ON THE €°° REGULARITY OF CR MAPPINGS OF POSITIVE CODIMENSION
BERNHARD LAMEL AND NORDINE MIR

ABSTRACT. The present paper tackles the € regularity problem for CR maps h: M — M’ between €*°-
smooth CR submanifolds M, M’ embedded in complex spaces of possibly different dimensions. For real
hypersurfaces M c C"**! and M’ c C"*! with ' > n=1and M strongly pseudoconvex, we prove that
every CR transversal map of class €™ ~"*1 that is nowhere € on some non-empty open subset of M
must send this open subset to the set of D’Angelo infinite points of M’. As a corollary, we obtain that
every CR transversal map h: M — M’ of class €" ~"*1 must be ¢*°-smooth on a dense open subset
of M when M’ is of D’Angelo finite type. Another consequence establishes the following boundary reg-
ularity result for proper holomorphic maps in positive codimension: given Q < C"**! and Q' ¢+l
pseudoconvex domains with smooth boundaries 0Q and Q' both of D’Angelo finite type, n’' > n =1,
any proper holomorphic map i: Q — Q' that extends %”’_”H-smoothly up to 0Q2 must be €*°-smooth
on a dense open subset of Q. More generally, for CR submanifolds M and M’ of higher codimensions,
our main result describes the impact of the existence of a nowhere smooth CR map h: M — M’ on the
CR geometry of M’, allowing to extend the previously mentioned results in the hypersurface case to any
codimension, as well as deriving a number of regularity results for CR maps with D’Angelo infinite type
targets.

1. INTRODUCTION AND RESULTS FOR REAL HYPERSURFACES

In this paper, we are interested in the following question: Under which conditions on €°*°-smooth
CR manifolds M < CN and M’ = CN' can we guarantee that a CR map h: M — M’, which we assume
to be of some finite smoothness €* a priori, is actually €°°-smooth on an open, dense subset of M?

This question is motivated by the problem of boundary regularity of holomorphic maps between
smoothly bounded domains in CV: CR maps arise as their boundary values. The case most well-
studied is when N = N’ = 1 and the domains are simply connected; in that case, the boundary regu-
larity of the Riemann map, as studied by Painlevé, Caratheodory, Kellogg, and many others serve as
an answer to that problem.

In several dimensions, the Riemann map becomes unavailable as a tool, as there are many differ-
ent equivalence classes of simply connected domains of holomorphy. However, Fefferman’s mapping
theorem [Fe74] proved that biholomorphic mappings between smoothly bounded strictly pseudo-
convex domains in CV, N > 1, necessarily extend smoothly up to the boundary. The proof of Fef-
ferman’s mapping theorem and also the proof of its generalization due to Bell and Ligocka [BL80],
which reduced the assumptions on the domains to “condition (R)”, rely on inherently global objects
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associated to the domain, in particular on properties of its Bergman kernel. Such methods however
stop short of covering all pseudoconvex domains, as there exist smoothly bounded pseudoconvex
domains which do not satisfy condition (R) by work of Christ [C96]. Furthermore they also are not
applicable when it comes to studying the boundary regularity of proper holomorphic mappings be-
tween smoothly bounded domains in complex spaces of different dimensions (see [Fo93]). One nat-
ural alternative is then to derive global boundary regularity after investigating local regularity along
smooth boundary patches.

Historically, the starting point for investigating the local question was again the case of (bijective)
CR mapppings between smooth, strongly pseudoconvex hypersurfaces in CV studied by Nirenberg,
Webster, and Yang [NWY80]. The case of mappings of positive codimension, i.e. N’ > N, from a strictly
pseudoconvex hypersurface in CV to one in CV "is remarkably different, and harder. One of the rea-
sons is that there actually exist continuous, and even Holder continuous of exponent a for small «,
CR embeddings of the sphere into a sphere in a higher dimensional space which fail to be smooth
anywhere, by results due to Dor [D090], Hakim [Ha90] and Stensones [S96]. It turns out that, in con-
trast with the equidimensional case, one can make up for that lack of smoothness by requiring a
certain amount of a priori regularity for the map; this has, for example, been illustrated in the works
of Forstneri¢ [Fo89] and Huang [Hu99, Hu03] where it was shown that any ¢*-smooth, for a suitable
integer k, CR map between spheres must be €°°-smooth (and in fact even rational). Since then, the
natural question of whether a similar regularity result holds for CR maps of positive codimension be-
tween general strongly pseudoconvex real hypersurfaces had been open for a while (see e.g. [Hu94]),
until the recent breakthrough by Berhanu-Xiao [BX15] who settled the problem in the affirmative for
CR maps that are a priori €~ '~N+1_gsmooth to start with. Ina subsequent paper, Berhanu-Xiao [BX17]
were also able to extend their approach to deal with Levi-nondegenerate target hypersurfaces as well
(see also [KLX17] for recent related results in the codimension 1 case).

In this paper, we carry out a study of the € regularity problem without assuming any geometric
condition on the target manifold. Our basic approach differs significantly from all of these previous
works: Our main result shows that if a CR mapping h: M — M’ (of a certain a priori €* regularity)
fails to be ¥*°-smooth on a large set in M, then M’ has to carry a certain amount of complex structure
(along the image of M under k). More precisely, we shall prove (see Theorems and [2.2) that the
image of any generic point in such a large set of bad points has a formal holomorphic manifold that
is tangent to M’ to infinite order, and hence must be a point of infinite type in the sense of D’Angelo
ID’A82]. To our knowledge, exhibiting such an explicit link between failure of regularity of a CR map
and impact on the CR geometry of the target manifold seems to be a completely new point of view in
the € CR regularity problem. As a consequence, our present approach not only allows us to provide
sharper and more general results than earlier works, but also recovers many of the previously known
results. The approach we are taking is, at least in philosophy, akin to our recent work [LM17b] on
the convergence of formal power series mappings. We will apply ideas from [LM17b], adapted to the
€ setting, to the problem at hand. However, the implementation of these ideas require different
strategies and new ingredients because of the different nature of the ¥ CR regularity problem.

We will discuss results valid for hypersurfaces in the introduction and leave more general results for
later. Before stating our first theorem, let us start by recalling the notion of infinite type of a point g €
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M’ introduced by D’Angelo [D’A82], which means that the order of contact of M’ at g with (possibly
singular) complex curves is unbounded. To be more precise, let p be a defining function for M’ near
q. One defines the 1-type of M’ at g as

AM',q)= sup Yolpoy) € RU {oo},
Y: A—cN vo(Y)
Y0)=q,yZq

where y runs over all (non-trivial) holomorphic curves in CV " centered at g and v denotes the van-
ishing order at 0. We say that ¢ is a D’Angelo finite type point of M’ if A(M', q) < oo, and an infinite
type point of M' if A(M’, q) = co. We denote the set of infinite type points in M’ by &,y and recall that
&y is closed in M’ by e.g. [D’A82,[D’A93]. We say that M’ is of D’Angelo finite type if &y = @.

We also need to recall that a CR map h: M — M’ between real hypersurfaces M c CN, M’ c c,
with respective CR bundles 7®V M and TV M’, is said to be CR transversal if

Ty M + Ty M + dR(CTy M) = CTiy M.

for every point p € M.
We may now state our first main result, which, as mentioned above, highlights how the failure of
being €°°-smooth for a CR map impacts the geometry of the target manifold M.

Theorem 1.1. Let M c C"*! and M’ c C"'*! be €™ -smooth real hypersurfaces, n' > n = 1. Assume that
M is strongly pseudoconvex and that h: M — M’ is a CR transversal mapping of class €' ~"*1. If there
exists a non-empty open subset Q0 of M where h is nowhere €°°, then h(Q) c &y .

As an immediate consequence of Theorem 1.1} we obtain the following regularity result:

Theorem 1.2. Let M < C"*! and M’ c C"'*! be €™ -smooth real hypersurfaces, n' > n = 1. Assume that
M is strongly pseudoconvex and that M’ is of D’Angelo finite type. Then every CR transversal mapping
h: M — M’ of class €™ ~"*! is €°°-smooth on a dense open subset of M.

In the special case where M’ is strongly pseudoconvex, Theorem |1.2| recovers Berhanu-Xiao’s re-
sult alluded above [BX15] (for an embedded hypersurface M) since every CR map between strictly
pseudoconvex hypersurfaces is CR transversal by the Hopf Lemma.

When both hypersurfaces are pseudoconvex, using results from the known literature, we will show
that Theorem|I.2]also yields the following.

Corollary 1.3. Let Q c C""! and Q' c c"'*! pe pseudoconvex domains and h: Q — Q' be a holo-
morphic map, n' > n = 1. Assume that M < 0Q and M’ < 0Q)' are €°°-smooth real hypersurfaces of
D’Angelo finite type. If h extends € n'=n+l -smoothly up to M and satisfies h(M) < M’, then h extends
€°°-smoothly up to a dense open subset of M.

