submanifold is CR. A totally real submanifold is maximal if and only if it is
generic.

Lemma 8. Let M C CV be a real submanifold of real codimension d and CR-dimension n. Then the
following are equivalent:

(i) M is generic;

(i) N=n+d;

(iii) T,M + JT,M = CV for every p € M.

Proof. i < ii: If the rank of pz is d < d and the dimension of the kernel of pz is n we have (since
N =r1kpz +dimkerpz), N =n+ d. So M is generic if and only if N = n +d.

ii < iii: Note that for any £ C T,M with T,M = TyM @ E, we necessarily have JE N T,M = {0}.
Indeed, if f € JENT,M, thene = —Jf € TM,soe =0, and f = 0. Hence, T, M +JT,M =T/ Mo&E®JE.
So N=n+diff T,M+ JI,M =CV. O

Lemma 9. If M is generic, then for every p € M, if f is a germ of a holomorphic function on CN and f
vanishes on M, necessarily f = 0.

Proof. Assume that f is a nontrivial holomorphic function near p which vanishes on M. Note that we can
choose f such that 9f does not vanish on M (we can choose f to be a Weierstrass polynomial in some variable
of least degree with the property that it vanishes on a neighbourhood of p on M, then this is automatic). So
there exists a smooth point ¢ of the complex hypersurface F' = {f = 0} ¢ CY on M. By assumption M C F.
So T,M C T,F. But T,F is a complex affine hypersurface, and so T,M +JT,M C T,F+JT,F = T,F # C".
Hence, condition iii in Lemma 8 does not hold. O

3.2.3 Special coordinate choices for generic and totally real submanifolds

Proposition 8. If M C CV is a generic submanifold of real codimension d, p € M, then there exist
holomorphic coordinates Z = (z,w) € C" x C? in which p =0 and M is given near 0 by a defining equation
of the form

Imw = ¢(z, z, Rew),
where ¢(z,%,5): C" x R? — R? is a smooth function satisfying V(0) = 0.

Proof. We choose complex coordinates in which T5M = C" x {0}. By the proof of Lemma 8, ii=iii, we
see that any real subspace E with the property that T/M @& E = T, M is necessarily totally real, and
IyMe Ee JE = CN. With a choice of (real) basis ej,...,eq of E, we get thus a complex basis of
C? = E@ JE. Choosing coordinates w = (w1, ..., wq) from the basis homomorphism w +— wie; +- - - +wgeq
we get coordinates which satisfy the conclusion of Proposition 8. O
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Proposition 9. If M C CV is a totally real submanifold of real dimension v, then for any p € M there
exist coordinates Z = (z,w) € C" x CN=" and smooth functions ¢: R? > U — R% : R4 5 U — C? such
that in these coordinates, M is given (near 0) by Im z = p(Re 2), w = ¢(Re 2).

Proof. To get these coordinates, just choose a complex complement to the complex subspace T, M ® J1T,M,
which we turn into C" x {0} by a complex affine change of coordinates. O

3.2.4 Holomorphic submanifolds

Definition 11. A smooth submanifold M C C¥ is holomorphic if for any p € M there exists a neighbourhood
U of p in CV and holomorphic coordinates Z = (z,w) € C* x C? in U, centered at p, such that in U M is
given by w = 0.

Lemma 10. For a smooth CR submanifold M C CN, the following are equivalent:
(i) M is holomorphic;

(ii) T,M =TgM for allp € M;

(i) JT,M =T,M for allp € M;

(iv) 2N =2n+d.

Proof. Assuming i, ii—iv hold by simple computations; that they are all equivalent follows by some linear
algebra. Now assume that T),M = T7M holds for all p € M. For any fixed p € M, we choose holomorphic
coordinates in which T,M = C" x {0}. Setting Z = (z,w) € C" x C?, w = s + it € R? @ iR?, we can thus
write defining equations s — ¢(z, 2), t — ¥(z, ), where ¢,1: C* D U — R? are smooth functions, vanishing
together with their first derivatives at the origin. We claim that ¢ 4 i1p: C* > U — C? is holomorphic.

To see this, note that the rank of the pz is d on M, where p = (p, ). Computing, we see that

(0 31
ve=(Ton 241):

Now add —i times the lower block to the upper block to see that the matrix above is row equivalent to

(—5(90+ i) 0 )
—0p —i1)”
the rank of which is obviously equal to d+rk(9(p+i)). So rk(d(p+it)) = 0, and & = p-+iv) is holomorphic.
We can now choose coordinates as required in Definition 11 by using the the transformation (z,w)
(z,w — ®(z)), which is a biholomorphism near (0,0), since its derivative there is the identity. O

3.3 A preview: Second order invariants

For a smooth CR submanifold M C C¥, we have the subspaces TyM C T,M. Choose a family of smooth
vector fields {X1, ..., X5, } which at each point p € U C M spans TyM. We can choose U so small that it
is diffeomorphic to R2V =4 x {0}. We can then ask whether the subset {X1, ..., Xo,} C X(U) is integrable,
as in Theorem 6. This is measured by whether the Lie bracket

(X5, Xx](p) € TyM

or not. But if we have a smooth submanifold N C M of real dimension 2n which satisfies the conclusions of
Theorem 6, we can apply Lemma 10 to it to see that for any p € U there exists a holomorphic submanifold
N C M of (complex) dimension n. This is pretty speciall The bracket operation above can actually be

expressed by a hermition form
TyM x TyM — T, M /TS M.

In order to do this most easily, we need to introduce some more concepts. Before we do this, we will first
define real-analytic functions and discuss some of their properties.
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3.4 Real analytic functions and maps

Definition 12. A function f: R*¥ 5 U — C is real analytic if for each p € U there exists a neighbourhood
V of U C C* and a holomorphic function F': V — C with F|y = f.

If we consider real analytic functions on C, instead of considering CV (with coordinates Z;) as a subset
of C2N by means of mapping Z to (Re Z;,Im 71, ... yReZy,Im ZN), it is often advantageous to consider it
as a totally real subspace of C2N by mapping Z to (Z,Z). We can the write any real analytic function f in
a power series of Z and Z:

7 (7 _\B
F(2,2) =" fap(Z =P)"(Z D),
a,B
for any p € U, and the set V' can be chosen to be of the form V =W x W, where we can also assume that
the series f(Z,() converges on W x W. Since the subspace ¢ = Z of C2V with coordinates (Z, () is totally
real, we see that for any real analytic function f, if f(Z,Z) =0, then f(Z,¢) = 0.

A real analytic submanifold M C CV is a smooth submanifold which can locally be defined by real
analytic defining functions.

3.5 CR vectors, the CR bundle, and intrinsic definition of CR manifolds
3.5.1 Definition of the CR bundle and abstract CR manifolds

If we now consider the complexified tangent bundle CT'M of a CR manifold, it contains the (0,1)- and
(1,0)-parts of CT“M. These are, respectively, the CR-bundle and the anti-CR-bundle of M; we will denote
these subbundles by V and V), respectively. In coordinates, sections of V are the tangent (0, 1)-vector fields,
that is, tangent vector fields of the form

which are referred to as CR-vector fields, while sections of V are all tangent vector fields of the form

N
j=1 !

which are referred to as anti-CR-vector fields.
We have that n = dim V), is the CR dimension of M. The subbundle V is formally integrable, that is,
the Lie bracket of every two vector fields with values in V is again in V; we denote this by

Vv,V c V. (3.3)

V also has the property that -
yny ={0}. (3.4)

These are the defining properties of an abstract CR structure:

Definition 13. An abstract CR structure on a smooth manifold M is given by a subbundle YV ¢ CT'M
satisfying (3.3) and (3.4).

The CR-dimension of M is n = dim¢ V. Noting that by (3.4), we have 2n < dimg M, we denote by
d = dimg M — 2n the CR-codimension of M. We write N = n + d (which is the dimension of the ambient
space for generic manifolds).

Our considerations above show that every smooth CR submanifold of CV carries an abstract CR structure.
On the other hand, an abstract CR structure is defined without referring to any embedding into CV. Whether
or not such a structure is embeddable is a fascinating and quite hard question. We first give the following
definition.
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Definition 14. An abstract CR structure is integrable if for any point p € M there exist functions 7y, ..., Zy
which are annihilated by all CR vetor fields and for which dZ; A --- A dZn(p) # 0.

Such functions are referred to as basic solutions of the CR structure. The question of local embeddability
is equivalent to the question of the existence of basic solutions.

3.5.2 CR vector fields for embedded manifolds

As we already said, sections of the CR bundle are the CR vector fields. For an embedded manifold M, the
CR vector fields are vector fields of the form

al D
L= Zaj(Z,Z)ﬁ

j=1 J

where the a;(Z, Z) are smooth functions defined in some neighbourhood of M, which satisfy that Lf = 0 on
M whenever f =0 on M. Equivalently, they annihilate the defining functions of M. By the general linear
algebra done in the beginning, CR vector fields are in one-to-one correspondence with sections of the bundle
T°M, as are the anti-CR vector fields. Also, the map L — Re L is a (real-linear) homomorphism of V onto
T°M.

Example 6. Consider the unit sphere, given by

|Z1>+ -+ |Zn]? = 1.

We have CR vector fields of the form

0 0
Lixy=lk—= —Z;——;
TRz, oy
on any open set Uy of the form {Z; # 0}, the vector fields L, for j # k constitute a basis of the CR vector
fields, i.e. any CR vector field L on Uy is of the form

L=> a;(Z Z)Ljy,
i#k

for some smooth functions a;(Z, Z).

More generally, given any defining function p(Z, Z), near a point py where—say—pz, (po, Do) # 0, the CR
vector fields are spanned by the vector fields

— 0 — 0

Ljy=pz(Z, Z)(“)iZk 02,2, Z) .

3.5.3 Holomorphic and characteristic forms

A form w with values in CT*M is said to be holomorphic if it annihilates all CR vector fields, that is, if
wp € V;‘ =T, M. A characteristic form ¢ is a form which annihilates both CR and anti CR vector fields,

that is, 6, € (V, @ V,)= = T) M, and which is real (that is, it is real valued on real elements of CTM).

Lemma 11. Assume that M C CV is a generic real submanifold, and denote v: M — CN the embedding of
M into CN. Then the space of holomorphic forms is spanned by t*dZy,....*dZy. If p = (p1,...,pa) is a
real-valued defining function of M, then a basis of the space of characteristic forms is given by

W (0 —0)p1,...,1t" (0 — 0)pa.
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Proof. First, note that since dim CT, M = 2n+d, and dim V,, = n, the dimension of the space of holomorphic

forms is N = n+d. It is clear from the explicit description of the CR vectors as tangent linear combinations

of the % that they are all annihilated by the (*dZ;. We claim that those are linearly independent. If
J

they are not, there exists a complex linear combination ) a;dZ; which annihilates all vectors in CT,M; in
particular, it annihilates all real tangent vectors. But this implies that all real tangent vectors are in the
complex plane )" a;Z; = 0, which contradicts the genericity of M.

)

Again, the fact that the vectors in V are tangent linear combinations of the 57— implies that all of the
J

forms 0; = it*(0 — 0)p; annihilate V and V. The genericity of M implies that they are linearly independent.

We are left with checking that they are also real. But when acting on real elements, 6; = 6;, which is exactly
what is needed. O

3.5.4 The Levi-form (and the Levi-map)

Here goes a definition of that thing, plus basic properties.

3.5.5 CR functions

A smooth function f on M is a CR function if it is annihilated by all CR vector fields. The prototypical
example of a CR function on an embedded manifold is the restriction of a holomorphic function to that
manifold. However, not all CR functions are of this form. On the other hand, a holomorphic function is
given by a convergent power series at any point; we can associate to a CR function its formal holomorphic
series (which neither necessarily converges nor fulfills the identity principle). But for some constructions, it
gives us a good tool to work with.

Proposition 10. Let M be an abstract CR manifold, which is integrable, and assume that Z1,...,ZN are
basic solutions near p € M. Then for each CR function f defined near p, there exists a unique formal power

series T, f =Y AaZ* € C[[Z]] which satisfies that for each k,

fla)= > AuZ(9)®

| <k
vanishes to order k at p.

Proof. We proceed by induction and start by choosing Ag = f(p). Now assume that we have already chosen
the A, for |a| < k, and that they have the property that D(f — ZlaKk AnZ*)|p, = 0 for every differential
operator of order less than k.

We let Ly, ..., L, be a basis near p of the space of CR vector fields, and choose vector fields X7,..., Xy
such that L1, ..., L,, X1, ..., Xy forms a local basis of sections of CT'M. Since Z1, ..., Zy are basic solutions,
their differentials are linearly independent, and so for each k, the matrix (X~Z# lp)|aj=|8|=F is invertible.

We define the Ag for || = k as the solution to the equations

X*(f - Z AWZ’Y)|17 = Z ABXaZﬁ‘pv

lvI<k |8]=k

which exists and is unique. We still have to verify that the solution thus obtained satisfies that its difference
with f annihilates all differential operators of order less or equal to k. For differential operators of length less
than k, this follows from the induction hypothesis and the product rule. If we have a differential operator of
length k, it agrees with an operator whose terms of degree k are actually of the form X*L? and if |3| > 0,
those annihilate the difference because the difference is CR. O
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4 Segre varieties and maps

Let M C CV be a generic, real-analytic submanifold. We assume that near py € M, M is given by a defining
function o(Z,¢), and that o(Z,() is defined on a set of the form U x U, and also, that the rank of oz (Z,()
(and o¢(Z,()) remains maximal (= d) throughout U x U.

For q € U, we define the Segre-variety of g by

Sy(U) ={Z €U: o(Z,q) = 0}.

Note that S, is a complex submanifold (of dimension n) of U. While the definition is dependent on the
neighbourhood U, we will henceforth suppress U from the notation, and understand that all statements are
understood locally near some reference point p. We first state two basic properties of Segre-varieties, whose
proofs are immediate.

Lemma 12. For p and q near py, the following holds.
(i) g€ Sp < p € Sy;
(i) pe S, &peM;

For the next property, which loosely stated implies that Segre-varieties transform nicely under holo-
morphic mappings, we introduce the following terminology: Let M C CN and M’ c CV " be real-analytic
hypersurfaces, p € M, p’ € M’. We say that a holomorphic map H: CY¥ > U — CV’ defined on a neigh-
bourhood U of p takes (M, p) into (M’,p) and write H: (M,p) — (M',p’) if H(p) = p’ and there exists a
neighbourhood V' of p with H(M NV) C M’. We shall denote the Segre varieties associated to M’ by .S7,.