Finally, let us also mention the following new result which follows as an application of Corollary
[1.3]to the boundary regularity of (global) proper holomorphic mappings of positive codimension.

Corollary1.4. LetQ c C"" and Q' c c"'+*! pe pseudoconvex domains with smooth boundaries 0X2 and
0Q' both of D'Angelo finite type, n' > n=1. Let h: Q — Q' be a proper holomorphic map that extends
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@n' —n+l -smoothly up to a dense open subset of 0. Then h extends €°°-smoothly up to a dense open
subset of 0Q2.

Let us remark that the preceding results, Theorem([I.2} Theorem[I.1} Corollary[1.3} and Corollary[1.4]
hold without any changes for weakly pseudoconvex sources having a dense open subset of strongly
pseudoconvex points. For instance, they all can be applied in the setting where M is pseudoconvex
and does not contain any analytic disc.

We finish the introduction with an outline of the organization of the paper. In §2} we state the gen-
eral main result, Theorem which applies to minimal source CR manifolds M < C" of arbitrary
codimension. It also implies a number of further new regularity results, which not only extend Theo-
rem|L.2]to the setting where the source manifold is allowed to be of higher codimension but are also
valid for target manifolds of infinite D’Angelo type.

The next sections provide the proof of Theorem which splits naturally into an analytic part
and a geometric part. The first part is developed in §3|and corresponds to the analytic piece of the
proof. In it, we prove a smooth regularity result for CR maps that satisfy a smooth system of equa-
tions. The result, Theorem generalizes a result due to the second author [L04], and may be of
independent interest. The second, geometric, part of the proof is carried out in §4|and We first
introduce in §4{some new numerical invariants associated to any continuous CR map h: M — cN ,,
establish some of their basic properties and then associate to these invariants an open subset decom-
position of (part of) the CR manifold M. In §5| we relate this decomposition to the ¢*°-regularity of
the mapping (Proposition[5.1) as well as to the CR geometry of the image set (M) (Proposition|5.2).

Finally, in §6, we show, among other things, that the decomposition obtained in §4]covers, at least
in the situations discussed in §2} a dense open subset of M. The proofs of all theorems and corollaries
stated in §Iand §2]are then completed in

2. STATEMENT OF FURTHER RESULTS FOR CR MANIFOLDS OF ANY CODIMENSION

This section is devoted to the formulation of the more general results already alluded to in the
introduction. We let M < CY be a ¥*°-smooth CR submanifold, with N = 2, and recall that a map
h: M — CN of class €' is CRif h = (hy,..., hnr) where each h; a CR function on M. (If h is assumed
to be only continuous, then the preceding definition needs to be understood in the sense of distribu-
tions.)

Let us now consider a subset M’ < CV' (not necessarily CR or a manifold). For every g € M’, de-
note by %y (q) € € (CN | q) the ideal of all germs at g of €*°-smooth functions p: (CILX/, q) — R that
vanish on M’ near g and denote by I',, (M) the set of all germs at p of CR vector fields of M.

The definition of a D’Angelo infinite type point naturally extends to the more general setting of an
arbitrary subset M’ c CV "in analogy to the hypersurface case. We define the 1-type of M’ at g as

vo(poy)

AM,qg)= su
9 b peFyi (@) Vo(y)

Y: A—cN
Y0)=q,v#q

€ RU {oo},
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and say that g is a D’Angelo infinite type point of M’ if A(M’, q) = co. We denote the set of points in M’
which are of infinite type by &,y. Observe that if M’, M" are two subsets of CN' with M" c M’ then for
geM", A(M", q) < A(M’, q) and therefore &y < Epp.

We also recall that a formal holomorphic subvariety X ¢ CV ’ through g is given by a (radical) ideal
#4(X) c C[Z' — q]. We say that a formal holomorphic subvariety X c cN through the point g € M’
is tangent to infinite order to M’ at ¢ if for any formal holomorphic map ¢(¢) € C[¢]" " with @0)=q
and y o (1) = 0 for every ¥ € .#,(X) we have v (Q ((p(t),w)) = oo, for every p € #y(q). Note that it
follows from this definition that if there exists a nontrivial formal holomorphic subvariety through g
which is tangent to M’ up to infinite order then ¢ is an infinite type point.

Let us now assume that we are given a CR map h: M — CV . For every p € M, we set

@1 ro(p) := dime span{p. (h(p), B(P)) : p € T (h(p)) |
and more generally, if 7 is of class ¢?, forsome ¢ =1,
(2.2)

ri(p) = dime span{ Li...Lipw(h(p), h(p): p € Fnopy(h(p)), Li,...,Lj € Tp(M),0< j < k} k<¢.

In the second equation, the case j = 0 refers to no application of a CR vector field. The complex
gradients
- 0 - 0 -
puh(p), h(p) = (—p (1) 7)), ... =2~ (mp), h(p))),
6w1 Owa
and their CR derivatives

- - S - -0 - - -0
Ly...Lipw(h(p), h(p) = (Ll...Ljﬁ(h(p),h(p)),...,Ll...Lj#
1 N’

erm)
are considered as vectors in C'.

We note thatforO<k </, p— ri(p) € {1, oo N } is an integer-valued, lower semicontinuous func-
tion on M. We define

rr:=max{e€ Z, : r¢(p) = e for p on some dense subset of M}, k < ¢.

Let us recall that M is said to be minimal at the point p € M if there does not exist any CR subman-
ifold £ ¢ M through p, with dimX < dim M, of the same CR dimension as M (see [T90, BER99]). We
say that M is minimal if it is minimal at each of its points.

Before we state our general main result, let us introduce one more notion.

Definition 2.1. Let M c CN be a ‘6> -smooth CR submanifold, and h: M — CN " a€*-smooth CR map.
A€*-smooth CR family of formal (complex) submanifolds of (complex) dimension r through h(M) is
given by a collection (T'¢) e pr of formal (complex) submanifolds of CN ' of dimension r in such that, for
every § € M, T'¢ passes through h(S) and such that Iy is parameterized by a formal holomorphic map
of the form

(€03t~ @:()=hE)+ Y. @a(E)t?,

aeN"
|la|=1

where for every a € N' the function ¢ is a € *-smooth CR function on M.
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Theorem 2.2. Let M < CN be a €°°-smooth CR minimal submanifold, k,¢ e N with1<k<¢ <N’ be
given integers and h: M — CV " bea CR mapping of class €~ "=0+k  Assume that ri. = ¢ and that there
exists a non-empty open subset My of M where h is nowhere €°°.
Then there exists a dense open subset M, c M, such that for every p € My, there exists a neighborhood
V < My of p, an integer r = 1, and a €' -smooth CR family of formal (complex) submanifolds (T¢) ey
of dimension r through h(V) for which ¢ is tangent to infinite order to h(M) at h(S), for every e V.
In particular, there exists a dense open subset M, of My with h(M>) < Epa -

Theorem provides a detailed picture of how "irregularity" of a given CR map affects the CR
geometry of the target set h(M). Images of "irregular" points under the given map must not only
be of infinite type, but the image of large open subsets carries even more structure than that: One
obtains a family of formal holomorphic submanifolds tangent to (M) to infinite order that depends
in a CR manner on the "irregular" points. This property will be crucial in the application of Theorem
given in Corollary [2.6/ below, providing a regularity result valid for targets which are foliated by
complex submanifolds.

The integers ry in the statement of the theorem appear very naturally in various geometric settings.
We will discuss in §6|a number of sufficient conditions providing lower bounds on them, in particular,
on rp and r}, yielding a number of new corollaries (not covered by the results in the introduction). In
the first one, for M’ < CN ', we denote by x; the maximum dimension of real submanifolds of class
€' contained in &

Corollary 2.3. Let M c CN and M' < CN' be €°°-smooth CR submanifolds with n' = dimcg M’ and
assume that M is minimal. Then every CR mapping h: M — M’ of class €¢" and of rank > xpp is
€°-smooth on a dense open subset of M. In particular, if M' is of D’Angelo finite type, then every CR
mapping h: M — M’ of class € "' is € -smooth on a dense open subset of M.

If we know more about the target, we can improve the a priori smoothness assumptions signifi-
cantly. Our next corollary shows that if the target is Levi-nondegenerate, then the a priori regularity
can be dropped by (n — 1) where 7 is the CR dimension of the source submanifold:

Corollary 2.4. Let M c CN and M’ c cN' be € -smooth CR submanifolds with n = dimgg M, n' =
dimcg M'. Assume that M is minimal and that M’ is Levi-nondegenerate and of D’Angelo finite type.
Then every CR immersion h: M — M’ of class €™ ~"*! is € -smooth on a dense open subset of M.

If we want to allow complex manifolds in the target, then we can use geometric information given
by Theorem [2.2| on how those complex manifolds are situated in the target (and how large they can
be) in conjunction with the formal submanifolds I's provided by Theorem in order to rule out
maps which are nowhere smooth on an open subset of M. We can for instance recover the following
result by Berhanu-Xiao [BX17] (referring to their paper for the standard notion of signature):

Corollary 2.5. Let M c C""! and M’ c C"'*! be (connected) €°°-smooth real hypersurfaces with M
strongly pseudoconvex and M' Levi-nondegenerate of signature ¢', n' > n= 1. If ' — ¢' < n, then every
CR transversal map h: M — M’, of class € n'=ntl e _smooth on some dense open subset of M.

Our following result uses not only the formal submanifolds I'; constructed in Theorem[2.2} but also
the CR dependence of I'¢ on . This is in contrast to Corollary[2.3|and [2.4} where we just use the fact
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that the I'; exist. We recall that the tube over the light cone (in C{X'), defined by the equation

N'-1
(2.3) (Re wj)* = (Re wy1)?,
=1

J

is one of the basic examples of a uniformly 2-nondegenerate hypersurface. The precise statement
given by Theorem[2.2]allows us, in a way similar to the case of convergence of formal maps in [LM17b],
to treat the case of maps taking values in the tube over the light cone.

Corollary 2.6. Let M c CV be a 6> -smooth minimal CR submanifold and M’ < CV " be the tube over
the light cone. Then every CR map h: M — M’, of class €N and of rank = 3, is €°°-smooth on a
dense open subset of M.

Let us remark that both in Corollary[2.6/and also in the preceding Corollary[2.3|the rank of the map
is measured in terms of its rank as a real € map (from the real manifold M to the real manifold M").
Since h, in both cases, is a CR map, its linear part at each point p € M also gives rise to a complex
linear map L(p). In the setting of Corollary [2.6} the requirement that the real rank of & is at least 3
corresponds to requiring that the complex rank of L(p) is at least 2 for every p.

The last corollaries we are going to mention will provide a regularity result for finitely nondegen-
erate source manifolds and in particular, for Levi-nondegenerate sources. Before we formulate this
result, we need to introduce the property which will allow us to use the finite nondegeneracy of M.
While in many respects similar to the notion of CR transversality, the crucial definition needed here
is in some sense dual to transversality. Recall that if M’ Cc" is a smooth CR submanifold, then its
complex tangent spaces T;M', g € M, form a subbundle T°M’ of the tangent bundle TM'. The char-

acteristic bundle of M’ is the annihilator of this bundle, i.e. TgM’ = (TqCM’ )t TyM ’. One can check
that if k1 is CR, then h* TOM’ <« T° M. We use the following definition:

Definition 2.7. We say that a CR map h: M — M’ between CR submanifolds M < CN and M’ < CN g of
CR codimension d and d' respectively, is strictly noncharacteristic (at the point p € M) if

R (ThyM) = TyM.
Remark 2.8. We recall that a map h is CR transversal at p € M if

Ty M + Ty M + B (p) (€T, M) = CTyp M.

Clearly, CR transversality implies that d’ < d. On the other hand, if h is strictly noncharacteristic, then
d<d'. Ifd = d' onemay check that a map is CR transversal if and only if it is strictly noncharacteristic.
This conclusion holds in particular when M and M’ are hypersurfaces.

Let us recall that a CR submanifold M c CY is o-finitely nondegenerate for some o € Z, (see
IBER99]) if and only if for every p € M, and for any (real) defining function p = (Ql,...,Qd) for M
near p, we have

span{(L;...Liol) (p,p): LjeTp(M),0< j<sk=<o,1<r=<d} =cV,
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Corollary2.9. Let M c CN and M’ < CN " be€°°-smooth CR submanifolds. Assume that M is minimal
and o -finitely nondegenerate for some g € Z. and that M’ is of D’Angelo finite type. Then every strictly

noncharacteristic CR map h: M — M’ of class €~ '=N+0 s € _smooth on some dense open subset of
M.

A particular case of the preceding corollary is the case of a Levi-nondegenerate manifold M (mean-
ing 0 = 1). Even in this case, the regularity result given by Corollary [2.9]is new, and provides, using
Remark[2.8} a generalization of Theorem|I.2]to higher codimensions:

Corollary2.10. Let M < CN and M’ < CN " be €™ -smooth CR submanifolds. Assume that M is minimal
and Levi-nondegenerate and that M’ is of D’Angelo finite type. Then every strictly noncharacteristic CR
map h: M — M’ of class €N ~N*1 is €°°-smooth on some dense open subset of M.

3. A SMOOTH REGULARITY RESULT

In this section, we state and prove our main technical tool to be used later in the paper. It provides a
criterion that exhibits sufficient conditions ensuring that a CR map, of class €, is in fact €*°-smooth.
We note that a (weaker) similar result was obtained by the first author in [L04], based in part on the
work of Roberts [R88]. However, for the purpose of this paper, we really need the stronger form stated
below.

Theorem 3.1. Let M c CN be a €°°-smooth generic submanifold, py € M, and let h: (M, pg) — C’ be
a germ of a €' CR mapping at py, g: (M, py) — Ck bea germ of a continuous CR mapping at py. Let
U x V x O be an open neighborhood of (po, h(po), g(po)) € CY x C¢, x Cf\, andR: UxV x0— C’ bea
€°-smooth mapping, holomorphicin A € O. Assume that :

(i) R(z,z,h(z,2),h(z,2),8(z,2)) =0 for z€ M near py.

(i) RkRy (po, Po, h(po, Po), h(po, Po), §(po, Po)) = £.
(iii) All components of h and g extend holomorphically to a common wedge with edge M at py.

Then h is €*°-smooth in a neighborhood of py.

Even though the theorem is similar to the almost holomorphic implicit function theorem in [L04],
we cannot directly apply that theorem. We also include a number of details which are missing from
the proof of the theorem in [L04]. We split the proof into several steps.

3.1. Smooth wedge coordinates. Let M c CN be a ¥°°-smooth generic submanifold of codimension
d, po € M, and let p be a R%-valued defining function of M near p,. Recall that a wedge of edge M at
po is an open subset of CV of the form # = {z € U : p(z, Z) € I'} for some open neighborhood U of py
in CN and some open convex cone I" with vertex the origin in RY, see e.g. [BER99]. In what follows, we
write B/ (x) for the ball of radius € > 0, centered at the point x e R".

We start with the following known fact.

Proposition 3.2. Let M c CV be a generic € -smooth submanifold of CR dimension n and codimen-
siond. Let po € M, W be a wedge with edge M at po. Then there exist a wedge W' cc W with compact
closure, €1,€2,1r > 0 and smooth coordinates (n, s, t) = o1 n,1,¢,{) e C"x R4 x R4 forCN near py, where
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®: Bezln (0) x Bgzd (0) — CN is a smooth diffeomorphism, with the following properties, where we write
o=s+it:
i) ©(0,0,0) = po, ®(n,s,0) < M;
ii) ®(B" x BL x (0,1 c#’
iii) For every a,p € N" and everyy,5 € N% and every a € N there exist constants Cg, By,6 and Cq gy.5.a
such that for every continuous CR function ¢ on M extending to a holomorphic function p on W',
we have that the function f = @ o ® satisfies the following:

lal+IBl+lyl+iol ¢
(3.1) ‘W(n,ﬁ,s, t)‘ < Capy.s supy |l 2]~ 1HPHIIHOD s 1y € B2 x BE x (0,1)%,
nenPs
and
plalBl+lyl+ol g _ 2 d d .
(3.2) nanBsTed 0, 10,9,5, 0| = Capysa Supy @l 1214, @,s,0)€B;"xB;,x (0,1 1< j=d.

Proof. We assume that py = 0. We consider a smooth defining function of M near 0 of the form Im{ =
¢n,1,Rel), where CY = Cp x C?, and furthermore V¢(0) = 0 (so that Tj M = {{ = 0}). Thus, for some

neighbourhoods Uy, U of 0 in C” and R¥ respectively, the map

Wi C) xRS (1, 5) — (0, s +i@mn,f,s)

parametrizes M near 0 for (1, s) € U; x U,. We choose an almost holomorphic extension of ¥ to U; x
U, x R%, again denoted by W, in the s-variable (see for this e.g. [N71]). After possibly shrinking U; and
U, a bit, we can assume that for a € N there exist constants C, > 0 such that this new ¥: U; x U, x R4
is a smooth map which satisfies:

Y(n,n,50) =0s+ipn,n,s) €M,

(3.3) '6_\11
EY.