Lemma 13. If H: (M,p) — (M',p") is a holomorphic map taking (M, p) into (M',p"), then for q close by
p, H(Sq) C Sy

Proof. Choosing defining function ¢ and o', we see that the assumption that H: (M,p) — (M’,p’) is equiv-
alent to o'(H(Z), H(C)) = A(Z,()e(Z,¢) for (Z,¢) close by (p,p). Thus, if Z € S¢, o'(H(Z),H(()) = 0,
which means that H(Z) € S}[(Z)' O

SQlel

Problem 10. Let S?~! be the unit sphere in CV. For an entire map H mapping S>*V~! into and

a hyperplane E C CV, determine a hyperplane £ ¢ CN' with H(E) C E'.

A lot of information about the geometry of M is encoded in its Segre-varieties. First, we will discuss the
notion of type.

4.1 Finite type

Let M be an abstract CR manifold, p € M. We say that M is of finite type at p if the Lie-algebra generated
by the CR and the anti-CR vector fields, evaluated at p, gives CT},M.

Example 7.

77?7 From here Michael included the topics we treated in Bernhard’s lecture in summer

term 2011, starting with the section about real-analytic functions on p. 67 of Michael’s notes
7227

77?7 The definition of a real-analytic function is already defined in a previous section 777

5 Real-Analytic Functions and their Complexification

Definition 15. Let U C R* be open. We say that the function f : U — C is real-analytic, if for each p € U
there exists a neighborhood V' C CF of p and a holomorphic function F' : V — C such that F|ypr = f.

Remark 2. (i) An equivalent definition that a function f : R¥ > U — C is real-analytic is the following:
for all p € U there exist constants M,r > 0 and complex numbers (aq ) ent With |aq| < % such that
in a neighborhood of p we have f(z) =" aa(z —p)®.
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(ii) The radius of convergence of a real-analytic function essentially depends on V C C* as comparing the
power series expansion of the function z — ﬁ at 0 and 1 shows.

(iii) In Definition 15 we could realize R* in C* by choosing coordinates z = (21, ..., 2;) in C* and identifying
R* in C* as the set {z € C*¥ : Im z = 0}, but other maximally totally real subspaces of C* can be used.
Choosing any basis {vy,...,v;} of C¥ we realize R* in C* via R¥ > (z1,...,2) — Z?Zl xjvj. More

generally if L : R¥ — C* is a real-linear mapping with real-linearly independent components, then the
image of L under R* is a maximally totally real subspace of C¥. The same works if we take k = 2N in
Definition 15, i.e., if we start with a real-analytic function f : CN > U — C. Similarly we can realize
C" as a maximally totally real subspace of C2V by taking L : CN — C2¥, a real-linear mapping with
real-linearly independent components. This leads to the definition of real-analyticity of functions in
complex spaces.

Definition 16. Let NZ : CN — C?N be a real-linear mapping with real-linearly independent components.

Define E := image(L) and let Q@ C CV be open. Then f : Q — C is called real-analytic, if there exists
Q c C?>N with QN E = Q and a holomorphic function F : 2 — C such that F o L = f.

Remark 3. This definition gives us the freedom to take a convenient subspace for E, i.e, the realization of
C¥ in C?V can be seen as follows:

(i) As in the beginning we identify CV = RV by setting #; = Re(z;) and y; = Im(z;). Then we consider
the real-linear mapping (z1,y1,..., 2N, yn) = (T1+iy1, 21 —iy1, ..., 2N +iyn, Ty —iyn) and recognize
z; = x; +1iy; and z; = x; — iy;. So we realized CN in C2V via L(z1,...,2zn) = (21,21, ..., 2N, Zv) and
hence E = {(Z,¢) = (21,---,2n,C1,---,(n) €ECHV 1 ( = Z}.

(ii) There is also an argument from Algebra to get to the above L. If we consider C as the field expansion
of R C C, then the group of automorphisms of C fixing R is a Galois group and consists of the identity
and the complex conjugation, such that L(z1,...,2n8) = (21, -, 2N, Z1,- -+, ZN)-

(iii) These choices for L and E have the following consequence for real-analytic functions f : CV — C: As
above we write z; = x; +iy; and Z = (21,...,2n), then f(Z) = > 5 aapr®y’ = dons bys272° =
f(Z,Z), where we wrote x; = # and y; = ;izj for the second equality. Hence the holomorphic
function F' from Definition 16 is given by F\(Z,() := f(Z,(). Realizing a function defined on CV as a
function on C?Y is called complezification. Since E is a maximally totally real subspace we also have
the complezification principle, which says that if a real-analytic function f satisfies f(Z, Z) = 0, then
also f(Z,¢) = 0. We can apply this principle to real-analytic submanifolds.

Definition 17. Let M be a real-analytic submanifold of C}. Then there is a complex submanifold M of

C%go with M N{(Z,¢) € C?N : ¢ = Z} = M. We call M the complezification of M.

Remark 4. (i) One can show that M is a maximally totally real submanifold of M and the germ of M

is unique near {(Z,¢) € C* : ( = Z}.
(ii) Again we have the complexification principle for real-analytic functions on M, i.e., if f(Z,Z) = 0 on

M, then f(Z,() =0 on M.

(iii) Note that we have the following structure on M. If p is a local defining function for M, then we have
by the reality of p on M that p(Z,Z) = p(Z,Z) and thus on M we have p(Z,¢) = p((, Z).

Example 8. We conclude this section by applying the complexification principle to holomorphic mappings

of real-analytic submanifolds. Let (M,0) ¢ CN and (M’,0) C CN' be germs of real-analytic subman-

ifolds with defining functions p and p’ and consider the associated complexifications M and M’. Let

H: M c U — CN be a holomorphic mapping with H(0) = 0 and H(U N M) c M’. The last prop-

erty means that p'(H(Z),H(Z)) = 0 if p(Z,Z) = 0. This is equivalent by saying that there exists a

real-analytic, real matrix-valued function A such that p'(H(Z),H(Z)) = A(Z,Z)p(Z,Z) as can be seen

as follows: We write Z = (x1,...,22n) and after rotating and reordering the coordinates, we can assume

is of full rank, hence by the Implicit Function Theorem we can choose

that ((p;‘)xk(0))1§j§d,2N—d+1§k§2N
coordinates y; := z; for 1 < j < 2N —d and yon-—a+; := p;(Z) for 1 < j < d. In these new coordinates the
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function f := p’ o H satisfies f(y1,...,¥28-d,0,...,0) =0 and thus

f(yla"'ayQN) :f(yla"',yQN)7f(y13"'7y2N—1;0)+f(y1a"'ay2N—170)7f(y17"'ay2N—27070)
+ ..—|—f(yl,...,yQN_d_;,_l,O,...,O)—f(yl,...,yQN_d,O,...,O)

= Z/ YoN —difyan—ars YLs - s Y2N—ds YoN—d41s - - - s Y2N—dti—1, tYaN—a+1,0, ..., 0)dt

d

= ZyZN—d+lal(y1a o 7y2N)7
=1

where (a;)1<i<q is the d’ x d-matrix A. Then the complexified version of p'(H (Z), H(Z)) = A(Z, 2)p(Z,Z) is
P (H(Z),H(C)) = A(Z,{)p(Z,¢) and we obtain the corresponding mapping H(Z,¢) = (H(Z), H(¢)), Wthh
sends M to M’. We will refer to equations of such form as mapping equations.

6 The Segre Variety

Definition 18. Let M be a generic and real-analytic submanifold of CY and p be a real-analytic defining
function for M defined in some V x V' C C*N. The Segre variety S, of p € V is the complex variety given
by

Sy =8,(U) :={Z €U :p(Zp) =0},

for U C V' a small neighborhood around p.

Remark 5. (i) If p € V, there is a small neighborhood U C V of p, such that S,(U) is nonempty and S,
is uniquely determined: Let p € U and d denote the codimension of M. Since we assume that M is

generic, we can reorder the components py,...,pq of p and the coordinates (z1,...,2zy) of CV, such
that
plzn+1 T Plzn
: (p,p) #0.
Pdzny1  -+-  Pdzn

Now we complexify the equation p(Z,p) = 0, i.e., we consider p as fixed and write pz(Z) := p(Z,p).
Further we denote Z = (Z/,Z") € C" x C% Since p;(p) = 0 and %pﬁ(Z’,Z”) is invertible for
(Z',Z") € W C V, a neighborhood of p € V, we apply the Implicit Function Theorem. This gives the
existence of neighborhoods (U’,U") € C™ x C? of p’ and p”, respectively, and a holomorphic mapping
Z" .U — U", such that (¢/,Z"(¢")) € U x U" C W, satisfies pz(¢’, Z"(¢')) = 0 for all ¢ € U’. To
sum up, there exists Z = (¢’, Z”(¢")) for ¢’ being in a neighborhood of p’, such that p(Z,p) = 0 and
the neighborhood U can be set to U’ x U”. Note that in general the Segre set is not open, but we have
shown that S, is a complex submanifold of codimension d. Further, since the coefficients of p5 depend
real-analytically on p, we have a real-analytic dependence of Z on p.
The uniqueness of S, follows from the fact that local defining functions for S, only differ by a unit in
the space of holomorphic functions.

(i) If M is the complexification of M, then S; = {Z € CV : (Z,() € M}.

Proposition 11. The Segre variety S, has the following properties:
(i) peSgeqes,
(i) peSp,epeM

iii) If H is a holomorphic mapping sending (M, p) to (M',p’) with H(p) = p’, then we have H(S,) C S}
H(p)"
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Proof. (i) and (ii) are immediately from the definition of S,. For (iii) we take p and p’ defining functions
for M and M’ near p and p’. As in Example 8, H has to satisty o/(H(Z), H(¢)) = A(Z,¢)o(Z,¢) for (Z,¢)
close by (p,p). Thus, if Z € Sz, ¢ (H(Z), H(¢)) = 0, which means that H(Z) € S}{(g—). O
Example 9. Geometrically Proposition 11 (iii) can be viewed as a reflection principle, which can easily be
observed in C. We define Q; :={2 € C:Imz >0} and Q_ :={z € C:Imz < 0}. Let f € H(Q_)NC(Q_)
with f(R) € R. Since R C C is given by p(z,Z) := z — Z as a real-analytic submanifold in C, we have
Sw = {w} and Proposition 11 (iii) says that {f(@w)} C {f(w)}. This suggests to define the holomorphic
extension of f to Q4 by f(Z) := f(z), which is known as the Schwarz reflection principle.

7 Normal Coordinates

Motivation 1. Before we continue with iterating the Segre varieties, we introduce special coordinates for
real-analytic submanifolds such that the Segre varieties are given by easy-to-handle equations.

In Proposition 8 we introduced coordinates for a generic and real-analytic submanifold M C CV which
are given by w — 7 = 2ip(z, X, “’;‘T) in the complexified form. Applying the Implicit Function Theorem
and solving for w, we obtain that M is given by w = Q(z, x, 7). Then S(g.w,) is given by w = Q(z, 0, wo).
Intuitively we want to change coordinates by setting w = w + Q(z,0,wo) to obtain that S ., is “flat”, i.e.,
to have S(o,wy) = {(2,w) € CV :w = wp}. This implies that Q(z,0,wy) = Wy or, since z € Sy if and only if
w € Sz, Q(0, x,wo) = wo. Also note that in this case So = 15 (M) for p near 0 and geometrically this means
that we graphed M over its complex tangent space.

Definition 19. (z,w) € C" x C? are called normal coordinates for a generic and real-analytic submanifold
M at 0, if for wg near 0 we have S ,,) = {w = wo} or equivalent, for the complexification of M, there
exists a holomorphic Q : C* x C" x C¢ — C% with Q(z,0,7) =7 = Q(0, x, 7).
Remark 6. (i) If p is a defining function for M, then yet another equivalent condition for (z,w) being
normal coordinates is that p(z,w,0,w) = 0.
(ii) The property Q(z,0,7) =7 = Q(0, x, 7) is called normality condition.
(iii) In normal coordinates we have the following reality condition: Together with w = Q(z, x,7) we have
7= Q(x, z,w), thus w = Q(z, x, Q(x, z,w)) as well as 7 = Q(x, 2, Q(2, X, T))-

Lemma 14. For a generic and real-analytic submanifold M there always exist normal coordinates.

Proof. Since M is generic, by Proposition 8, we can find coordinates (2/,w’) € C® x C% such that M =
{Imw" = ¢(z',Z',Rew’)}, where ¢ is a real-analytic function with V(0) = 0. Complexifying this equation
we obtain the defining function p'(2',w’, X', 7") := w’ — 7 — 2ip(2’, X/, #) for M. Since there are no
linear terms in ¢ we have py(0) = Tyxg — 2ipw (0) = Iyxq and we can solve for w’ by the Implicit Function
Theorem to obtain that M is given by p”(z',w’,x’,7") = w' — Q(z',x’,7’). To prove the Lemma we
need to determine a holomorphic change of coordinates (z',w’) = (f(z,w),g(z,w)), such that in the new
coordinates (z,w) we have Q(z,0,7) = 7 = Q(0,x,7). An equivalent formulation is that p(z,w,x,7) :=
p//(f(za w),g(z,w), f(x,7),9(x, 7)) = g(2,w) — Q(f(2,w), f(x,7),d(x, 7)) has to satisfy p(z,w, ON,w) = 0.
Since there are no linear terms in ¢, the only linear term in Q(z, x, 7) is 7. We write Q(z, x,7) = 7+Q(z, x, 7),
where in C~2 only terms of order 2 in (z, x,7) occur. Let’s see what conditions we get for (f, g), if we require

that (z,w) are normal coordinates:

0= p(vav 0, w) = g(z,w) - Q(f(sz)a f(oa w)vg(o’ w)) (71)

= g(z,w) - g(O,UJ) - @(f(sz)v f(va)vg(va))

From above we see that good choices for f and g are g(z,w) = g(w) and f(z,w) = z to simplify matters,
then we need to assume for g:

g(w) — g(w) = Q(z,0,g(w)). (7.2)
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Since we are dealing with transformations we need g,,(0) # 0, hence we set g(w) = w + G(w), where G is
of order 2. Then we note that (7.2) is a condition for Im(G), hence we take G = iG, where G only consists

of real coefficients, i.e., G(w) = G(w). Now we need to check, if such a holomorphic G actually exists: We

plug in our choices for g into (7.2), set z = 0 to obtain, since we require G(w) = G(w), that

w+iG(w) — (w —iG(w)) = Q(0,0,w + iG(w)) & 2iG(w) = Q(0,0,w + iG(w)),

and since the left-hand side is of order 2 in G(w) we can solve this equation by the Implicit Function Theorem

to obtain a holomorphic G. Finally we need to check if the so attained G satisfies G(w) = G(w), which was
our assumption in the first place. Since our transformations f and g satisfy the condition in (7.1), we plug
g(x,7) = g(z,w) = w4+ iG(w) and f(x,7) = f(2,w) = z into p and set z = 0 to obtain

w + iG(w) = Q(0,0,w — iG(w)),
and after conjugating this equation and replacing w by w we obtain
w —iG(w) = Q(0,0,w + iG(w)).
Finally we combine the two previous equations and use the reality condition to obtain G(w) = G(w). O

Remark 7. Note that normal coordinates are not unique, since they depend on the choices of f and Re(g).