5 7,5 0| <Calltl®, j=1,...,d, ne Uy, s€ Ua.
J

Note that since Vg(0) = 0, we have that W’'(0) = id; hence, again after possibly shrinking U; and U,
a bit, we can assume that ¥: U; x U, x Uy — V(U x U, x Us) is a diffeomorphism from U; x U, x U,
onto a neighbourhood of 0.

Now consider a wedge # with edge M near 0. This means that in a small neighbourhood of 0, we
can assume that we can write # (in our chosen coordinates) as C,’; X IRf x I', for some open, convex
cone I' c R%. Let us also choose an arbitrary ¢ € ToCN with & € #. It follows that ¥~ (#) has the
property that we can find a (closed) convex cone I' < R% \ {0}, with " U {0} = CH{uy, ..., ug} for some
vectors uy,..., U in R4, linearly equivalent to Rf, such that for some small balls Bgln (0) cC”, Bgz (0) c
R?, and some 7 > 0 we have B2"(0) x Bglz 0) xTLc ¥~ (W), where I', = {reI": | ¢] < F}. Now consider

the complex linear transformation U: C¢ — C? defined by U(o1,...,04) = 27:1 ojuj. By choice of

I, we have U (in) = {0} x I'". By choosing an appropriate ¢, and r we can assume that U(Bg2 0) +
i(0,r%) < B (0) x T
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We define the map ®: B2"(0) x BZ (0) x (-r,r)4 — CV,
®n,1n,s 1) =¥Yn,nUs,UD.
Note that since I'" c T was a closed cone, and r can be chosen as small as needed, we can find a wedge
#'cc W and a constant C > 0 such that
1
(3.4) C It <d(¥n,s,0),0#")<Cltll.
Also note that since U(s+it) = Us+ iUt is complex linear, the estimates (3.3) hold also for the corre-
sponding derivatives of ® (where we might to use different constants C,, a € N, of course):
®n,1,s,0) =0, Us+ipn,nUs) € M;

(3.5) o0 :
E(W’s’n <Caltl®, j=1,...,d, neB2"(0),s€ BL(0), YaeN.

If a continuous CR function ¢: M — C extends holomorphically to # near 0, we know by a result
of Rosay [R86] that the extension, which we are still going to denote by ¢, is actually continuous up
to the edge M on any finer wedge than the given #'. Therefore, we can apply Cauchy’s inequalities to
the domain #: since ¢ is continuous up to the edge, and holomorphic in #, we have that

lal+1B] 7 18! 7
0 ) 0] < a!p! supy. @l ’
one¢h (Kd((m,),0m ")l
with a constant K just depending on the metric used.
Combining this inequality with (3.4), applying the chain rule, and using the fact that ¥ is smooth,
we can therefore find, for any «, 8 € N”, and every y,6 € N4, a constant Ca,p,y,s (independent of @)
such that holds.

Furthermore, if we appeal to (3.5), a similar argument shows that (3.2) holds. O

3.2. Edge of the wedge theory. In this subsection, we discuss the necessary smooth edge of the
wedge theory. We consider H = BEI” (0) x Bf2 0) x {0} Cj x RY x IR?, and H, = BEI” (0) x Bf; (0) x (0,74,
H_ = BSI" (0) x Bf”2 (0) x (—r,0)%. We use, as before, the complex variables 0 = s+ it € C%. We define
oo (H,) to be the set of all functions f € €¥°°(H,) which have the following property: For every
a,B eN" every y,6 € N%, and every a € N there exist constants Ca,py,50 Capy.s,ar and b € N such
that

5hﬂ+ﬂﬁ%H7%H5ﬁf

onenPsrtd
olal+1Bl+lyl+1dl of
‘ onerpsreo oa;
nenPsre® 00;

The analogous definition is given for A, (H-). It is well known, see e.g. [BER99, BCHO08], that every
function f in 2A(H.) has a boundary value distribution defined for y € 2(H) by

(77: 1_7) S, t) = Ca,ﬁ,)/,(s ” t”_b) (17) S, t) H+)

(3.6)

S, t)‘ = Ca,ﬁ,)/,(s;u ” t”a ’ (T’) S, t) € H+-

(bvf,r= limf f(z,s,0)x(z,8)dm.
t—0 Jcnxpd
teRY
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The edge of the wedge theorem that we are going to use is the following.

Theorem 3.3. Assume that U € 9'(H) is both a boundary value from above and from below, i.e. there
exist fy € Ao (Hy) and f- € Ao (H-) such thatbv fy =bv f_ = U. Then U € €*°(H).

A proof of Theorem3.3|can be found in e.g. [L04].

There are a number of interesting properties for the sets 2o, (H+). The most important of them
is probably the inclusion €*°(H) c 2., (H.) which follows from the existence of an almost analytic
extension of a smooth function in the s variables : If U € €°°(H), then there exists a function Ue
E°(C" x RY x RY) with Ul = U and such that % vanishes to infinite order on H for j =1,...,d (see
IN71). :

Also, if X is a partial differential operator in the (1, s)-variables with smooth coefficients, and X
denotes the extension given by almost analytic extension of the coefficients of X, then X f € 2 (H.)
for f € Aoo(H:) and Xbv f =bvXf.

3.3. A priori regularity for 0-bounded extensions. Our goal in this section is to recall a Holder reg-
ularity result for extensions of Holder continuous functions which are 0-bounded and whose (first
order) derivatives are of a certain growth (later to be applied to extensions of continuous CR func-
tions).

We first introduce some notation: a continuous function f: Q — C is Hélder continuous on a set
Q c R” with Holder exponent a € (0, 1] if there exists a constant C such that

Ifx-fmlsclx-y|°

The space of all Hélder continuous functions on Q with Holder exponent « is denoted by €%%(Q). If
Q is compact, it becomes a Banach space if endowed with the norm

1 £ 10,0 = Il + 1171l
where I )
_ _ xX)—f()
Il =il 151, = g e

Let Hc C,’; X R‘s’l be open, and write (for some r > 0)
Hy=Hx(©0,n% H-=Hx(-r,0% H.,H.c HxRZ.

The following result follows from inspecting the proof of Coupet’s paper [C88] including his proposi-
tion 1, and is stated in the context we need to refer to:

Proposition 3.4. LetHccH,0<a<1. Set p = ﬁ and writeo = s+ it € C%. There exists a constant

K = K(a, H) such that if h € €' (H,) is continuous up to H x {0} with

V(n,s 0eH, <C, hli=o€€**(H),

ﬂ( n,s t)
ao__] nns,

_ C _ C _ C
V(T’,S, t)€H+7 |h3].(17,17,s, t)l£m; |hnk(77’77»5’ t)|£m; |h’r_]k(nyn)8; t)l£m»
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for some constantC>0and j=1,...,d, k=1,...,n, then

he¢*P(H,), with |hlg<K(C+Ilhli=olloq),
where H, = H x (0,7)? for arbitrary 7 < r.
3.4. Proof of Theorem[3.1]

Proof. For the proof of the theorem, we need to extend R almost analytically in (most) of its variables.
This will allow us to consider & and & (mostly) as independent variables. We will from now on choose
coordinates for M as in Proposition [3.2} adapted to the wedge # to which we assume that & and g
extend. In these coordinates, & and g extending continuously to functions h. (n,1,s,t),g+(1,1,s,t) €
Aoo(H,) where Hy = B2" x B& x (0,r) and H = B?" x BZ. The plan is to use the smooth identity

R(q,q,h(q,9),h(q,9),8(q,q) =0

for g in some neighbourhood of py in M, to express & in a second way through an “almost reflection
identity”, which will show that it also extends continuously to a function h_ € 2l (H-). An application
of Theorem 3.3|then implies the smoothness of 1 near py.

We write w = x+ iy with x,y € RN, and for simplicity assume that h(pg) = 0 and g(po) = 0. We
write R as a map in the following way: R(n,7, s, X, ¥, A) is defined on a set of the form Bgl” (0) x sz (0) x
U, x U, x O, where U, c RN "and O c C¥ are neighbourhoods of the origin. We can extend R almost
analytically in s, x, and y, to a smooth map defined on B2"(0) x BZ (0) x RY x U xRN x U x [R]y\{’ x 0. We
write complex coordinates o = s+ it, y = x+ ix’, and v = y + iy'. The extended map will be denoted
by R(n,7,s,t,x,x,3,¥',A) = Rm, 1,5, t, X, ¥,v, U, A). It relates to R by

R(n,1,5,0,x,0,¥,0,A) = R(n,7,S$,%,¥,A)

and satisfies that
0

0 - - 0 -
TR,j:L...,d, —_R, andTR,le,...,N',
95 j O0¥e 0vy
all vanish to infinite order along ¢ = 0, x’ = y' = 0 (actually, locally uniformly in A).
We introduce new complex coordinates (Z,() € cN xcV by
_Z+¢ _Z-¢
== =

) . .