8 Iterated Segre Varieties and Segre Mappings

77?7 Fill in Bernhard’s draft to illustrate the iterations 777
We can actually iterate the Segre varieties as follows:

Definition 20. We define

Sp} =5p,
k._
sh=J S,
qGS;.f*l

for k > 2, called the k-th iterated Segre variety S;,f at p.

Remark 8. In what follows we want to give a description of SZ’f in terms of normal coordinates. If M is
given in normal coordinates (z,w) such that w = Q(z, x,7), we also have 7 = Q(x, z,w) and Q : C>"*t4 >
U — €4 is holomorphic satisfying the normality condition. We also assume U to be small enough such that
Q:CH SV xVxW—W.

Then we have S, N{V x W} = {(z1,w1) € VX W w1y = Q(z1,p),p € VX W} = {(z1,w1) € Vx W :

w1 = Q(z1,p),p € V x W}. Note that we have written S, as the image of the holomorphic mapping
SH(zip) V3 2 (2,Q(2,P)).

To start with the iteration process, let g := (21, w1) € Sp, i.e., w1 = Q(21,p) and Sq = {(z,w) € V x W :
w = Q(zvq)} and

Sﬁ = U Sy = U {(z,w) €V x W :w=Q(z2,Q(z,p))}

qES, z1€EV
= image {(z,21) = (2,Q(2,21,Q(21,))) : (2,21) €V x V}}.

If we complexify the real-analytic mapping in the previous equation, we get that Sg is the image of the
holomorphic mapping

(Zaxl) = 52(27X1;<) = (Z7Q(Z,X1,Q(X1,p)))7
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where (z,x1) € V x V. Similar, if we go one step further, we obtain that SS is the image of the holomorphic
mapping

(27X17zl) = 53(Z7X17z1;C) = (ZaQ(zvleQ(lezlaQ(zlap))))v

where (z,x1,21) € V3. For higher iterations we introduce the following notation.

Definition 21. We define for 2™ € C", where m > 1, zlfl .= (zF .. .,2Y)y e Ck t e CN and j > 2 777
Define S without the first component or give the second component a separate name, only
needed once 77?7

S°(t) = (0,1),
SHahit) = (=", Q' 1)),
Sj(m[j];t) — (xj7Q(xj’ks’vjfl(x[jfl];t)))7

the j-th Segre mapping S7 (z19;t).

Remark 9 (Segre sets as images of Segre maps). With the above notation we have that the image of

(Z5X15Z17X27 s azk—laxk) — S2k(Z7X1721,X2, . '7Zk:—17Xk;p)

is S2¥ for k > 1 and the image of

(27X17217X27 te 7Xk7zk) — S2k+1(27X17213X23 te 7Xk72k;ﬁ)

is Sgk“ for k > 0.

Remark 10 (Segre sets via submanifolds). Another way to describe the iterated Segre sets is, if we asso-
ciate the following submanifolds M(¥) of codimension kd to the complexification of M. We will skip the
neighborhoods involved.

We start with M) := M the complexification of M, where we write (Z,¢) for points on M. Next we
replace ¢ by points (¢!, Z1) € M, attach them to M according to Definition 20, and define

MP = {(2,¢,2") e CN : (2,¢Y) e M, (Z21,¢Y) € M.
The next step is to replace Z* by (Z',¢?) € M and attach them to M? to obtain
M® = {(2,¢", 2", ) e CN (Z8,(P) e M, (2,¢, 2) e M)
and more generally we have

M(2j71) — {(Z7<17Z1’...,Zj717cj) e CQ]N : (Z,Cl,Zl,.-~,Zj71) c M(2j72)’(Zj*1’Cj) e M}7
M) = (2,61, 2",..., ¢, 29) e CHIN L (2,¢1 7Y, ¢F) € MBI (29, ¢) € M.

Let us denote m; for the projection onto the first N components and m; for the projection on the last N
components in some C'V. Then for k even we have S}’f = 7p(m; ' (p)) whenever p € m(MW) and if k is
odd we have S¥ = my(m '(p)) whenever p € m(M*)). These observations provide a parametrization for
the iterated Segre sets. It is also possible to give a description of M) in terms of normal coordinates. 777
Write it down to make the connection to the manifold induced by the iterated flows in the
next chapter 777

7?7 Fill in a diagram for the projections involved here 777

7?7 Different choices of coordinates for the Segre maps give parametrizations for Segre
manifolds, which are biholomorphically equivalent, see section 4 on p. 10f of BER 2003 -
Dynamics-article 777
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Example 10. The question is if the Segre varieties contain open subsets of CV. If so, we basically could
restrict to work with Segre varieties without losing any information, e.g., if we study mappings on M. To
see what can happen, we give the following example:

The hypersurface M = {(z,w) € C? : Imw = |2|?} has the complexification M = {(z,w,x,7) € C* :
w = T+ 2izx = Q(z,x,7)}. Then Sy = image(S!(2;0)) = image(z — (2,0)) = {w = 0} and S =
image(S'(z, x1;0)) = (z,2izx1). We observe that no neighborhood of 0 is contained in S, since

95%(z,x1;0) ! 0
ozx1) | | 2a 2z
therefore the variety, where S? is not of full rank, is given by {z = 0} and contains 0. But if we go one

step further and look at S§ = image(S3(2,x1,21;0)) = (2,2ix1(z — 21)), we obtain that S5 contains a
neighborhood of 0 in C?, if we set z; := z — 2, where zy # 0 is independent of z and ;.

= 2iz,

9 Finite Type

Definition 22. 77?7 We defined the following already in some previous section 77?7 Let M be the
complexification of a generic and real-analytic submanifold M of C¥, then we define the space of (1,0)-vector
fields

DEO(p, { Zaj Z, C : X is tangent to M near (p,p) € /\/l)}7
and the space of (0, 1)—vector fields

DOV (p, p) : { Zb Z,¢) : Y is tangent to M near (p,p) € M}
3CJ

Definition 23. ??? We already defined finite type in some previous section 777 Let D( D, P

D10 (p, p) DOV (p, p) be the space spanned by (1,0)- and (0, 1)-vector fields tangent to M near (p, p) €

and ©(p,p) the Lie algebra of D(p, p) evaluated at (p,p) € M.

Then M is of finite type at p € M, if D(p,p) = T(p5M.

Remark 11. (i) An equivalent formulation for p being a point of finite type is, that all (1,0)— and (0,1)-
vector fields tangent to M generate CT,,M.

(i) Since we have that dimc(D10(p,p)) = n = dimc (DY (p,p)) and dime (T, M) = 2N —d =

2(n+d) —d = 2n+ d the commutators of all (1,0)— and (0, 1)—vector fields tangent to M have to span
d additional directions, which are called missing directions.

p) =
eM

Example 11. Let M be a hypersurface given by M = {Im(w) = ¢(z,Z, Re(w))} and we assume w.l.o.g.
that ¢(2,0,0) = 0 = ¢(0,%,0). Then M is of finite type at 0 if and only if ¢(z, 2z,0) # 0. Moreover the
length of the commutators, which span the missing direction, is the order of vanishing of ¢(z, z,0) at 0. The
length of these commutators is defined as the type of p. 77?7 Maybe fill in the computation here 777

77?7 The following Lemma is needed for the proof of Stanton’s Theorem, but the Lemma
actually follows from the proof of the Theorem concerning the Characterization of Segre sets;
but an independent (and shorter) proof of this fact is also fine 77?

Lemma 15. Let M be a generic and real-analytic submanifold of CV and p € M a point of finite type.
Then there exists a proper, real-analytic subvariety V.C M, such that any g € M\ V is a point of finite type.

Proof. 77?7 TBC, see BER 1999, Thm. 1.5.10, p. 19f 777 O
Theorem 7. Let M be a generic and real-analytic submanifold of CV and p € M. Then the following

statements are equivalent:
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(i) M is of finite type at p € M.
(ii) There exists j € N such that the iterated Segre map S7 (:U[j];p) is generically of full rank.
(iii) There exists j € N such that the iterated Segre set SZZ contains an open set of CV.
Remark 12. (i) Theorem 7 (ii) means that for zll = (27,... 2') with 2% = (2¥,...,2%) € C" for
1 < k < j, there exist multiindices kq,...,ky with 1 < k. < n and ji,...,jy with 1 < j, < j for
1 <r,s < N such that

957 (zV); p)

‘5(#611,,30?:{)

£ 0.

(ii) The course of the proof of Theorem 7 (i) < (ii) is the following: Starting with the next remark we
forget about M and actually show the statement for p € CV. We start with a family of K-analytic
vector fields Y in CV and denote by 2)(p) its Lie algebra at p € K. The flow of elements in 9
consist of iterated flows of the elements in Y and will be denoted by ®. Then we show that such ®
are generically of full rank N at p if and only if 2)(p) spans T,KY. In a last step we identify the Segre
mappings as flows of elements in D(p, p) and take into account that we are not in the flat case, but on
a submanifold M.

Remark 13 (The setup). Let K = {R,C} and let X = {X;,...,X;} be a family of germs of K-analytic
vector fields in KV near 0. We write

N
=1

where, for 1 < k < N and 1 < j </, ai: : KV — K are germs of analytic functions near 0. Further we
denote a’ = (af,...,a%). The flow of X; € X at time s € K at € KV is denoted by vk, () = oI (z,8) -
KN x K — KV, i.e., it is the unique solution of the following initial value problem for small s:

% (5,9) = (P 2,9))
¢’ (z,0) =

Next we start to flow with respect to all vector fields in X: We let t = (¢y,...,%) € K! and we write for
1<k<Il y := got)?k o--~o<pt)§1(x) € K¥. If we temporarily denote for 1 < k <, ¥y, = Yp(w,t1,... 1) :
KN x KF — KN the flow of the vector fields X1,..., X at times ti,...,t;. Then 1), is the solution of

O

Ttk(ykflatk) =a" (Y1 (ye—1,t1))

U1 (Yr-1,0) =yr—_1,

where yo := x, hence ), = @ggk 0---0 Lpgél () is a germ of an analytic mapping. 77 Where do we need
the following notation ??? We introduce one more notation: We let Ul = (t',...,t7) for each tF € K™
and set

] 1
(z) :=¢ly (2)

[4] J [1—-1]
o (x) :=pkopk (x),

1
Px

and each o () = ¢ (2) = @(z, 1)) : KN x Kim — KV is a germ of an analytic mapping. To sum up,

for this definition we iterated the flows % (z), which are solutions of the appropriate initial value problem
similar as above. The question to which vector fields the iterated flows correspond, will be addressed to
Remark 16.
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77?7 Is it useful to introduce the following ranks since we will prove directly that the dimension
of the Lie algebra of X is equal to the dimension of the tangent space of the orbits 777 We fix
2 € KV and denote by

sk X (z) := maxrk o(z, tU]).
jEN

?7?? Separate definition for “generic rank” and “generically of full rank” (see below the state-
ment of the previous theorem) somewhere in the intro ??? Here rk o(z,tl]) denotes the generic
rank of ¢(x,tV]), which means that we consider the rank of o(z,!) over the quotient field K{tl/1}. More
precisely, rk ¢(z, tm) is the largest number r € N, such that the Jacobian of ¢(x, tm) with respect to tV! has
a non vanishing minor of size r near 0 € K.

Further we denote by

rk X (z) := dimg X(z),

the dimension of the Lie algebra of the family of vector fields X evaluated at x.
For two vector fields X,V let us write (ad X)(Y) := [X,Y] and (ad X)7(Y) := (ad X)((ad X)~1(Y)) for
i>2.

Theorem 8 (Vector fields vs. flows). Let K = {R,C} and let X = {X1,...,X;} be a family of germs of
K-analytic vector fields in KN near 0. Then we have for fized x € KN sufficiently near 0

rk X (z) = sk X (z).

Remark 14. (i) It is clear that 1 < sk X (z),rk X(2) < N. The advantage of considering sk X (z) instead
of tk X () lies in the fact that (rk(z,tl])) ey is a strictly increasing sequence ??? Refer to this
aspect, when we prove this claim; we skipped the proof in the lecture, but BER 2003 -
Dynamics ..., Prop. 3.1 gives a formal argument ?7?. Hence, in order to compute the dimension
of the Lie algebra of vector fields we are done after finitely many steps.

(ii) The following Lemma is the starting point of an induction process and describes the flows of the Lie
bracket of two vector fields X,Y in terms of one vector field Y evaluated at the flow of X.

Lemma 16. Let X = Zszl ak(x)a%k and Y = 21]11 bl(m)a%l be germs of K-analytic vector fields near 0
and denote by o(z,t) : KN x K — KV the flow of X. Then

W(l‘,t) = ‘Pm(w(xvt)a 7t)Y(90(x>t))

uniquely solves

O (2,1) =galipla, 1), DX, V(g 1) (9.1)
W(x,0) =Y (z).
Moreover we have
o (ol 1), Y (9, 1) = 3 %(adXVY(x)tﬂ‘,

JjEN
where the sum converges absolutely and uniformly on compact subsets in a neighborhood of 0 € K.

Proof. First we deduce some properties of the flow ¢: Since p(¢(x,t), —t) = = we obtain, if we take derivatives
with respect to x, that

pr((p(xat)vit) = 80;1(95,75)~ (92)
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We write @ = (a1, ...,ax) and b= (by,...,bx). Since ¢ satisfies

% (@,1) =alp(a,1) (9.3)
Qp(*% 0) =z,

we get, if we differentiate (9.3) with respect to x that

Pro(,t) = az(p(x, 1)) pr(z,1). (9-4)
Using (9.2) and ¢, (¢(z,t), —t) = o, 1 (p(z,t),t), we arrive at
pa(, )W (2,1) = Y (p(2,1)). (9-5)

First we take derivatives with respect to ¢ of the left-hand side of (9.5) and stick in (9.4) and (9.5) to obtain
d aw
- (Pu(@ )W (@, 1)) = Y (X(p(x,0))) + pa(@, ) —(2,1). (9-6)
Next we take derivatives with respect to ¢ of the right-hand side of (9.5) and obtain

ZY( (1)) = ba (o2, 1))pr (2, 1) = balip(a, ) X ((, 1)) = X (Y (p(,1))). (9-7)

Finally, combining (9.6) and (9.7) we get the desired identity

pa (2, t)——(2,1) = X (Y (p(2,1))) = Y(X(p(2,1)) = [X, Y](p(2,1)). (9-8)
= @ Hp(x,t),t)Y (p(x,t)), we write W (z,t) as its Taylor series in the
8) agaln with respect to ¢, evaluate at 0 and use (9.1), (9.2) and (9.4)
to obtain the correct formula for dt‘g/ (z,0). The rest follows by induction and noting that the coefficients
of the series are derivatives of a real-analytic mapping. O

To prove the expansion of W(x,t) =
second variable. We differentiate (9
d

Remark 15. The following Lemma is an iteration of the previous Lemma 16 using the notation as in
Remark 13 for iterated flows of a family of vector fields. In contrast to the previous Lemma 16, we get a
formula for derivatives of W with respect to ¢t at ¢ = 0 in terms of Lie brackets.