21
Let us set

N - - Z
R(T],ﬁ,s, t)ZrZ){r(yA) =R n;ﬁ,s; tr

Note that R(n,7,s,0, h(n,7,s), h(n,7,s), h(n,7,s), h(n,7,s),gM,1,s)) = 0 for (n,s) € H and that since
(Z,{) are complex coordinates, the derivatives
0

0 4 . 0 4
—R,j=1,...,d, —R,and —R,¢=1,...,N’,
00 j 0Zy 0(y
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vanish to infinite order along ¢ = 0, { = Z; to be more exact, we can assume (after possibly shrinking
the neighbourhoods a bit near the origin) that for any a € N there exists a constant C = C,, depending
also on the chosen neighbourhood such that

N 1 6R
=110,
Let us now compute the (real) Jacobian of R with respect to Z (at 0), that is, the Jacobian with

respect to all of the underlying real variables of Z. For this, we note that for each ¢, ¢ = 1,...,N', we
have

OR

(3.7) —
—1110Z,

< Caltl+ | Z-2])"

i 00]

Rz, (0) = Ru(on <Ry, 0) = (Rx[(O)—iRy,(O))zRW(O),
2 — I ~~—
—Rx,(O) —Ryg(O)
and that

= 1= 1—= = p
R2,0) = SRy, (0) = =Ry, (0) = Ry, (0) + Ry, (0) =0

Hence the Jacobian matrix of R with respect to all of the underlying real variables constituting the
complex variables Z, evaluated at the origin, has the determinant

oR AR AR

az0) 57(0) 5 (0) 0 ,
© )' 7 _ = = |det(R(0))|* # 0.

oR oR AR

az0) 57(0) 0 3,0
We can thus apply the (smooth) implicit function theorem and from it see that there exists a unique
smooth function @, defined in a neighbourhood Uy x U, x Uy x Uy = C" x C% x cN xck of 0 , taking
values in some open neighbourhood VofoeCN ', such that

Rm,9,5,1,Z,2,(,{,N) =0 & Z=0,7),s,1,{,{,\)

for(n,a,Z,{,A)eUlXU2XV><U3><U4L )
Differentiating with respect to ¢ and ¢, using the usual matrix notation, we see that for Z = ®(n,1, s, t,{,{, A)

‘G(Z Z)

D5 = —REI (ff(} + 1?255)
—_p 1l p. LD . B-
®p =R, R+ R; %)
Using these equalities, (3.7), and the fact that detRz does not vanish at any point, we see that for every

a,BeN", 7,6 eNY g,ve NV, every € NF and every a € N there exists a constant C = Capysevia>
Osuchthatfor j=1,...,dand ¢ =1,...,N',and (n,0,{,A) € Uy x Uy x Uz x Uy

olal+IBl+lyl+ldl+lel+Ivl 5
’ ore TP LT 95, 7,5 6,04 M| = C(lth+ |om,a,s 6,40 =)
(3:8) olal+1Bl+lyl+Io1+lel+Ivl 5 _ g
( »S) ||t||+ (D( )_)S)t) ’ )A)_ ’
” TP LA o7, C (el +[|@m,,s,1,¢,¢, M) L))

where Uy, Us, Ug, U, may have possibly been shrunk.
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We recall that, shrinking €1, €, if necessary, for (n, s) € H,

l?(n,ﬁ,s,O,h(n,ﬁ,S),h(n,ﬁ,S),h(n,ﬁ,S),h(n,ﬁ,S),g(n,ﬁ,S))) =0,
from which we conclude that
h(n,7n,s) =®1n,n,s,5,hn,n,5),hn,s),gmn,1,s)), @, €H.

We recall that we write hy (1,1, s, t), and g, (n,1, s, t) for the almost analytic extensions of /& and g to
H., which exist by assumption.
We now set

h—(nyf]rs) t) = (D(n)ﬁ)sy t) h+(17)7_7)S!_t)rh+(77)7_7)Sy_t)rg+(n)ﬁrsr_t))y (nrs) € H} re (_r,o)d’

and claim that /_ lies in 20, (H_) for some (possibly smaller) neighbourhood Hc Hof0in C" x R4
andsome(0<F7<r.

One can check that the slow growth condition for h_(n,7,s, ) is satisfied on H_, because ® is
smooth, and h,, hy, and g, are all of slow growth on H, by assumption. We therefore only have
to check that for any a, € N”, any v,6 € N, and any a € N, there exists a constant Cy, B,y,6,a Such that

plal+IBI+lyI+18] 57, .
onanBsTi 36, 1,8 0| < Capysalltl®, (z,5,00€H_, j=1,..d.

So we first compute the derivative with respect to 6 ; = s; — i £;. Recall that

(3.9)

oh i 5—0 o
wa/ f(n, 7,5, ~1),
60']' 0

and compute (we drop the arguments):

Oh- =Dg, + D O | O | g, 98
60 (0(7] (0(7] Mg ;

00
Using similar arguments as in showing that h_ is of slow growth, one sees that the second and the
fourth summand satisfy the estimate (3.9). Indeed, if a, 8 € N”, B,y € N%, and a are given, then we can

write S
glal+lBl+iv+Isl (R T\ glal+BlHv+sl [ Ga

onenPsrtd onnP sy td

as as (finite) sum of terms, each of which is a product of three types of factors: First, some derivative

of @, evaluated at (n, ), s, £, h (1,7, s, = 1), h (0,7, 5, — 1), 8+ (M, 7), 5, — 1)), which stays uniformly bounded

over H_; second, some derivatives of i, h., and g, each of which are of slow growth; and third, some

ah+

(3.10)

(A= ’ ASFZ
60]‘ 60']'

derivative of either or ag* Since by (3.2) each of these vanishes to infinite order at =0, so does

this finite sum.
In order to deal with the first and the third summand, we first need some preparation: Since h (1,1, $)
is €', by the result of Rosay [R86] already mentioned above, h, is actually €' up to the edge; there-

fore, (3.10) and (3.2) imply that there exists a constant C > 0 with g%_;(n,ﬁ, S, t)‘ < Cfor (n,n,s,t) € H-,
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j=1,...,d,and that h_ € €(H_- U H). Also choose C so large that we have that

C oh_ C
< ‘T(n,’f],s,t) <m, j:1,...,d,[:1,...,n.

< C ‘Oh_( 5 s h)
) -~ ) )S) )
I G I’ |ome

‘—ah_( )8, 1)
) 787
0s;j i ony

Recalling that for (n,s) € H

h(n,f],S) = q)(n)f])s)or h+(77,77’, S)O)) h+(n)f'7 5,0),8(77,7_7,5»0)) = h—(n)f]y S)O))

we thus see that h_(n, 1, s, t) satisfies the assumptions of Propositionfor any a < 1. Therefore, h_,
when restricted to any set of the form H_ = Hx (7,0 as in that corollary, is € .80 (1) for every o < %
Fix any such Sy for the remainder of the proof.

For (1, s, 1) € H_, we can therefore estimate

||h+(nyf’ys)_t) - h—(n)f’)sr t)” = C”[”,BO

We now return to the terms of interest. We claim that both
q)d' (T]»f’} S, t) h+(77,77, S, _t)) h+(77,77, S, _t)) g+ (nrf]) S, _t)) ’ CDZ (T’)f]’ A\ tr h+ (T’,’f], S, — t)y h+ (T’,’f], N t)y g+(77,7_7, S, _t))

are flat along t = 0 on H_ that is, we will check that for j =1,...,d, £ =1,...,N’ and given a, € N",
y,6 €N, and a € N there exists a constant Ca,p,y,s > 0 such that for (1, s) € H_

olal+1Bl+lyl+1dl
on*nPsr 18
olal+IBl+lyl+6]
H onnPsy 10

= Ca,ﬁ,}/,ﬁ,a ” t”a

(Dd'j T],’f’, S, t» h+(17,'f], S, _t)) h+(17,'f], S, _t))g+ (T’)f]) A\ _t))
(3.11)

q)fg T]’f’)s) t»h+(nyﬁys’_t))h+(nyﬁys)_t))g+(n)f])s)_t)) Sc(x,ﬁ,y,(?,a ”t”a
Write A= |a|+|6]+]y] +J6|. First qhoose a constant C > 0 and b € N such that for ever &,,5 e N" and
every 7,6 € N¥ with |@| + | B| + || + |6] < A we have

< L m,s,t) € H
St T

lal+BI+I71+18] é
. 3 ~ & h ( ,ﬁ,S,—t) = )
onipsio TE

§l@+1BI+71+18]

= g+(77,7_7, Sr_t)

(3.12) ———
onanPsy o

By (3.8) we can choose a K > 0 such thatfor j=1,...,dand ¢ =1,...,N’,

holds on U, x U, x Uz x Uy forall &, f e N, 7,6 e N¢, & 7 e NV, and i € N¥ such that

9|1+ 1BI+171+I81+El+17]

a+A

- — 1y atAb
SK(lltll+||q)(n;77’)0-;0_-’(’(»A)_(”) Po )

D5, (1,7,0,6,(,(,A)

OnanPsTLOLELY AR
9@+ BI+ITI+I|+El+17] a+Ab

<K(ltl+|®®m.9,0,6,,(,M =) P,

®;,(1,7,0,0,(,(,A)

oS G A

|| + |E| + [y + |5| +|E| +|V| < A.
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We thus see that for (1,s,f) e H_and ¢ =1,...,N’

|1+ 1BI+171+I81+El+17]

q)Z[ (T”f]’ S, t? h+ (T’)f]) S, _t)y h+ (T’)f]) S, _t)y g+(77,7:I; S, _t))

OnanPsTLOLELY AR
a+Ab

)ﬁo

= K(” t” + Hq)(n)f’)o-ra-) h+(T],'f’, Sy_t)) h+(T],'f', 5,—t),g+(77;7_7,3,_t)) - h+(n)f’)sr_t)

(3.13) as b
=K (Iltll + | h=(, @, 8, 8) = he (), 77, 5, - 1) ||) P

a+Ab

<K (Izh+Chenfe) 7

< K||t)|%*4b,

and with the same argument, for j =1,...,d and (1, s, ) € H_

for the same range of d,ﬁ e N, 77,5 eENY & ve I\IN’, and i€ N as above.
If we now consider the term

| @+IBI+I71+51+El+17] 3
+Ab
< K| *"77,

andﬁﬁs)7 tgcézf//\ﬂ q)ﬁ'j (ny T’y S, t} h+ (T]y T’r S, — t)r h+ (T]) T” S, — t)r g+ (T’yny S, — t))

olal+1Bl+lyl+1dl _ _ ~ _
WCDZ[ (T’,T], S, t; h+ (n;n) S, _t)) h+ (n;n) A\ _t))g+ (T])n} S, _t)) )

then by the chain rule, we can write it as a sum of M € N terms (where M is a combinatorial constant
involving the multiindeces «, ,7,6) each of which is a product of a derivative of the form

9| @I+IBI+17I+181+El+17]

q)z (T’) f]! S, tr h+ (T’) f]’ S, _t)y h+ (T’) f]) A\ _t)y g+(n)f’) S, _t))

6175‘1‘7557 tSZEZVAﬂ

with at most A factors of derivatives of the form

9l @+1BI+171+18] 9l @+1BI+171+13] g|@+1BI+171+16]

W}h(n»ﬁ, $,—1), Wh+(77»7_7» s, —1), W&(n,ﬁ’ s, —1).
Using this observation together with (3.12) and (3.13) we see that for £ =1,..., N/,

olal+1Bl+lyl+1d]
H Wq’zl (77»7_7: S, he (0,7, 8,—0), he (0, 1), 5, — 1), 8+ (0, ), 5, —t)) H

(3.14) < MR £ eAb (#)A

< MKCA| |4,

and thus, holds for dDZ. As the same argument applies to 4 i j=1,...,d, we get that h_ lies in
2 (H-) as claimed. The final conclusion follows by applying Theorem 0
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4. NUMERICAL INVARIANTS FOR A CR MAP AND ASSOCIATED OPEN SUBSETS DECOMPOSITION

4.1. Admissible rings of functions, numerical invariants and some basic properties. Here we intro-
duce a new sequence of invariants attached to a CR map that relates to its smoothness properties. If
X is areal manifold, xp € X and ¢ € Z, U {00}, we denote by ¢! (X, xy) the ring of germs of ¢*-smooth
functions at xy and by ¢! (X) the ring of ¢*-functions over X.

In this section we assume that M < CV is a ¥*°-smooth generic submanifold of CR dimension
n,and h: M — (IZI,X/ is a continuous CR map. We denote by CééCR(M, p), £ € Z, U {oo}, the ring of
germs of €*-smooth CR functions at a point p € M. For a given v € €' (M, p), we denote by Ly =
(L1v,...,Lyw) where Ly,..., L, is a given choice of a basis of ¢*°-smooth CR vector fields near p. The
reader should note that, wherever we use this notation in what follows, the conditions involved will
not depend on the choice of the basis of CR vector fields.

It will be convenient to introduce the following:

Definition 4.1. Let M and h be as above, p€ Z,, p e M, and j be an integer satisfying 0 < j < p. In
what follows, we assume that h is €#~/-smooth. .

a) We denote by dé’” the set of all pairs (g, R) with g = (g1,...,8%) € (%g;] (M, p))* for some integer k
and R(z, z, w, 0, A) € €°(M xCN' xC¥, (p, h(p), g(p))), which have the property that R is holomorphic
in A and which satisfy

R(6.&1,8, 1 8,8€,D) =0

for ¢ € M near p.

b) We denote by 9{;‘“ the subring of €#~/ (M, p) consisting of those functions ¥ that may written in
the form

v(&,H=R(&ERED ME,gE,0)

for ¢ € M near p where g = (g1,...,8%) € (%ét];j(M, p))k for some integer k, and R(z,z, w,w, ) €
€>°(M x CN' x ¥, (p, h(p), g(p))) is holomorphicin A.
¢) For (g, R) € o7, *, we define the following element of (%)

Rt = Ru (6,80 8,1, 8,0
= (Run (6.8 1O, ME D, EED) ) oo Ruy (6.61E 8, 1E D, 5E.D)).

for { € M near p.

Remark 4.2. Note that ify € g,],"“ then there is a neighbhorhood of p in M such that for any z in that
neighborhood, (the germ at z of) w € F}'*.

We note that for any p € M, the space
2" (M, p) = {Ru(p, B, h(p, ), hp, ), 80, P) ) (&, B € st} < €'

is a vector space. We define, for p € M and any integer 0 < j < u:
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(4.1) y}.“(M, p) :=dim¢ @j.‘(M, p)
For every p € M and each p€ Z., we have
Dy (M, p) <D} (M, p) < --- <D}y (M, p),

and hence
Sy M, p) < LM, p)<...< S (M, p).

Remark 4.3. We note that even though 5”].” (M, p) was defined using specific coordinates in CN it is
not hard to see that y}_’"‘ (M, p) is actually independent of the specific choice of (local) holomorphic
coordinates in CN' near h( p). The same is true for the numbers r;(p) defined by (2.2).

We do need to be careful as the sequence y}f‘ (M, p) might be strictly increasing up to a certain j,
then stabilize, and then can start to strictly increase again. Stabilization, however, is crucial for what
follows.

For p € M, we set

. L , .
@2 Vit=(2t o p)) ={vecY :V-Ru(p,p h(p, p) h(p, p), g (P, ) = 0, V(g R e 4"}
Since @j.l (M, p) is increasing in j, we have that

Vit cvi e eVt and dim V)Y = N - (M, p).

In the following remark, we define the “holomorphic” derivatives of elements of Pig’“ .

Remark 4.4. Letpe 7., p e M, and j be an integer satisfying0 < j < .
(i) Forye 9;’” and V € \/;,’”, one can defineV -y, (at p) in a unique way.
Indeed, Ify € F,* can be written in two different ways, using (8", R") and (g%, R%), so that

YD =R (8500, hE D, g€ D) = B (§,6,h&,0, 1, D), 82,0

for é € M near p, where each g' € (%g};j(M, p)ki for some integer ki, and R' € € (M x CV' x

CX,, (p, h(p), g% (p))) is holomorphic in its last argument, i = 1,2, then we have for g = (g', g%
and R defined by

R(&E w,w, A1, A2) =R (§,&, w, w0, A1) — R* ((,E, w, 0, A,)

that (R, g) € dg’”. Then for everyV € \/{,’”, we haveV - R,, = 0 and so
(4.3) V-RL=V-R} (atp).
It follows that for every V € VIH  the natural definition

(4.4) V-y,:=V-R., (atp)
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is well defined, since shows that the right hand side of is independent of a particular
choice of representative (g', R") forv.

(i) Forany polynomial P(t,1) =¥, P%F1*iP ¢ 97,5’“[1?, 7, teC", and any V e VI*, we define
VP (1,5 := Y (V-PEPy 3P,
a,p
which is well defined by (i).
Lemma 4.5. Let M c CN be a €°°-smooth generic minimal submanifold, of CR dimension n, and

p € M. Let u, j be integers satisfying0 < j <y and leth: M — cN' bea CR map of class €*~1. Let K be
a €*°-smooth CR vector field on M defined near p.