77?7 Adjust the notation for the iterated flows from the definition above 777

Lemma 17. Let Xq,..., X, Y be germs of K-analytic vector fields near 0 and denote by gpg(j (1) = @I (a,t) :

KN x K — KN the flow of X;. We write tVl .= (t;,...,t,) € KI and by o(x,tI) the iterated flow of the
vector fields X1,...,X; at x € KN and time tV! € K7. Then

W(CE, t[k]) = 901(50(1'7 tl)a _tl) e SD:L’(QP(CC’ t[k_l])v _tkfl)ﬁpx((p(xv t[k|)7 —tk)Y(w(;v, t[k]))
satisfies

oW

o @0 = X, [Xe, [ (X0, Y] ).

Moreover, after setting ®(z,t) := gof)’gk 0---0 (péél (x) we have

O N (®B(2, 1), )Y (D(,1) = %(ad X1)* - (ad Xp,) %Y (2)t®
aeNk

where the sum converges absolutely and uniformly on compact subsets in a neighborhood of 0 € K¥.
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Proof. The proof is induction on k£ > 1. The induction hypothesis is Lemma 16 and the induction step is as
in Lemma 16 with ¢ = 0. O

Remark 16. Lemma 16 implies that the Lie bracket [X,Y] is the derivative of the iterated flow (s,t) —
X 0@l 0% with respect to t at 0. Let (z, s) denote the flow of X and ¢ (z,t) the flow of Y, then we get

d

at e (p(,5),1), _3) = %WW(% s), t)’ —5)|t20¢t(¢($7 s), t)|t:0 = @I(Qo(x7 s), —8)Y (p(z, )

t=0
and by Lemma 16 the claim follows. For iterated flows of higher order we have to consider flows of the form

t1

S0(1.7t‘]) = (p]la_ 0.0 w]\ﬂ—la_t\ﬂ—l o (p]m,tm o SO]|J\—17t\J\—1 0.0 (pjlatl (CL’),

where t; = (t1,...,t7) and @/ is the flow of the vector field Xy, for 1 < k < [J| -1 and Y for k = |J|.
Then we take derivatives with respect to ¢ ;] and apply Lemma 17 to get that the derivative of ¢(x,t;) with
respect to )7 at ¢ ;) = 0 is equal to [X1, [Xo, [+ [Xp, Y] --]]](2).
Thus the flows of elements of the Lie algebra of a family of vector fields are iterated flows as we have
introduced them in Remark 13.

77?7 One has to evaluate the flows at some fixed time ty, 777

Definition 24. For X a germ of a family of K-analytic vector fields near x € KV we denote by X its Lie
algebra and by § the collection of all flows of elements of X. We define by §(x) the orbit of X at x as

S(2)={yeC":JpeF:y=9p@))}

Remark 17. Suppose there exists Y € X such that Y (z) # 0. Since the parametrizations of §(z) consists
of iterated flows tll = o(z,tl7]), there exists a k € N such that ﬁ‘tzoap(x,tm) =Y (z) # 0, hence F(z) is
a submanifold of dimension dim(span{X(z) : X € X}) of CV. As for the Segre sets we can write § as the
projection of iterated submanifolds as follows:

Let X = {Xy,..., X%} be a family of vector fields in KV. We set j = (j1,...,4;) € N\ with 1 < j,,, < k. Let
y € §(x) be given by y = ¢(x,tl). Then we define M;, = {(z,y) € KY : y = ¢(z,tU=])} and the iterated
submanifold M, to be

(xay17"'7yl) € M] a4 (337?}1) S Mj17(y1ay2) € sz?"'a(yl—layl) S M]l

We get §(z) = m(M;) and after reordering the coordinates (x,yi,...,y;) we could have also written §(x) =
7¢(M;) to see the connection to the definition of the manifolds given in Remark 10 directly.

Proposition 12 (Nagano’s Orbit Theorem light). Fix X = {X;,..., Xy} a family of germs of K-analytic
vector fields near 0. Denote by X(x) the Lie algebra of X at x € KN. Then we have for fived v € KN
sufficiently close to 0

dimg X(z) = dimg X(y) = dimg T, §(x) Yy € §(z).

Proof. Let y € §F(z) and ® € § be an iterated flow, such that y = ®(z,t) for some t. Then dimg X(z) <
dimg X (®(x,t)) holds for continuity reasons: Let r := dimg X(z), choose a basis Yi(z),...,Y,(z) € X(z)
and write Y; = (le, ce YjN), such that

Vi) - V@)
. . : # 0. (9.9)
Yi(z) - Y(z)
By continuity of the components of elements in X(z) and their flows, we obtain
Vi (@(x,1) - VH(O(x,1))
s |2
Y (®(x,t)) - YI(R(x,1))
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which means that Y1(®(z,t)),..., Y (®(z,t)) € X(P(z,t)) is a set of K-linearly independent vectors in
X(®(x,t)), hence r < dimg X(P(,1)).

To show the converse inequality dimg X(z) > dimg X (®(z,t)) we assume that for all choices of r + 1 vectors
Z1(x), ..., Zry1(x) € X(z) each r + 1-minor of the matrix (Z1(x),..., Z,+1(z)) vanishes. Then we have to
conclude, that for each choice of r + 1 vectors V1 (®(x,t)),..., V,iy1(®(x,t)) € X(®(z,t)) every r + l-minor
of the matrix (Vy(®(z,1)),...,V,41(®(z,t))) vanishes. As in Lemma 17 we write for 1 < j <r+1

@@, 0,0V, (B, 0) = 3 ~(ad K1) (ad Xe) V)"
aeNk

where Z, j(z) := (ad X1)** - -+ (ad X3)**V;(2) € X(x). We set Zo; = (2} ;,..., 2 ;) and define V (x,t) ==
O (D(x,t),t)V;(P(z,t)). Since égl(é(x,t),t) is near the identity for small ¢, it is enough to show that

x

each r +1-minor of the matrix V := (Vy(2,1), ..., Vry1(z,t)) vanishes. Let us take any 7+ 1-minor of V and

write V ( SN o). Since all involved sums converge absolutely and uniformly, we can reorder in such
a way that
gll o gwl+1 1 21?117[31 o Z?r1+17ﬂr+1
: . : :Z Z FATT ] : : (z)t” = 0.
5;;“ e ﬁr'rll YEKF 81448 p1=7 ?1'21 e (‘;‘T":llﬁrﬂ
=0

The second equality dimg X(y) = dimg 7, §(z) is immediate, since we know F(x) is a submanifold and
consists of the flows of the elements in X(y). 7?7 Is this clear? 4 identification of Lie algebra with
tangent space 777 O

Remark 18. Note that (9.9) shows that the set, where dimg X(z) is not maximal, is a proper, K-analytic
variety of KV, which in particular means that dimg X(z) is generically locally constant. Moreover we have
seen that formally the Lie algebras transform as follows:

X(z) = 0,1 (®(,t),t)X(P(z, 1))

Proof of Theorem 8. The iterated flows give a parametrization of §(x), hence dimg §(x) = sk X (z) and if
we apply the previous Proposition 12 we are done. O

Remark 19. To get Theorem 8 in the general case of generic submanifolds M, we have to take into account
the codimension d of M, when counting dimensions in Proposition 12.

Proof of Theorem 7. Since the equivalence (ii) < (iii) is clear we are left by showing (i) < (ii). This
equivalence follows from Theorem 8 if we are able to identify the Segre maps as iterated flows of (1,0)- and
(0, 1)-vector fields tangent to M. For M given in normal coordinates near p € M we have for z = (z1,..., 2,)
and w = (wy,...,wq) that w = Q(z,x,7), where Q@ = (Q1,...,Qq). Further we write Z = (z,w) and
¢=(x,7). For 1 <j <d we set

) S0 0
Lj=5—+Qu (205 and Lj:= 35— +Qy(x. )5

azj ox; or’
Then L = (Ly,...,Ly,) and L = (L1,...,Ly,) are a basis of D10 (p,p) and DOV (p, p) respectively. We
equip 1\, 5 M with coordinates (3@ % 8@ 8@) Then we see that the mappings

01, (Z,¢) = (2 +1te;, Q(z + te;,¢),¢) and @7 (Z,() = (Z,x +te;, Q(x + te;, Z))
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are the flows of L; and Ej, respectively. We denote by ®% and <I>ti the iterated flow of L and L, respectively,
at complex time ¢t = (¢1,...,¢,) € C". That means we have

OL(Z,¢) =(21 +ter, .., 20 +ten, Q(z1 +ter, ..., 2z, +ten, (), () and
DL (Z,¢) =(Z,x1 +ter,...,xn +ten, Q(x1 + ter, ..., xn + ten, Z)).

By Remark 9 using the notation of Remark 10, we have that S*(¢; () is equal to

ts 7p (B(2,0)).

We write for k > 1 t¥ = (t¥,... ) € C". For higher iterated Segre maps we have, that if j is odd,
SI(tt, ..., t7;¢) is equal to

(t',. . )7y (cbt; ofl)t;o-uo‘l)tLj(Z,O)
and if j is even, then S7(t!,... #7;() is equal to
(.. ) oy ((I)tLl o(I)t;o---oq)tij(Z,C)),

if each t* stays in some small neighborhood around 0.

In order to make the connection to sk X of Theorem 8, we observe the following:

Since the above iterated flows ®; are given in their complexified form, the first component of ®; is a
parametrization of the first component of submanifolds like M; from Remark 17. Also note that the iterated
flow ¥, we had in the definition of sk X, occurs in the first component of submanifolds like M;. This means
that the Segre maps are special cases of iterated flows of the form ¥; and the submanifolds M) are special
cases of submanifolds like M;. Hence the rank of the Segre map S7 is the same as the rank of ¥; and since
sk X = max; rk ¥, we have for large k, that sk X = rk S*.

77?7 There is still a part of the proof missing, we still need to show that the rank conditions sk X
and rk X coincide, see [dSJL 2011, Formal Theory of Segre Varieties| or can we work directly
with Proposition 12 since if the rank of the iterated Segre map is full, this corresponds to the
dim of the orbit-manifold 777 O

Corollary 4. Let M be a generic and real-analytic submanifold of CN, p € M and f € O, with f(M) C R.
If M is of finite type at p, then f = f(p) is constant.

Proof. Let us assume p = 0, then we have by the reality of f, that f(Z) = f(Z) for Z € M. After

complexifying we obtain f(Z) = f(¢) for (Z,() € M. Setting ¢ = 0 we get f(Z) = f(0) for Z € Sp. If we

let Z € S = Uces, S¢ we have f(Z) = f(¢) = f(0). Iterating this process we obtain that f(Z) = f(0)

for all Z € 8} with j > 1. Hence by Theorem 7 and the Identity Principle we obtain f(Z) = f(0) for all
Z € (CN)0). O

10 Nondegeneracy Conditions

Motivation 2. If we start with a mapping H sending M to M’, we can ask under which conditions on M’
we are able to write H(Z) = ¥(¢,0°H(()) for (Z,() € M. Moreover we want ¥ to be a “nice” mapping,
which does not depend on H. If this should hold, we need to require that the “variable” H(Z) occurs in
the mapping equation or even more that the defining equation for M’ depends on all variables. E.g. if we
take M’ = M = {Imw = |2122|?} C C3, then we generically identify M with {Imw’ = |2/|?} € C? via
(21, 20,w) = (2122, w) =: (¢/,w’) € C2. This suggests that M actually depends only on two variables. We
could also argue as follows to see that such a representation of H by ¥ as above is not possible for M: We
let H = (f1, f2,9) be a mapping from M to M and introduce H = (e? f1,e~% fo,g). If we write p for the
defining function of M, then poj{j = poH,i.e., p cannot be determined by taking derivatives of the mapping
equation.
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Example 12. We start with an example which should illustrate how to construct a “parametrization” ¥
as above in the case of the local automorphisms of M = {(z,w) € C? : Imw = |2|?} fixing 0, denoted by
Autg(M,0). ??7? Copied from Survey: Jet embeddability of local automorphisms groups of r.-a.
CR manifolds section 2.3 by Bernhard Lamel ??7? We use coordinates (z,w, x,7) on C* to describe
the complexification M, which is given by

w—T = 22.
A map H(z,w) = (f(z,w),g(z,w)) is an automorphism of (M, 0) fixing 0 if and only if
9(z,w) = g(x,7) = 2if (z,w) f(x, 7). (10.1)
when w — 7 = 2izy, f(0,0) = ¢g(0,0) = 0 and if the matrix
(%;‘(0) %’L(O))
5:(0)  55(0)
is invertible. We now evaluate (10.1) at w = x = 7 = 0 to see that g(z,0) = 0; thus, the invertibility

condition reduces to f,(0,0)g,(0,0) # 0.
Now substitute w = 7 + 2izx into (10.1) to see that

(=]

g(z, 7+ 2izx) = g(x, 7) + 2if (2,7 + 2izx) f(x, T); (10.2)
an application of % to (10.2) leads to
9= + guw2ix = 2i(f> + fu2iX)f, (10.3)
where we have dropped the arguments for better readability. Evaluation of (10.3) at z = w =7 = 0 gives
FO0)(f=(0) + 2ix fu(0)) = guw(0)x- (104)

7?7? From the above we get ¢,,(0) = [f.(0)]* 7?7 If we apply 2 to (10.3) and evaluate again at
z=w =17 =0, we get a similar formula for f,(x,0), namely
(0

2if7 (X, 0)(f=(0) + 2ixfu(0)) = gow(0) + gu2(0)2ix — 20 f(x, 0)(f2u0(0) + 2ix fu2(0)), (10.5)
and applying % to (10.2) also a formula for g, (x,0),

gT(X7 0) = Juw (O) = 2ify (O)f(Xa 0) (106)
Now we substitute w = 0, 7 = —2izx into (10.1) to obtain
= g(x, —2izx) = 2if(2,0) f (x, —2izx), (10.7)

and into (10.3), which leads to
Guw(2,0)x = (f2(2,0) + fu(z,0)2ix) f(x, —2izX). (10.8)
Substituting back the complex conjugates of (10.5) and (10.6) into (10.8) gives with D = f, (0) — 2iz f(0)

gw(za O)X
f2(2,0) + 2ix fu(,0)

(70250702
—Jxr (0) + 2iz2g;2 (O) o Jr (O)Z(f_x'r(o) — 27;Zf_7'2 (0))>

fx(0)g-(0)
D2 21D D2

_ XgT(O)D2 + ZZ.ZXfir( )7T(O)D _ _

Fx(0)g7(0) + xD(=Gxr (0) + 2i2g72(0)) — 2i2xgr (0)(fxr (0) — 2iz f72(0))

_ 7Xfx(0)2§7(0) - QiZBCfX( )9-(0).f+(0)

F(0)37(0) = xfx (0)7xr(0) = 202X (fr7(0)37(0) = f5(0)g-2(0)) + 22x R~

+2ix<
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Since the left hand side of this equation is a holomorphic function in x and —2izyx, R has to vanish. So all
in all, we arrive at

o w) = f=(0)z + fu(O)w . (10.9)
Lt (L - %Gy ) v
Using g(z,2izx) = 2if(z,2izx)f(x,0) and (10.4) we get a similar equation for g, namely
9(z,w) = gu(Ohw (10.10)
1 — Lot (ffzw GH ggﬁ?((oo))) w

The right hand sides of (10.9) and (10.10) are parametrizations for f and g, i.e. H = W(Z, j2H). Of course,
we would have to arrange things such that j2¥(Z,A) = A; but computationally, it is preferable to use the
additional information present in (10.9) and (10.10) in order to compute j2(Aut(M,0)): We thus check which
map of the form

o

gives rise to an automorphism of M. Writing D(z,w) = 1 + vz 4 dw, this amounts to finding all a, 8,7, d,
such that

az + Pw Ew
1+vyz+ 6w’ 1+vz+dw

(10.11)
e(T +2izx)D(x,7) — &7 D(z, T + 2iz)) = (az + B(1 + 2izx))(ax + B7).
Comparing coefficients on both sides of this equation, we get
e—e=0 —2iBB+eb—6E=0
e—aa=0 2B8a + iey = 0.

This describes the image of Autg(M, p) defined by mappings of the form (10.11). An explicit parametrization
of this image is given by

a=re? pB=rela, y=—2ia, 6§=t—ila? =12 (10.12)

where 6,t € R, r € Ry and a € C, with which choices the group Autg(M,0) can be written in the usual
form as the mappings of the form

0 zZ+ aw r?w
(z,w) = (7”6 1— 2iaz + (t —djaP)w’ 1 — 2iaz + (t — i|a|2)w) '

Let us retrace our steps: We first determined H(,0) and H,(x,0) in (10.4), (10.5), and (10.6) in terms
of j2H. This was done using a so called “nondegeneracy condition” on (M, 0), namely, that we could solve
for f(x,0) in (10.3) evaluated at z = w = 7 = 0. Then we leveraged this knowledge to get a formula for
f(x, —2izx) in terms of j2H, again using the fact that we could solve for it in (10.3) evaluated at w = 0
in terms of j(Qz)O)H. This procedure led to a formula for H since the Segre map (z,x) — (x, —2izx) is
generically of full rank.

Definition 25. ??? see Definition 2 ??? Let p € CV, h = (hy,...,hn/) € (’)IJ)V/ and D(k,N) := (N;k).

Then the k-th jet mapping j}’,f is defined as
Jk O — NP,
: oleln
jini= (Gepo):lal < k).

Further if we write j*F(X,A), we take the k-jet of F/(X,A) with respect to the X-variable evaluated at x.

T
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Definition 26. We call F,,(CN) the (bundle of) germs of n-dimensional complez-analytic submanifolds of
CN. Germs of fibres F, € F,(C") are determined by p € F,, the n-dimensional subspace T,F, and d
holomorphic functions ¢ = (¢1,...,¢q) such that F, = {(z,¢(x)) : € TpF,} C T,F, x T,F;-.

Remark 20. Since the defining functions ¢ for Fj, are graphed over T,F},, they are uniquely determined.
7?7 argument, where did we do that ??? That means F,, € F,,(C") can uniquely be represented by the
triple (p, T, Fp, ¢) € CN x Gr(N,n) x O, where Gr(N,n) stands for the manifold of n-dimensional subspaces
of CV. It may seem that F}, is an infinite dimensional object, but in fact the rank of F), is determined by a
finite data. This can be realized by using the jet mapping.

Definition 27. We denote by F¥(CY) the space of (bundles of) germs of k-jets of n-dimensional complez-
analytic submanifolds of CN. A germ of a fibre Flf € FF(CY) is given by the triple (p, T, F, j;,fcp).

Remark 21. Here j]’,f acts on F, € F,(CN) as follows: j;; : F,(CN) — FK(CN) is defined as (p, T, F,, ) —
(p, TpFy, jy ). Note that for k =1 we have j}(p, T, F,, ©) = (p, T, Fp, T, Fp).

Definition 28. Let M be a generic and real-analytic submanifold of CV of CR-dimension n and M be its
complexification. Then the mapping

T M — F,(CV),
(Z,Q) — (8¢, 2),
is called the reflection map © of M. The k-th jet mapping can be used to define
7 M — FF(CV),
(Z,¢) — j5Sz,
the reflection mapping 7 of M of order k.

Definition 29. Let (M, p) be a germ of a generic, real-analytic submanifold of CV. Then:
(i) (M,p) is holomorphically nondegenerate if m is generically of full rank.

(ii) (M,p) is of class C at p if 7|,xs, is generically of full rank.

(iii) (M,p) is essentially finite at p if 7|,xs, is a finite mapping.

(iv) (M,p) is finitely nondegenerate at p if 7|,xs, is immersive.

Remark 22. (i) Each of the conditions in Definition 29 can be restated for 7% if we replace 7 or 7|,xs, by
the formulation “7* for sufficiently large k € N” or “7Tk|p><5p for sufficiently large k € N” respectively.

(ii) A finite mapping H : X — image H =: Y is a mapping whose fibre at y € Y consists of finitely many
re X foreachyeVY.

(iii) Note that the formulation for (M, p) being holomorphically nondegenerate in Definition 29 does not
depend on any particular point near p. We call M which is not holomorphically nondegenerate at any
point in (M, p) holomorphically degenerate.

(iv) How do we use these properties on 7?7 Throughout the computations in Example 12 we used an
inversion of 7 as can be illustrated as follows: If H is a mapping (with no fibres, e.g., a biholomorphism
or immersion) sending M to M’, then H(Z,¢) = (H(Z),H(()) sends M to M’ and we require that
the following diagram commutes: 7?77 Maybe take the diagram from the lecture 777

M 2 M

.

‘n'k 7T/k (W/k:>—l

5 H

F(CY) Fy(CY)

(v) In the sequel we want to investigate the relations between the conditions in Definition 29 as well as to
give descriptions of these nondegeneracy conditions in terms of normal coordinates.

Lemma 18. Let M C CV be a generic and real-analytic submanifold of codimension d with n = N — d.
We choose normal coordinates (z,w) centered at 0 so that M is given by w = Q(z,x,7) and we write
Qz,x,7) =>_, Qalx,7)z*. Then the following holds:
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Proof. We write Q(2,x,7) = D enn Q=0 (0, X, 7)2% = 3 cnm Qa(x, 7)2%. Then for (Zy, Co) = (20, wo, X0, 70) €
M we have Sz, = {(z,w) € CV : w = Q(2, x0,70) = X_nenn Qalx0,70)2*}. Hence we identify m(Zo, (o) with
((Qa(go))aeNn,Zo) and all the conditions imposed on 7 are passed on to (Qn({))aecne. We immediately
obtain (i) and since 7(0) = (Sp,0) = {w = 0}, we set 7 = 0 to obtain (ii), (iii) and (iv). O

Remark 23. The condition given in Lemma 18 (i) is equivalent to Stanton’s criterion: We assume p = 0
and write Q@ = (Q',...,Q%) and ¢ = (x,7) € CV. Since Q(z,0,7) = 7 we have that Q¢(0) = (0, I4xa) €
CIN. Then in Lemma 18 (i) the characterization of holomorphically nondegeneracy is that ((QQ)C(CO))Q
is generically of full rank n for {y near 0 which is equivalent to the statement that there exist indices
Q1yeeeyQny P,y Bn where 1 < o, B <n and ji,...,Jn, where 1 < j,, < d such that

|( £11>Xﬁ1 ( J(;:L)Xﬁnl ;,—éO’

as a power series in x and 7.

Lemma 19. Let (My,0) C CN for 1 < k < 4 be germs of generic and real-analytic submanifolds. Then we
have:
(i) If My is finitely nondegenerate, then My is essentially finite.
(ii) If My is essentially finite, then Ms is of class C.
(iil) If M3 is of class C, then Ms is holomorphically nondegenerate.
(iv) If My is holomorphically nondegenerate, then there exist real-analytic subvarieties Vi C Vo C V3 C My,
such that for all p € My \ Vi (My,p) is of class C, for all p € My \ Vo (My,p) is essentially finite and
for all p € My \ V5 (My,p) is finitely nondegenerate.

Proof. 777 TBC 777 O

Example 13. To clarify that the inclusions in Lemma 19 are strict, we give the following examples:
(i) My = {(z,w) € C? : Imw = |2|*} is essentially finite, but not finitely nondegenerate, since Q1 (z, x, 7) =
7+ 2i22x% and ¥ = ((Q1)a (X, 0))a = 2ix? is of rank 0 at x = 0.
(i) My = {(21,22,w) € C® : Imw = |2122|% + |21|%} is of class C, but not essentially finite, since we
have Qa(21, 22, X1, X2, 7) = 7 + z1x1(1 + 22x2) and (x1,x2) = ((Q2)alx1,x2,0)), = x1(1, x2) sends
(X1, x2) = (0, x2) to 0.
(iii) M3 = {(z,w) € C* : Imw = Rew|z|?} is holomorphically nondegenerate, but not of class C, since we
have Q3(z, X, 7) = 732X and Qs(z, x,0) = 0.

T l-izy
Remark 24 (The situation in). In C? we have that M is essentially finite if and only if it is of class C. If M is
of finite type in C2, then holomorphically nondegenerate is equivalent to class C. A finite type hypersurface,
which is holomorphically nondegenerate, but not of class C for Example 13 (iii) is given in C3. ??? see

BER 99 article “Convergence and finite Determination of formal CR maps” at the very end
272

Lemma 20 (Geometric description of nondegeneracy conditions). Let (M,p) be a germ of a connected,
generic and real-analytic submanifold of CV.
(i) The following statements are equivalent:
(a) M is holomorphically degenerate.
(b) There exists a nontrivial X = Zjvzl aj(Z)aiijith a; € Oy for some q € (M,p) and X is tangent
to M near q. . -
(c) Generically M = M x C near q € (M, p), where M is a real-analytic CR-submanifold of CN—1.
(ii) M is essentially finite if and only if ﬂqesp S, ={p}.
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(ili) 22?2 Geometric description of class C exists in terms of Segre sets ?2?

(iv) 222 geometric description of finite nondegeneracy or we take an equivalent description
or the original definition respectively, with an ascending chain of subspaces Fy, ... , and
see BER-book Def. 11.1.8, p. 317 as well as p. 319f 22?7

Proof. We start proving (i) and show the first equivalence: We write Z = (z,w) and ¢ = (x, 7), such that
M is given in normal coordinates. M is holomorphically degenerate if and only if there exist functions
fi,---, fn in the quotient field of C{(}, which are not all equal to 0, such that for all & and ¢ near 0,

ng (Qa)e, (¢) = 0.

By Taylor’s Theorem we have that the previous equation is equivalent to

sza Qa CJ Zf] (OQc(2,0),

a j=1

which is equivalent to X = Zjvzl fj(C)a%_ being tangent to M and after conjugation we obtain Y =
J

Z;V:l fi(z )6123- a holomorphic vector field tangent to M considering 7 = Q(x, z,w) as defining function for
M.

For the second equivalence in (i) the necessary direction is clear. For the sufficient direction suppose X =
Zj.vzl aj(Z)aiZj a holomorphic vector field is tangent to M. Then V := {p € M : X(p) = 0} is a proper,
real-analytic subset of M, since otherwise if X vanishes on M, X has to be identically 0. Thus we can find a
point pg € M\ V such that {Re X,Im X} is a set of linearly independent vector fields tangent to M near py.
Since they are deduced from a holomorphic vector field, we have [Re X,Im X] = 0. By the (real) Frobenius

Theorem we can find coordinates such that X = %( af 'i) = ag
N

is a point near pg, then {q¢ = (q1,...,qn) € CV : gqv = ¢iy} C M near ¢/, which means that generically
M = M x C, where M is as in the hypothesis.
777 TBC essential finite 777 O]

Remark 25. One can show that if M is generic and given in normal coordinates near p, then a holomorphic
vector field X is tangent to M if and only if X = Z;;l aj(Z)a%j for a;(Z) € O,p. If we iterate the argument

in the proof of (i) we obtain that M = M x CFk, where M is a holomorphically nondegenerate and real-

analytic CR-submanifold with dimg¢ M =N —Fkorif Mis holomorphically degenerate, we have M = C™
for m < N.

Example 14. For M a hypersurface: M is levi-nondegenerate if and only if M is 1-nondegenerate. 777
introduce kp-nondegeneracy, see BER-book, Prop. 11.1.12, p. 317 for a proof with differential
forms; By Remark 11.1.15 this also works for submanifolds, but then the formulation is as
follows: The Levi map is nondegenerate iff the submanifold is finitely nondegenerate 777

11 Automorphisms of Real-Analytic CR-Submanifolds

11.1 Excursus: Lie Groups and Lie Algebras

77?7 Very short section concerning the definition of Lie groups and Lie algebras plus basic
properties of flows: Maybe we insert this section already when we handle the Lie bracket 777
The following object will be our prototype example of a Lie group.

Definition 30. We define
Gy(CY) := {jyH : H : (CY,p) — (C¥,p), H holomorphic, |H’(p)| # 0},
the jet group of order k at p.
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Remark 26. We can identify G’;((CN) with the set of polynomial mappings H : CV — CV of degree at
most k with H(p) = p and |H'(p)| # 0.

Lemma 21. G’;(CN) becomes a complex and algebraic Lie group if we define the operation - : Gg((CN) X
G’;((CN) — G’;((CN) by

H-G:=ji(HoG),
for every H,G € G’;((CN).