(i) Lety € 3@{’” and assume that both y and K are defined on a neighbhorhood U, of p. Then
Ky e 9;“’“, and for every z € Uy, (the germ at z) of Ky belongs to gfl'”. Furthermore, if

V: U, — CN isa CR map of class €' and satisfies V (z) € VIPYE forz e Uy, then V - (Ky),, is
defined all over U, and one has

V-(Ry)w = I%(V-u/w), on U,
(i) Let(g,R) € ot I Then there exists (8K, RK) e o} T*Vl such that KRy, = RK.

In applications of Lemma the place of K will be taken up by entries of a local basis Ly,...,L, of
CR vector fields on M near p. In order to simplify notation, we will in that case write R/ =: R/.
Proof. Lety € 9,5'“ . By definition there exist g € (%g;j (M, p)* for some integer k and R € €°°(M x
V' x ck ( p, h(p), g(p))), holomorphic in its last argument (denoted by A in what follows) such that

w(z, %) =R (z, z,h(z,2), 1z 2), 22, 2)), z€ M near p.
Hence for for z € M near p,
(Ky)(2,2) = Rz(2,Z, h(2,2), h(2,2),§(2,2)) - K(2) + Ry (2,2, h(2, 2), h(2, 2), §(2, 2)) - (Kh) (2, 2)
+Ra(2,2,h(z,2), h(z,2),8(2,2) - (K§)(2,2).

Since g and & are CR maps of class €7/, their components all extend holomorphically to a (com-
mon) wedge of edge M at p by Tumanov’s theorem [T90] and the extensions are of class €#~/ up to

the edge (on any strictly finer wedge), see e.g. [R86, BER99|. Keeping the same notation for the maps
g, h and for their extension on some appropriate finer wedge, we then may write

Kg= Za](zz) (z,z), Kh= Za](zz) h(zz)
Zj

for z € M near p, where the a; are € functions defined on Uj,. Using the notation g = (g—i, oo %)
and similarly for &, we can therefore write

(R)(z,2) = (z z,h(z,2), 1z 2), 2z, 2), 0N (2, 2), 08) (2, z))



20 BERNHARD LAMEL AND NORDINE MIR

with R € € (Mx CN' x Ck+NN'+kN (p, h(p),g(p),ah(p),dg(p))), and holomorphic in its last three

arguments. Hence Ly € gfl’” , and as observed in Remark for z € Up, the germ at z of Ly belongs
to FJZ] L

Next, suppose that we are given a neighborhood U, of p in M, as in Lemma and Uy 3 z—
V(z) e \/ﬁ“’“ of class ¢! and CR. Then we have on U,

V-(Ky)y=V-Kwy) =KWV -py),

since V is CR. This completes the proof of part (i) of the lemma. Part (ii) can be proven as well by
using the same type of arguments as in (i). The proof of the lemma is therefore complete. U

4.2. Open subset decomposition associated to the numerical invariants. For k,/ € N, ¢ < N’ and
veNwithk<v<N —-¢+k-1,wedefine

in = {ze M: yjN"“k(M,é) = ;SﬂjN"“k(M,z) forénearz, k<j<v+1, and
(4'5) ' ! ! !
0=V M ) <. <IN R M, 2) = SN TR, 2},

v

QZ

N 04k = {zeM:gﬁjN"“k(M,(f) :5ﬂjN"’+k(M,z) forénearz, k< j<N' -¢+k, and

(4.6) : :
(<IN M) <. < PN HEM, 2) = N}

We also define, for k,/eN, k<v<N —-¢+k,and¢/<m< N/,

(4.7) ﬁi? = {z € Qi,v L PN R (M, 2) = m}
Note that by construction, for each k, £ € N with £ < N’ and every v with k <v < N’ — ¢ + k we have
N
(4.8 U oiv =g,
m=/{

and that each ﬁi'vn is open in Qi , and also open in M. Let us finally note that the definition (4.6)
implies that

(4.9) ﬁé%’—ﬂk =@, form<N'.

5. RELATING THE SMOOTHNESS OF A CR MAP TO THE OPEN SUBSET DECOMPOSITION

For M and h as in we denote by M;° the open subset of M consisting of those points p € M such
that h is €°°-smooth in a neighborhood of p. The relevance of the introduction of the open subsets
ﬁi;" in to the study of the smoothness properties of the map % and the CR geometry of h(M) is
explained by our next two results.

Proposition 5.1. Let M c CV be a € -smooth generic minimal submanifold, and h: M — CV "bea
CR map of class €*. Let 0,k e Nwith¢ < N', k <v < N'—{ +k, and let the sets Qi , be defined as above.

! ~ !
Then UN_ “** Qi’]j < Mje.
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Proof. Let z € Ujvvzljchkﬁi’yl. Hence there is k < v < N’ — ¢ + k such that yVN"€+k(M, z) = N'. Hence
we can find (g,RY),...,(g,RN) € &{ZV’N’_“’C such that for £ € M near z

RI(@,E & O, h(E,E,gEH=0,j=1,...,N,

and

RK{R},(z,%,h(z,2),h(z,2),8(z,2),1< j<N'}=N".
Since M is minimal, all components of & and g extend holomorphically to a common wedge of edge
M at z by Tumanov’s theorem [T90]. Observing that h is of class €' and g of class ¢N'-l+k=v and

hence at least continuous, we may apply Theorem [3.1]to conclude that h is €°°-smooth in a neigh-
borhood of z. The proof of Proposition|5.1|is complete. 0

Proposition 5.2. Let M c CN be a €°°-smooth generic minimal submanifold and h: M — CN "beaCR
map of class €. Let k,¢,m,veN withk<v<N'—C¢+k-1and ¢ <m< N'. If h is of class €N (kv
on ﬁz’f, then for every p € ﬁi’y?, there exists a neighborhood U, of p in ﬁi";", and for every & € Up,
an (N' — m)-dimensional formal holomorphic submanifold T': through h(¢) that is tangent to h(M)
to infinite order at h(S). Furthermore, the family of formal holomorphic submanifolds (I'¢)¢eu, can be

parametrized in such a way that the dependence on ¢ € Uy, is CR and of class € N'=ltk=v

The proof of Proposition [5.2]is more involved than that of the previous proposition and is mainly
inspired by some arguments originating from our previous work on convergence of formal maps
ILM17b].

Throughout the rest of §5| we fix k, ¢, m,veNwithk<v<N'-¢+k-1and ¢ <m< N

r_
1Z/,N l(+k — N/

For z € Qizn , we have by definition dimV — m. However, locally around any point

pE ﬁiT we can actually give a basis of vectors spanning \/Z’N ~*k for z close to p which depend on
z in a CR manner. The next proposition gives an exact statement.

Proposition 5.3. Under the assumptions of Proposition for every p € Qi’,’v”, there exists a neigh-
borhood W), Qi’,zq of p and CR maps VI: W, — CN of class €~ ~*%=7, j = 1,...,N' = m, whose
components belong to 9;,1\7 _“k, such that {Vi(z),..., VN,_[(Z)} forms a basis of\/;’N —l+k for every
z€ Wp.

For the proof of Proposition 5.3} we shall need the following lemma.

Lemma 5.4. Let M c CN be a ‘6™ -smooth generic submanifold of CR dimension n, p € M, and Rp be
a subring of € (M, p), for someT € Z, satisfying the following condition: for everyy € &, if y(p) # 0
then 1/y € Rp. Let N' 21,1 <8 < N, and A',..., A° be germs of p of CN'-valued mappings with
components in ® . Assume that:
(i) The rank of the N' x § matrix A:= (Al,..., A% isequal to 5 at p;
(ii) For any smooth CR vector field L of M near p, the rank of the N' x 28 matrix (A, LA) is constantly
equal to 6 in a neighborhood of p.
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Then there exist N' — & germs at p of CN "_valued mappings, with components in Z, N6/, (M, p), de-
noted by V%,..., VN0 such thatfor1< j<N'-6 and1 <y <6, we have

N
j — JAY _ .
(5.1) VJ-AY._ZiVl. Al=0 in R,
1=
and such that V1 (p, p),..., Vn—5(p, p) are linearly independent.

The proof of Lemmal5.4]can be obtained by elementary linear algebra by following e.g. the steps of
[LM17a, Lemma 4.5] and will therefore be left to the reader.

ProofofProposition Letpe Qi:/" We may choose (g,Rl), ...,(g R e d;'N,_“k such that

(5.2) RK(RY, (p, p, h(p, p), h(p, p),g(p, ), 1< j < m}=m
We shall apply Lemma to the subring 2, := FJFZ'NL“'C of GN'=C+k=V (M, p) and to

Al(z,2):=Rl(2,2,h(z,2), 1z 2),8(2,2), 1<j<m.