Proof. G’; (C™N) is a finite dimensional, complex submanifold with algebraic and immersive parametrization
¢ = idgr(cv) in the space of all germs of holomorphic mappings of (CV,p). Hence all operations on G’; (CN)
are complex analytic and by the Implicit Function Theorem the group G’;((CN ) is closed under taking
inverses. O

11.2 Infinitesimal CR-Automorphisms vs. CR-Automorphisms

Motivation 3. ??? Why do we want (finite dimensional) Aut(M,p): equivalence problem etc.
299

Definition 31. Let (M,p) be a germ of a CR-submanifold in C. The space of holomorphic vector fields,
whose real part is tangent to (M, p) is called the germ of infinitesimal CR-automorphisms hol(M, p) of (M, p).
In coordinates we have

N
0
hol(M,p) :=<¢ X = Zaj(Z)a7 ta; € Op,Re X is tangent to M near p
i=1 J

We define the subalgebra holy (M, p) C hol(M,p) as

holy(M, p) := {X € hol(M,p) : X(p) = 0}.

77?7 The Automorphism group as defined below is actually not a group, but a so called pseu-
dogroup: we must be careful composing two elements, because the image of one automorphism
has to be in the domain of the other 7?77

Definition 32. The automorphism group Aut(M,p) of (M, p) is defined as
Aut(M,p) = {H : (CN,p) = CN : H(M) c M, H holomorphic ,|H’(p)| # 0}.
The isotropy group of M at p or stability group of M at p Aut,(M,p) is defined as
Aut,(M,p) :={H € Aut(M, p) : H(p) = p}.

Theorem 9. (i) The flows D4 (Z) of X € hol(M,p) satisfy D4 (Z) € Aut(M,p) for t € R in a small
neighborhood of 0.
(ii) Let Aut(M,p) be a finite dimensional Lie group. Then hol(M,p) is the Lie algebra of Aut(M,p).

Remark 27. (i) We point out that the conclusion of Theorem 9 (i) in particular holds for infinite dimen-
sional Lie algebras hol(M, p).
(ii) Theorem 9 (ii) is also true in the case of Aut(M,p) being an infinite dimensional Lie group, but one
has to use a different argument than below. 77?7 Is this true 777
(iii) If Aut(M,p) is a Lie group, then by (i) and (ii) of the above Theorem 9, it follows that there is a
one-to-one correspondence of hol(M,p) and Aut(M,p), i.e., in this case we identify the flows &% (2)
of X € hol(M, p) with elements of Aut(M,p).
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Proof. 77?7 see BER 1999, Prop. 12.4.26, p. 365 for holomorphic vector fields 7?7 We show
the first statement: Let ®(Z,t) := ®%(Z) be the flow of X = Ejvzl aj(Z)aiZj € hol(M,p) and denote
A(Z) = (a1(2),...,an(Z)). Then ®(Z,t) solves

od
S0 =A@(Z,1)

&(Z,0) =Z.

Let p be the defining function for M and set r(t) := p(®(Z,t), ®(Z,t)). Then r(0) = 0 and

dfff) =pz(®(Z,1), B(Z,1))01(Z,1) + p7(D(Z. 1), D(Z.1))®4(Z, 1)

=(Xp)(D(Z,1),2(Z, 1)) + (Xp)(®(Z,1), ®(Z,1))

=(2(Re X)p)(B(Z, 1), B(Z, 1)) (11.1)

Since Re X is tangent to M, using a similar argument as in Example 8, we obtain that there exists a real
matrix valued function B, such that (2(Re X)p)(Z,Z) = B(Z,Z)p(Z,Z). If we use this fact in (11.1) and
set C(t) := B(®(Z,t),®(Z,t)), we obtain

dr(t)
I =C(t)r(t).

The unique solution is given by r = 0 near 0. That means ®(Z,t) € M for small ¢ and since ®z(Z,0) = id,
the mapping Z — ®(Z,t) is a one-parameter family of automorphisms of M.

To prove (ii) of the Theorem we show that each element of Aut(M,p) is related to an element of hol(M, p).
We let p be a defining function for M and since Aut(M, p) is finite dimensional, we parametrize Aut(M, p)
via s — H, € Aut(M, p) belonging to a neighborhood of the identity, where s € RX near 0 for some K € N
and Hy = id. Then for each s there exists a matrix valued function Ag, such that

p(Hé(Z),Hé(Z)) :Aé(Z’ Z)p(Z,Z) (112)

Since Aut(M,p) is a Lie group, this equation depends smoothly on s. If we differentiate (11.2) with respect
to s and evaluate at 0, we get

. d —d _ d _ _
Z,7)— H,(Z (2, 7)— H,(Z)=— A Z, 2)p(Z, 7).
P20 | B v oA 22 | B2 = | ANZ 22 7)
Hence X = d%‘S:OHS(Z )% € hol(M, p) and we conclude that each automorphism gives rise to an infinites-
imal automorphism. [

7?77 The dimension of the group of automorphisms of M which do not fix a point, is at most
as large as the dimension of M: see Remark 17, that’s why we only need to parametrize the
isotropies 777

11.3 Jet Parametrization of the Stability Group of CR-Automorphisms

Motivation 4. This section is devoted to give characterizations for Aut,(M, p) being a finite dimensional
Lie group and to explicitly compute biholomorphisms of a large class of real-analytic submanifolds.

Remark 28. If dimg holy, (M, p) < oo, then by ??? Kobayashi, Transformation groups in Differential
Geometry, p. 13 77?7 we obtain that there is a unique topology for Aut, (M, p) such that holy (M, p) is the
Lie algebra of Aut,(M,p), but in general we do not know which topology for Aut,(M, p) occurs. 7?7 What
can happen, which topologies can occur ??? One possible topology for Aut,(M,p) is the induced
topology of the natural topology in the space of holomorphic mappings:
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Definition 33. (Topology of uniform convergence on compact sets) Let H, (H;)jen € (’)év be defined in a
neighborhood U of p. Then we say H; converges uniformly to H on the compact neighborhood K of p if
there exists a compact neighborhood K of p, such that all H; are holomorphic in a neighborhood of K, and
H; converges uniformly to H on K. Further let (K;);cr be a compact exhaustion of the neighborhood U of
p and H; be defined as the space of holomorphic mappings with respect to the uniform convergence on K.
Then we define the topology with respect to uniform convergence on compact neighborhoods of p as the
inductive limit of the Frechét spaces H;. We equip Aut,(M,p) with the induced topology of uniform
convergence on compact neighborhoods of p and refer to this topology as the natural topology of Aut, (M, p).

o k N . >k . k N .
Definition 34. Let V' C G;(C") be a neighborhood of j;id € G;;(C") and U a neighborhood of {p} x V' C

CN x G’; (CN). Then a mapping ¥ : U — C¥, which is holomorphic in the first and real-analytic in the
second variable, such that

H(Z)=9(Z,jkH) and jiH =j0(Z,jkH), VI<k

for all H € Aut,(M,p) with jz’,fH € V, is called a jet parametrization U for Aut,(M,p) of order k near
id € Aut, (M, p).
Remark 29. (i) We write Aut]; (M, p) := image(j} (Aut,(M,p))) and note that the jet parametrization is
the continuous inverse of j;f : Aut, (CV,p) D Aut,(M,p) — Aut’;(M7 p) C G’;((CN) in a neighborhood
V C GE(CY) of jkid € Auty (M, p).
(ii) To get a Lie group structure on Aut,(M,p), we need to transport the topology from Aut’;(M7 p) to

Aut,(M,p). To conclude that j;; is a homeomorphism from Aut,(M,p) to Aut];(M, p), we have the
following characterization in terms of the jet parametrization.

Lemma 22. Let (M,p) be a germ of a generic and real-analytic CR-submanifold in CN. The following
statements are equivalent:

(1) Aut’;(M, p) is a finite dimensional Lie group with the induced topology of G’; (CN).

(ii) There exists a jet parametrization for Aut,(M,p) of order k.

(ili) There exists an embedding v : Aut,(M,p) — GE(CN), which is a homeomorphism on its image.

Proof. To verify (i) < (ii), we need to identify Aut]; (M, p) as a real-analytic subset of GE(CY). 7?7 TBC
777 =

Remark 30. (i) We point out, that if we assume a jet parametrization for Aut,(M,p), we explicitly
specify the real-analytic defining functions for Aut’;(M ,p) in the previous proof.
(ii) In order to construct a jet parametrization for Aut,(M, p) we need to require nondegeneracy conditions
for M.

Theorem 10. For (M,p) a germ of a finitely nondegenerate, generic and real-analytic submanifold of CN
and p a point of finite type, there exists a jet parametrization for Aut,(M,p) of order ly = lo(M,p) near
id € Aut,(M,p).

Corollary 5. Let M be a generic and real-analytic submanifold of CV and assume p € M is a point of finite
type and M is finitely nondegenerate at p. Let Hy, Hy : (CN,p) — (CN,p) be germs of biholomorphisms with
H(MNU) C M for a neighborhood U of p and I = 1,2. The following holds for q € U outside a proper,
real-analytic subvariety of M :

There exists kg € N such that, if we have

OH,, . OH,
8Za (Q) - aZa (q)7

then Hy = Hy. Further ko only depends on N and the codimension of M.

vla] < ko, (10.3)

Proof. The proof of Corollary 5 is a direct consequence of Theorem 10 for Aut, (M, p). O
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Remark 31. (i) The heart of the proof of Theorem 10 is Theorem 11, which already gives the jet
parametrization along Segre sets. For this to be true, we only need to require the nondegeneracy
condition. The main ingredient for the proof of Theorem 11 is the basic identity for biholomorphisms.
In Theorem 12 we pass from the Segre sets to normal coordinates to complete the jet parametriza-
tion. Here we restrict ourselves to hypersurfaces in order to avoid technicalities. 7?7 We restrict
ourselves to hypersurfaces 777

(ii) If M is a hypersurface then M is of finite type if and only if M is finitely nondegenerate: From
Example 11 we know that M being of finite type is equivalent to Q(z, x,0) # 0, which says that the
Segre map S? is generically of full rank.

Lemma 23 (Basic identity for biholomorphisms). Let (M,p),(M’,p') € CN be generic and real-analytic
submanifolds of real codimension d, H : (CN,p) — (CV,p’) a germ of biholomorphisms with H(MNU) C M’
for a neighborhood U of p and H(p) = p’. Further let (z,w) and (z',w’) be normal coordinates for M and
M’ centered at p and p' respectively, such that M = {(z,w) € CV : w = Q(z,x,7)} and M' = {(z',w') €
CN:w' =Q'(¢,x,7)}. Set H=(f,g9) = (',w') € C" x C4.

Then there exist polynomials (Py)acnn, which only depend on M and M', such that for (z,w) € M near p
we have

Po (3 H)
~ D(f, Q)21

where D(f,Q) = det(f.(z,w) + fu(z,w)Q.(2,x,7)). Further if we set A := jéj‘w)H then P,(A) has
coefficients which are holomorphic in M.

Q/z“ (f(sz)7H(XvT)) (11.4)

Proof. W.l.o.g. we assume p =0 = p’. Then H has to satisfy the following mapping equation if H sends M
to M’:
9(2:Q(z,x 7)) = Q' (f(2,Q(z,x, 1)), H(x, 7)), V(z,x,7) € (C**,0). (11.5)

Setting 7 = 0 = x we obtain g(z,0) = 0, thus |H'(0)] = |f:(0)||gw(0)] # 0, which in particular says
that f.(z,w) is invertible near 0. We write (f,g9) = (f*,...,f"%¢%...,9%), Q = (Q%,...,Q%) and Q' =
(Q",...,Q'%) and differentiate the m — th component of (11.5) with respect to z; for 1 < j < n. We obtain,
if we skip the arguments,

d n d
gn 4D gm Qb =S Q)+ QL)
k=1 k=1 =1

or — for short — in matrix notation

9z + 9wQ= = QL (f, H)(f- + fu@Q-). (11.6)

Since the n X n-matrix ( f-+ waZ) is invertible near 0, we apply Cramer’s rule to (11.6) to obtain polynomials
P; which satisfy

PJ (j(lzyQ(th’T))H)
D(f,Q)

where D(f,Q) = det(f.(z,w) + fu (2, w)Q.(2,x,7)). To obtain derivatives of @’ of order 2 and higher with
respect to z, we write « = 8+ ey, i.e., |8| = |a] — 1. In (11.4) we replace a by § and differentiate the result
with respect to z; to obtain a polynomial P, such that

QL (/5 Qe 7)), H(x, 7)) =

/ I _ (P,@)ZkD(fa Q)2\6|—1 B (2|B| _ 1)D(f7 Q)Z\ﬂ\—Q(D(ﬁ Q))ZkPB . PDé
ee (L H)D(,Q) = D(f.Q)71-2 = B(f, QT
Solving this equation for Q. ( f,H ) with Cramer’s rule completes the induction. O
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Lemma 24. Let A,b,h : (CY,0) — (CN,0) be holomorphic and |A'(0)] # 0. Write x € (CP,0) and
te (C4,0),p+q=N.
Then for every § € N9 there exists a mapping ps, such that if

om|_ABG@ =5 o blI<p

then
—| h(x,t) =ps (6 bz, 1), |e| < |5> . (11.7)
o |, L P

Further if we set A, := %
€.

Proof. First we let § = 0: We have to solve A(h(z,0)) = b(x,0) for h. By the Implicit Function Theorem
there exists a holomorphic B : CV — C¥ such that h(x,0) = B(A(h(z,0))) = B(b(x,0)). Since h is only
assumed to be holomorphic, B at the right-hand side of the previous equation need not be polynomial in
the variable b(z,0). Next let [0| = 1 and write ¢t = (t1,...,t). For 1 <1 < ¢ we have

9
ot

—ob(@,t) we have that ps(Ac) is polynomial for [e| > 0 and holomorphic for all

_OA(h(x, t)) = b, (z,0) & A'(h(z,0))hs, (z,0) = by, (z,0),

which can be solved for hy, (z,0) by Cramer’s rule. We obtain a holomorphic mapping p., with
h, (l‘, O) = 561 (btl (1‘, O)’ h(fE, 0)) = ﬁel (btz (:E, 0)7 B(b(:l?, O))) = Pe, (btl (IE, 0)7 b(l‘, 0))
and we have shown the claim for |§| = 1. For |§| > 1 we obtain a holomorphic mapping Fs such that

0

5| Alh(,0) = A'(h(a,0)) s (@,0) + Fs(hse (2, 0), |e] < |6]):

t=0

We apply the induction hypothesis to the arguments of F5 and solve the resulting equation using Cramer’s
rule to obtain ps and the desired equation (11.7). Note that Fj is polynomial in its arguments where
le] > 0. O

Lemma 25. Let k € N and a holomorphic mapping H : CN — CN. Then there exist polynomials P,,, whose
coefficients are analytic functions in (m[k];t) € CF x CN, such that

B = Pa il (H o $), ¥ >0,
if (z!¥1: 1) is in a small neighborhood of 0.

Proof. Let N = n + d, then we write t = (t1,t3) € C" x C* and H = (f,g) € C* x C%. Further we set
Sk(2F 1) = (xF, VF(2F; 1)), then

memwww:(ﬂwh+mwm& mw%@)uwﬂ

D 1) 9-(S5) + gu(S)VE g, (SH)VE
__OH ik, m. Inxn 0 [K].
_m(s (z ,t))( vh v )(:c :t). (11.8)

Since Q(x!,0,t3) = to, we have that V*(0;0,t5) = 2, hence the d x d-matrix Vt’; (z¥]; ) is invertible for small
(z!*];¢). By Cramer’s rule we can solve for the first order derivatives of H evaluated at S*(z*];¢) in terms of
the required polynomial P; depending on first order derivatives of H o S*(z!*);¢). This computation covers
the case m = 1 in the hypothesis. For m > 1 we proceed inductively: We take higher order derivatives of
(11.8) and apply the induction hypothesis to the derivatives of H at S*(z*l;¢), which are of order less than
m. The expression, where we take derivatives of order m, is handled in the same manner as in the case for
m=1. O
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Theorem 11. Let M be a finitely nondegenerate, generic and real-analytic submanifold of CN .
Then for each k > 1 there exists ko = ko(k) € N and a holomorphic mapping ¥y : CF" x G’;U (CN) — CN,
such that

H o S*(a™; p) = Uy (¥, jkom), (11.9)

for all H € Aut,(M,p) nearid € Aut,(M,p). We writep = (p1,ps) € C"xC? and pi*! := (p1,0,...,0;0,p2) €
CF™ x CN. Then for each k > 1 the mapping V. satisfies the following condition:

JpH = jhu i (@M Gl H), VI < k.

Here we skip the conjugation of pl*! depending on k. 22?2 Here the RHS has to be understood as
taking derivatives w.r.t. v* and ts, as in (11.8) of Lemma 25 277

In short we describe the conclusion of this Theorem as “Aut,(M,p) has a jet parametrization along Segre
sets”.

Proof. W.l.o.g. we assume p = 0. Further we choose normal coordinates for M and write Z = (z,Q(z, x, 7))
and ¢ = (x,7). We denote the right-hand side of (11.4) from Lemma 23 as R,, a C%valued mapping and
Q= (QY...,Q% and R, = (RL,...,R%). We recall what it means for M to be finitely nondegenerate:
From Lemma 18 (iv) we know that x — (Q.a(0,x,0))s is immersive at x = 0 if and only if there exist
indices o!,..., 0" € Nand j!,...,j” € N such that

1Qaon (0] := @1y (0) - @ (0)] # 0. (11.10)

We start by showing (11.9) for & = 1. We choose the following parametrization for (Z,() = (0,s,,s) €
M. Then we have from the mapping equation and (11.4) the following system for H(z, s):

gz, 5) — Q(f(x, ), H(0, 5)) =0,
@ (£(0,5), f(w.9).g(x.8) =R}, 1<l<n.

We set mg := max;<;<, a! and denote the above system by F'(H(x,s)) = B!, where both sides are C-
valued and B! only depends on the mg-jet of H at (0,s) and derivatives of Q. We write y = (y1,y2) :=

(f(x,s),g(z,s)) and compute
Fl 0 — X > ,
0= oo
which is invertible for H(z,s) near 0 since we assumed the nondegeneracy condition (11.10). We apply

Lemma 24 to F'(H(z,s)) = B' and obtain mappings ®4 such that for all 3

g8 4
—| H(z,s) = ®} (:c,
9sP .o A ds | _q

Note that we could have relied on Lemma 25 for S%(s) = (0, s), in the last equality, but this would be too
much in this case. For § = 0 and setting s = Q(z, ) we have

(i) bl < 131) = 03 g™ P,

H o 8 (230) = H(x,0) = ®h(x, j" H)

and we get the desired formula for k = 1. The above formula implies that ®} has to satisfy the compatibility
condition. -
We note that (11.11) gives t-derivatives of H o S1(x;t) at 0 in terms of derivatives of H at 0:

] ] _ ]
d (Ho S (z;1)) = d H(z,Q(z,t)) = 0

— H = ®L(z, i ).
dtP |,_, at? |,_, 98| _, (@, 5) = @(x, Jo )

44



If we take derivatives with respect to = of the above formula we obtain that
Gy (H 0 SY) = WL (2, 55" H). (11.12)

To determine H on higher iterates of the Segre maps we prove an induction on k, where a formula as in
(11.12) serves as induction hypothesis:

Gty (H 0 %) = Wk (™), jgot ™), vm > 0. (11.13)

We skip the conjugation of H, which varies with k. Note that a formula as (11.13) for & > 2 proves the
Theorem if we set m = 0. We show (11.13) for k, assuming the formula for k — 1.

We start by setting ko(k) := mok and noting that the Segre sets have the following property ??? Include
this in the appropriate section 777

(S’“(x[’f];t), S’k—l(x[k_l];t)) c M VEk > 1, (x[k],t) c (C(k'H)N,

From this fact it follows, as for k = 1, that in the system F*(H o S*(z*l;¢)) = B*, B* only depends on the
mo-jet of H at S*~1(xl*=1;¢) and derivatives of Q. We write y = (y1,y2) := (f o S¥(x[*;t), g o S¥(x!*; 1))
and obtain as above that F;(O) is invertible assuming the nondegeneracy condition from (11.10). Thus we
apply Lemma 24 to the system F*(H o S*(z*];¢)) = B¥ to get holomorphic mappings @g such that

18I

da” w 4
dtp ’

dty

H(S"(zM;t)) = of <x[

(jglkofl(m[k—u;t)H> Il < |5> . (11.14)

t=0 t=0

We want to write the right-hand side of (11.14) as a mapping depending on the (k — 1)mg + |5|-jet of
Ho Sk_l(x[k_l];t) evaluated at 0. We use Lemma 25 in the first equality and the induction hypothesis
(11.13) for the equality before the last equation to obtain

(755 v ) o1 < 181
t=0

=3} (w G| (P (30 H oS5 7)) bl < |/3>

t=0
G| (om0 8™l < 18])
t=0

) (x[lc—l] ;0

(I[k] jmo+|’Y| )HO Skfl’ |')/| < |B|>
:&),3 (x[k])‘l,kq (x[k—l]’jékfl)mmLmoH“/\H)’|,y| < |5|)
=0 (2, j7 ), 0 < 181)

Taking derivatives with respect to = gives (11.13) for k. ??? Add a note how the compatibility follows
from the compatibility of the jet parametrization along Segre sets 777
O

Remark 32. 7?7 The previous Theorem makes the picture of inverting the reflection map
explicit 777

Theorem 12. Let M be a real-analytic hypersurface of CN of finite type at p € M and Aut,(M,p) has a
jet parametrization along Segre sets as in Theorem 11.

Then there exists a jet parametrization U for Aut,(M,p) of order ko near id € Aut,(M,p), such that if we
choose normal coordinates (z,w) € C™ x C centered at p € M, we have

H(z,w) = \Il(z7w,j§°H),

for all (z,w) € M near p.
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Remark 33. The proof of Theorem 12 consists of two parts. In the first part we invert the second Segre
map (z,x) — (2,Q(z, x,0)) evaluated at p = 0 “singularly”, meaning that we write (z,w) for (z,Q(z,x,0))
with the consequence that the jet parametrization ¥y, along Segre sets has singularities. In the second step
we “desingularise” the parametrization from the first step to obtain a holomorphic mapping ¥, which is the
desired jet parametrization for Aut,(M,p).

Proof. Let (z,w) denote normal coordinates for M. We write (z,X) = (21,-- ., Zn, X1s-- - Xn) and since M
is a hypersurface of finite type, M is finitely nondegenerate. This means by Lemma 18 (iv), that there exist
multiindices aq,...,a, € N, such that

Qerina (0 Qaony, (0)
z . |20
Qerr (0) o+ Quony, (0)

We take the lexicographical ordering in N™ and write
Qr(2) = Qa1 (0)2% + ... 4 Qrony, (0)29,

where for all 1 < k < n we have Q # 0. Then we expand

Q(Z7Xa0) = Z a’Y(Z)X’Y

[v[>1

and note that a,(0) = 0 for all v. We have Ag(2) := a¢, (2) = Qi(2) + Bi(2) for some holomorphic function
By, where in By only monomial in z occurs which are of higher order with respect to the lexicographical
ordering. Thus, taking a small neighborhood of 0, we can assume Ay # 0 for all 1 < k < n. We want to
solve for y in

w=Q(z,x,0) = Z AgXk + Z ay(2)x7. (11.15)
k=1 lv[>2
We set x2 = ... = X, = 0 and divide (11.15) by A% to obtain

J
w X1 1 X1
5= ST h ()AL
A2 A * ](Z)A%

j=2
and set ¢ := % and u; := flel. We solve the so obtained equation
1
i =wur + Z bj (2)A] "]
Jj>2

for uy applying the Implicit Function Theorem. The solution is given by

uy =t + Zv;(z)t{ =:p1(z,t1),
Jj=2

where v} (0) = 0 for j > 2. Thus

w
X1 = Arug = A1pr(z,t1) = A1y (Z, A2>
1

solves w = Q(z, x1,0,0), i.e., w=Q (z, A1 <z7 ;T”z) ,0, 0), if 11 = 4> stays in in a small neighborhood of 0
1 1

according to the neighborhood given by the Implicit Function Theorem. Assume we have functions ¢; such
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that for 1 <1 < k we have x; = Ajpi(z, w/A3, ..., w/A}) satisfying w = Q(z, X1, - -, Xk, 0,0). We want to
find xx+1, depending on z, Axy1 and X1, ..., xx such that w = Q(z, x1,- -, X&+1,0,0).
For1<k<n-—2weset xgpro =...=xn =0and X’ = (x1,...,x%) in (11.15), which becomes

w = A1 (2, X)) + Ak (2)xner + D05 (X)X (11.16)
j=2

where Avk;Jrl is a function only depending on z and linearly on Xx’. Then we divide the previous equation
(11.16) by A7, to obtain

wo Apgr IR Z prH1 Xk+1
2 - 2
A1 Al Ak+1 = Af

Xk+1
Ag41”

and set {1 = 7"— and ug41 = We solve the so obtained equation for w1
k+1

_ / k1 45—2, 7
tht1 = Cry1(2, X5 tet1) + up1 + Z b A
Jj=2

where Ci41 does not depend on w1, applying the Implicit Function Theorem. The solution is denoted by
U1 = Pr+1(2, X, te+1). Thus

w _ w w
X1 = Akg1tpg1 = Ap10041(2 X tig1) = App10n1 | 24X —5— ) =1 Aps1@rg1 | 2 =500 35—
A Af Apa

solves w = Q(Z7 X/7 Xk+1, 07 O)a ie

w = Q(z, Alapl(z,w/A§)7A2g52(z,w/A%,w/A%), ol AkH@kH(z,w/A%, . ,w/AiH),OJ))
for 1 <k <n-1,ift1,...,t,41 and z stay in a small neighborhood of 0 according to the neighborhoods
given by the Implicit Function Theorem. The case k = n — 1 works in the same way as the induction step
from k to k + 1.
We end up with a holomorphic map @ := (¢1, %2, .- ., Pn), depending on z and w/A?, ..., w/A2, satisfying
w=Q(z,p(z,w/A%, ..., w/A2)). We set A := A;--- A, and consider ¢(z,w/A?) := ¢(z,w/A3, ..., w/A2).
If we set x = ¢ we obtain

H(z,w) = H(z,Q(z,x,0)) = Ho S5*(z,x;0)

— \I/(Z,X,jg"H) =0 (z,cp (z, %) ,jg”H) ch (z ]O (A2)j. (11.17)

After a linear change of coordinates in z we assume that A is m—regular for some m € N. Note that a linear
change of normal coordinates (z,w) preserves the normality condition. Applying the Weierstrass Division
Theorem there exist functions ¢; and r;, both holomorphic in the first variable, such that

cj(z,JR0 H) = A% (2)q;(2, j¥ H) + 7(z, jEo H).

Since the left-hand side of (11.17) is required to be holomorphic with respect to (z,w), we must have that

r; =0 for all j > 1. Hence
w) = Z qj‘(,?,',ngH)’UJ]
Jj=1
which is formally a power series expansion without singularities in (z,w) at 0. Since the ¢; are the coefficients
of a holomorphic mapping ®(t) := H(z, Q(z, ¢(z,t),0)), the convergence of H is guaranteed by the estimates

given in the Weierstrass Division Theorem, which provide Cauchy estimates for ¢; and the convergence of
H. O

7?77 Discuss how to get the jet parametrization in the general case of a submanifold instead
of a hypersurface 777
7?77 Maybe add a note how to get a jet parametrization for Aut(M,p) 7?77
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11.4 Infinitesimal CR-Automorphisms

??7? Stanton’s Theorem would follow for hol,(M) directly from the jet parametrization Theorem
if we have the jet parametrization for holomorphically nondegenerate submanifolds of finite
type, since then we know that the stability group of the automorphism group is a finite
dimensional Lie group, which is of the same dimension as its Lie Algebra — the infinitesimal
automorphisms sending 0 to 0. The transitive part of the automorphisms is finite dimensional
automatically. ?7? But for the proof of Stanton’s Theorem one just needs the jet determination
(a consequence of the jet parametrization) for finitely nondegenerate submanifolds. Till now,
we only have the jet parametrization for finitely nondegenerate hypersurfaces 777

Remark 34. We denote the space ht(M, p) of tangent holomorphic vector fields on (M,p) by
N
0 .
ht(M,p) =< X = Zaj(Z)ﬁ ta;(Z) € Op, X is tangent to M near p
j=1 J

Then ht(M, p) C hol(M,p) as algebras and even more is true:

hol(M, p) Nihol(M,p) = {X € hol(M, p) : Re X tangent to M} N {iX € hol(M, p) : Re(iX) tangent to M}
={X € bhol(M,p) : X tangent to M} = ht(M, p).

That means Hht(M,p) is the maximal complex subspace of hol(M,p) or seen differently hol(M,p) is to-
tally real if and only if M is holomorphically nondegenerate. If M is holomorphically degenerate we have
dimg hol(M,p) = oo, since if there exists a holomorphic vector field X # 0 tangent to M, then also
f-X € ht(M,p) for any f € O,. Now one can ask for a sufficient condition for dimg hol(M,p) < oo.
Note that if dimg hol(M,p) < oo for one p € M, then this also holds for all ¢ in the connected component
of p.

Theorem 13 (Stanton’s Theorem). Let M be a connected, generic and real-analytic submanifold of C and
p € M a point of finite type. Then

dg € (M, p) : dimg hol(M, q) < oo <= M is holomorphically nondegenerate.

Remark 35. (i) It is a fact from the theory of Lie groups, that the dimension of the Lie group agrees
with the dimension of its Lie algebra ??7 Actually we prove this for the characterization of
finite type ?77. If M satisfies the hypothesis of Theorem 13, i.e., if dimg hol(M,p) < oo, then, if
Aut(M,p) is a Lie group, we have dimg Aut(M,p) < co. The question under which conditions on M
we can guarantee that Aut(M,p) is a Lie group, is answered in Section 11.3.

(ii) Note that the existence of a point of finite type is crucial: Consider M = {(z,w) € C? : Imw = 0}.
Then all points in M are not of finite type and X = % is tangent to M, hence dimg hol(M, p) = oo
forpe M.

(iii) We have already discussed the necessary condition for hol(M,p) being finite dimensional. In order to
proof Theorem 13 we use the jet determination for Aut, (M, p).

Example 15. ??? Example in infinite type case (definition!) in C3: Does there exist M of
infinite type at 0 and holomorphically nondegenerate, with dimg hol(M,0) = co? (for C?: Stan-
ton 1995, Thm. 4.3: finite type implies holomorphic nondegeneracy, easy to show with our
characterizations), for higher dimensions: [BER98, Theorem 3 (ii)]: ”CR Automorphisms of
real-analytic manifolds”, one has either the possibility the the dimension is co or 0 if it is
nowhere minimal. 7?77

Lemma 26. Let us consider y = (y1,...,y1) € R, z = (21,...,2,) € R™ and X}, := >t a?(m)% for
1 <k <Il. We require that {X1,...,X;} is a set of real-linearly independent, real-analytic vector fields for
all x near 0. Further we define S(y) := Z§'=1 y; X; and F(z,y) := @g(y) (z), the flow of the vector field S(y)
at time t =1 and x near 0.

If F(x,y') = F(x,y"), for small y',y" € R! and x near 0, then y' = y".
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Proof. 77?7 Proof from BER99, Proof of Thm. 12.5.3, p. 367f 7?77 Let us denote

al(z) ... di(x)
Az) = (Al(@),..., Alx)) = : :
al () ... d ()
Since {X1,..., X;} are linearly independent, we have that the operator norm |[A(z)|| = sup,cp: ‘Aﬂ(gl)‘y’ of

A(x) is not zero for all z near 0. Let us assume that there exists C; > 0 such that ||A(x)| > C4, hence

|A(z)y|| > Ci ||y|| for all y € R™. The flow ®(¢,x,y) := (I)tS(y)( x) of the vector field S(y) satisfies

R t,2,1) ZykA (t,2,)), (11.18)

(0, 2,y) ==,
for all (t,z,y) € R x R™ x R! near 0. By the Fundamental Theorem of ODEs we obtain that ®(¢,z,y) is
real-analytic in (¢, ) in a neighborhood of 0 € R x R™ 7?7 KN1 p.267 in smooth case ???. There is a

certain invariance encoded in (11.18): If we let s € R, then for small y € R!, ®(x,, sy) solves an equation
similar to (11.18), i.e

2 n) = 3 00
(O,z,sy):z.

Now we define ¢(t, z,y) := ®(st, z,y), set t := st and use (11.18) to obtain

dp ) 00 < )
Frbay) = rstay) = s—=(tay) = SZykA (t2,y) =Y sunAF (ot 2,y)),
©(0,2,y) = z.

That means both ®(st,z,y) and ®(t,x, sy) solve the following initial value problem:

t z,Y) ZsykAk (t,z,y)), (11.19)
U(0,z,y) = x.
Since the solution of (11.19) is unique, we obtain
O(st,z,y) = O(t,x, sy), s €eR, (11.20)

which implies that ® is real-analytic in a neighborhood of 0 € R x R™ x R!. If we use the identity of (11.20)
and the second and then the first equation of (11.18), we get

oF 0d d d

8—%(%0) = 8—%(1,x,0) = — ~ (@(l,z,sei)) = —

ds|,_, ds (®(s,2,e7)) = A’ ().

s=0

Finally we use Taylor’s Theorem in the second variable and write

F(z,y) = F(z,0) + Fy(z,0)y + Z bo (7)Y
la|>2
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Then we have

|F () = Fa,y")| = |[F(2,0) + Fy(2,0)y' + Y bal)y'™ = F(x,0) = Fy(,0)y" = Y ba(x)y"”
|22 18122

Y

1Fy (2,000 =)l = || D2 by (@) —y™)

[v|>2

2
>Cilly =yl = Colly" = ¥II7,
where C > 0, for all z,y near 0. The last inequality shows the claim. O

Proof of Theorem 15. (<) 77?7 see BER 1999, p. 366 ff, Thm. 12.5.3 bzw. Lemma 12.5.10, what
we need here and Thm 12.3.1 and Thm. 1.5.10 and the previous Lemmas, respectively 777
By Lemma 15 we can find py € M such that in a neighborhood U of py, M is of finite type and holomorphically
nondegenerate. From Lemma 19 (iv) we obtain that there exists a point ¢o € M, such that near gq every
point ¢ € M is of finite type and finitely nondegenerate. W.l.o.g. assume ¢ = 0. Let {X;,..., X} €
hol(M,0) be linearly independent vector fields and consider for y = (y1,...,4) € R!, S(y) := Zé’:l Y X;
and F(Z,y) := fbg(y) (Z), the flow of the vector field S(y) at time ¢ = 1 and Z € M near 0. Since S(0) =0,
we have by Theorem 9, F(Z,y) € Autog(M,0). Let ko € N be chosen according to Corollary 5. Lemma 26
implies that, y — ngF(Z, y) is injective, where jgo acts on F(Z,y) in the Z-component at 0. Hence we
obtain

dimg hol(M,0) = I < dimg F*(CV) < 0.
O

Remark 36. We remark that it is not enough to know that j;j is injective, to conclude that Aut’;(M ,p) is
a Lie group. 77?7 example: torus 4 lines with irrational slope 77?7 As a consequence we cannot use
Stanton’s Theorem to get a Lie group Aut,(M,p), instead we need to construct a jet parametrization, as
shown in Section 11.3.

Example 16. We compute hol(M,p) for M = {(z,w) € C? : Imw = |2|?} and p = 0. Since we know
that Auto(M,0) is a finite dimensional Lie group, we get Autg(M,0) from holy(M,0). We work with the
complexification M given by p(z,w,z,w) = w — w — 2izZ.

Similar as we have shown in Example 8 we obtain that a vector field Y is tangent to M if and only if there
exists a real-analytic, real-valued function A(z,w, z, @) such that Yp(z,w, z,w) = A(z,w, z,w)p(z, w, Z, D)
for all (z,w, z,%w) € C* near 0.

To compute hol(M,0) we consider homogeneous parts of the previous equation as follows:

We endow z with weight 1 and w with weight 2 and say that a real-analytic function F'(z,w, z, W) is of weight
k if F(tz, t?w,tz,t*w) = t* F(z,w,z,w) for t € R. This concept translates to — in our case — holomorphic
vector fields Z = 3 a;(z, w)a%j +b;(z, w)% and we have that Z is of weight k if and only if a; is of weight
k41 and b; is of weight k£ + 2, i.e., we endow a%j with weight —1 and 8%;]. with weight —2. If we start with
any vector field T' tangent to M we write T = ), T}, where each Tj, is of weight k and tangent to M. In
the case of X € hol(M,0) the homogeneous expansion starts with k& > —2.

Now we compute Xy, for —2 < k < 2 whose real parts are tangent to M and their flows <I>th, which give us
the elements of Aut(M,0).

We write X_o = aa% with @ € C. Then Re X_5 is tangent to M if and only if there exists a real-analytic,
real-valued function A_o with

Re X op(z,w,z,w) = A_o(z,w, 2, W) p(z,w, Z,0). (11.21)
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Since the left-hand side of (11.21) is of weight 0, this implies A_5 = 0 and we have to solve

(aaw + a(’)w> (w—w —2izz) =0,

which can only happen if and only if @ € R. The flow ®% _(0) =: (2(t), w(t)) is the solution of {Z = 0,4 = a}
and is equal to (z,w) = (2/,at +w'), where (2’,w') € C? are constants with respect to ¢ € R. Since the flow
of X_5 has its values in M for all ¢, we plug (z,w) = (2/, at +w’) into the defining function for M and obtain
(z,w') € M. In total we obtain the automorphism of M given by (z',w’) — (2/,w’ 4+ r) for r := at € R.
We denote X_; = a% + bz%, where a,b € C and we have that Re X_; is tangent to M if and only if

(ai + bza% + Ez% + bz86u7> (w—w —2izZ) = 0.
Comparing coefficients we get that b = 2ia. The flow of X _; is the solution of {Z = a,w = 2iaz} and is equal
to (2(t),w(t)) = (at + 2, i|al?t? + 2iaz't + w'). Again if we plug in (2(t),w(t)) into the defining function of
M we obtain that (z/,w’) € M and the automorphism (2/,w’) + (2’ 4+ b,w’ + 2ibz’ + i|b|?) for b := at € C.

Note that the automorphisms we got so far form a real 3-dimensional subgroup of the automorphism group
of M, the so called group of translations which is given by all mappings of the form (z,w) — (z + 2o, w +
wo + 2izZ) with (z0,wp) € M. ?7? In general true: vector fields with negative weight give
translations, since the weight of the coefficients of the vector fields must be less than the
weight of the coordinates. E.g. for levi-nondegenerate only the weights —2, —1,0,1,2 can occur
227

Next, X = az% + (b2? + cw)% for a,b,c € C is tangent to M if and only if there exists Ag(z,w, Z, W) =
A € R such that

1 0 2 o  __ 0 -5 __.0 e e
3 (azaz + (bz —l—cw)a—w —|—az£ + (bz° + cw)aw> (w—w—2izZ) = A(w — @ — 2izZ). (11.22)

Comparing coefficients in (11.22) we obtain ¢ = 24, Rea = A and b = 0. In fact we conclude that no z!-terms
for [ > 2 can occur as coefficients of % in X for k > 0, since there is no possibility that such pure terms
occur on the right-hand side of equations as (11.22) for k > 0.

We end up with a familiy of vector fields X, with parameters (A,Ima) € R?. Taking the standard basis of
R? for the parameter space (A4,Ima), we obtain that X} = z% + Qw(% and X2 = iz% generate all vector
fields belonging to Xj.

The flow of X¢ is the solution of {# = 2,4 = 2w} and is equal to (2(t),w(t)) = (e'2’,e*w’). Again
the condition for the flow to stay in M is satisfied if and only if (2/,w’) € M and we end up with the
automorphism (2/,w’) = (Az/, \2w’) for A := ¢! > 0.

Similar for X2: the flow is the solution of {Z = iz, = 0} and can be written as (2(t),w(t)) = (el'z’,w’)
which corresponds to the automorphism (2/,w’) + (uz’,w’) for u := €i* € C if and only if (2/,w’) € M.
Considering weight k = 1, we write X; = (a2? —l—bw)a% —&—czw% and A; has to be of the form A;(z,w, z, w) =
Az + AZ for A € C. Then we have

1 5 0 0 e - 0 ___ 0 oy < o
3 <(az + bw)& + crws + (az® + bw)i + cz’w8w> (w—w—2izZ) = (Az + AzZ)(w — w — 2izZ2).
(11.23)

Comparing coefficients in (11.23) we obtain that a = 24,b = iA and ¢ = 2A. The flow is obtained by solving
{2 =2A22 +iAw,w = 2Azw}. The second equation gives z = 540 and together with the first one we obtain

N .
1 ((w> _ w2> =2i|A]> & <1> = —2i|A]%.
w w w w
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If we take z’,w’ as constants not depending on ¢, the solution is given by

(2i|A*t — 2/, 2A)
(—i|APR2 + 2t +w')

(1), 0(0) = 5

After writting 2’ = 2i42” and plugging in the flow into p = 0 for M, we get that (2”,w’) € M. Defining
c¢=1iAt € C and (2,w) € M via 2" =iZ/w and w’ = 1/%, we obtain the automorphism
(i) o D)

1 — 2i¢z — ifc]?w
Finally Xy = (az® + bzw)% + (2w + dw%% and Az(z,w, z,w) = Aw + Aw + B2? + Bz? for A, B € C.
Then

1 3 9 2 N S S < N 9.
5 ((az + bzw) o + (cz*w + dw )aw + (az® + bzw)az + (¢z*w + dw )8117 (w—w — 2izZ)
=(Aw + Aw + B2* + BZ*)(w — 0 — 2i2%). (11.24)

We immediately obtain B = 0 and A = A. Further comparison of coefficients in (11.24) show a = 0 = ¢

and b = 24 = d and we end up with real multiples of X3 = zw% + w28%. The flow has to satisfy
{ = 2w, = w?} and is equal to (2(t),w(t)) = (ir;,l) Again we obtainA (:z’,w’) € M and after setting
(2,0) = —(2'/w',1/w") € M and s = —t € R, the automorphism (£, W) — ii;”u{

Comparing with Example 12, the automorphisms coming from Xy, X; and X5 form the real 5-dimensional
group of isotropies or stability group of the automorphism group of M.

To handle the case Xj for k£ > 3 we write X = ka% + 9k+23%a where fry1 and ggio are polynomials
of weight k + 1 and k + 2 respectively. We want to conclude that fr11 = 0 = gx42 for £ > 3. In general

if a monomial z!w™ is of weight k, then necessarily k/2 > m. Thus if k is even, then the monomial with
k/2

lowest degree in X}, is w™/ < and if k is odd the monomial with lowest degree in X is zw"z . Hence the only
monomial of degree two occurring as coefficient of X}, is w? in f;. Let us fix k& > 3, then Re X}, is tangent
to M if

Re Xip|,, =0 (=2i2fri1 + grra — 2i2fis1 + Grra) |, =0
@Re(ig;ﬁg + 25fk+1)|M =0.
We write H = (f, g) for a mapping of M, Hy = (fx+1, grk+2) and denote L(f,g) := Re(ig + 22f)|M, the so

called Chern-Moser operator for M. Under the hypothesis that £ > 3 we show that the kernel of L applied
to Hy is trivial, i.e., X = 0 for k > 3. More precisely we show the following Lemma:

Lemma 27 (Chern-Moser). Let H = (f, g) be a mapping from C? to C2. If f(0) = g(0) = £.(0) = ¢.(0) =
fw(0) = g (0) = ¢.2(0) = Re g,,2(0) = 0, then L(f,g) = 0 has the unique solution (f,g) = 0.

As discussed above, we have for k > 3, that fr41 is of degree two or higher and g2 is of degree three or
higher, thus we apply Lemma 27 and our claim is proved.
77?7 Make link to section about normal forms 7?77
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