One can check that for every v € 9;'1\],_“’6 withy(p) #0,1/y € QS'N,_“’C. Furthermore, shows
that condition (i) in Lemmal5.4]is already satisfied.

In order to apply Lemma 5.4} we now check that condition (ii) is also satisfied. For this, choose a
basis L;, 1 < r < n, of €*-smooth CR vector fields for M near p. Then by Lemma“ (i), for every

1<j<m,1<r < n, there exists (g/", RI") € of) *"V'~**¥ such that I, A/ = R),". Hence for all j,r

. i ir D, . v+1,N' =l+k @ AC,m
as above, we have a collection (g, R’) and (g/" ,R.f " .all belonging to </, . Since p € Qk,v ,
the rank of the family of vectors in CV ' given by R}, R}, for j,r as above is constant and equal to m

in a neighborhood of p. Since this latter rank coincides with that of the family of vectors A/, L, A/,
1< j<m,1<r < n, the claim is proved. To conclude, we now just have to apply Lemma re-

call that dim V)" =0k = N’ — m for all z € M near p and note that for z in some sufficiently small
neighborhood of p in M, we have

VN lrk {VECN V-Rl(z2,% h(z,2),h(z2),8(z2)=0, j=1,.. é}
The proof of Proposition5.3|is complete now. O

In order to prove Proposition[5.2} we shall now follow and adapt the approach developed in [LM17b].
We first make the following simple useful observation which follows from our previous construction.

Lemma 5.5. Under the assumptions ofProposztzon foreveryp e QZ " Jer (VY,...,VN ™) and Wy
be the basis and the neighbourhood constructed in the proof of Proposztzonﬂ 5.3l T hen foreveryze Wy,

we have VN =k = WYTUN'=Ck pihermore, for every & € Wy, for j =1,...,N' — m, and for every
(g, R € VQ{;“’NL“k defined on a neighborhood U; = W), of €, we have

VI(2)-Ry(2,2,h(z2,2),h(z,2),8(2,2) =0, z€U.

We can now state and prove the last step towards the completion of the proof of Proposition
This next result can be thought of as a (¢°°-)smooth version of [LM17b, Theorem 4.1].
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Proposition 5.6. Let M c CN be a ‘6™ -smooth generic minimal submanifold and h: M — CN "beaCR
map ofclasscél. Letk,¢,m,veNwithk<v<N -¢+k—-1and ¢ <m< N'. Assume that h is of class

GN'-l+k=v op ﬁig’ and for every p € ﬁi’f, letV = (V1,..., V?V"’") and W, be given by Proposition
Fort = (t1,...,tx1—m) €CN ™" we set t-V := Zﬁf’" t;V*. For every d € Z.., define a family of
homogeneous polynomial maps of degree d in (g;,zv itk ()N inductively by setting

1
(5.3) D'(ty:=t-v, D™ (:=——-¥)-Dir), d=1.

d+1
Inaddition set D(1) := Y D (1) € (Fy™ " )N and write D(t) = ¥ yn1-m dat®. Then, shrinking
W, if necessary, the following holds:

(@) foreacha e NN'=™ . is well defined on Wy, and is of class €N~V and CR on Wp.

(b) foreverySe Wy, t— D(E; 1) := h(§) + X ,cnn'-m Aa(§) 1 defines an (N’ — m)-dimensional formal
holomorphic submanifold through h(S), denoted by I'c.

(c) forevery¢ e Wy, I¢ is tangent to h(M) to infinite order at h(¢).

Proof of Proposition[s.6l a) The fact that all the dg’s, for a € NN =" are well defined and of class
@N'—l+k=v gn W, follows from the fact that the Vi's belong to EZ’N,_“’C, are well defined on W),
and from the construction given in (5.3). It remains to check that the d,’s are CR over W),. Choose a
basis of €°°-smooth CR vector fields Ly, s = 1,..., n, for M defined all over W),. We show by induction
on d that I:s(Dd(t)) =0,s=1,...,n, where we consider D%(¢) as a polynomial map with coefficients
in €' (W,).

Ford =1, in view of and Proposition D'(1) is polynomial map with coefficients that are CR
over W),. Assume now that D%(¢) has all its coefficients CR over W),. This means that for s = 1,...,n,
Ly(D%(1)) = 0 over W), By Lemma (i), Ls(D%(#)) is a homogeneous polynomial in ¢ with coeffi-
cients in 9;“']\’,_“’6 and defined all over W,,. Furthermore, since VYN R S YA LN =l R g 2 € W,
(see Lemma , we have, for every ¢ € CN,_’", a CR map of class €1 given by W, 3 z— t-7(z) €

VI =0k Hence, using again Lemmald.5| (i), we get
Ly(@+ 0D (1) = Lytt-9)- Diy (1) = (1) - (LD (1) 0n W)

Since Ls(D*(1)) = 0 over W), we have (¢-7) - (LsD%(1)),, = 0 and hence Ly(D/*! (1)) =0 for s=1,...,n
which completes the proof of (a).
Regarding part (b), we use the fact that the vectors V!(&),..., V¥ "=m (&) are of rank N’ — m at every

¢ € Wy, shrinking W), if necessary, by Proposition Hence
vie) ... vV
—_— ,O = .
Y (€,0) . VN’—.m

@) Ve TTHE)

is of maximal rank N' — m for £ € W,.
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We prove part (c) by showing that for every { € W), and for every germ p: €V, h(&)) — R of a €>°-
smooth function that vanishes on k(M) near h(¢) the identity

p (1 + D& 0, W@+ DE D) ~0

holds in the ring of formal power series R[¢, 7]. In the previous statement, we have identified p with
its formal power series expansion at /(). From now on we fix ¢ € W), and p as above. We also assume
that p is defined on some neigbhorhood X of 2(¢) in CV' and that V; is an open neighborhood of ¢
(in M) such that h(V;) € X¢ and Ve € W),

We need the following lemma, analogous to [LM17b, Lemma 4.2], whose proof will therefore be
omitted.

Lemma5.7. Let{ € W), p, Ve and D be as above. For z € V, write the formal power series expansion

SE— 1
(5.4) ;%mm+meLMm+D@wﬂ~ >

a,bez, "

R%Y(z:t, 1) e R[t, 7]

where each R*" is homogeneous of degree a in t and of degree b in t. Then for any a,b € Z ., there exists
a universal polynomial U,  in all its arguments such that

(5.5) Rz t,0) = Uap | (0 wp o (M), h(2))p1ar (8! D° (23 ) s<a, (1 D7 (25 1)) r<py

|6|<b

Furthermore, for a,b € Z., writing % 4 » = 2 a,p((Ag,5)\p1<a»S1,+-»Sar T1, ..., Tp), A5 €C, S;, Tj € cV,
|8|<b

and R*VP for R“VP(z; 1, 1), we have

(5.6)

a

0%, S -
RATLD = Y (+1)! asa’b [(Pwﬁwﬁ(h(z)yh(z)))|ﬁ|sa; (s!D*(2; 1)) s<a, (r'D" (2; 1) r<p

i=1 i |61<b

(0 wb o (h(2), h(2))p1=a> (8! D¥(2; 1)) s=a, (1! D' (2; f))rsb] D' (z0)- (pwmu(h(Z), h(Z)))w
|6l<b

In view of Lemma 5.7} we may now complete the proof of Proposition [5.6| (c) by showing that for
¢ € Wy, p as above, and for every z € Vg, R%P(z: ¢, 1) = 0 for every a,b € Z, by inductionone:=b+a
and hence in particular at z = ¢. First observe that R%?(z; ¢, ) = p(h(z), h(z)) and hence is identically
zero for z € V;. Let e € Z,. and suppose that R*P(z;t,f)=0for z € Ve and a + b < e. We are going to
show that R4V (z; ¢, 1) = R%Y+1(z;1,f) =0forz € Veand a+b < e. By Lemmawe havefora+b<e
and ze V¢

(5.7) R (20,8) = Uayp | (0w v (1(2), h(2)) pr<ar (8! D* (2 D)<y (' D (25 D) p<p | =0,

lvl<b

Since for every integer d, D%(z; 1) is polynomial in ¢ with coefficients that are at the same time CR and

belong to & g N'=b+k (cf. Proposition (a) proved above), we may see (5.7) as a polynomial identity



%°° REGULARITY OF CR MAPS OF POSITIVE CODIMENSION 25
- . . . r_ .
in (t, t), with coefficients in & g N =04k Hence it follows from Lemmathat

(5.8) D'(z;0)-R&Y(z;6,H) = (t- 7 (2) -R%P(z;,H) =0, z€e V..

But in view of (5.7), we have that for z € V; the left-hand side £ of (5.8) satisfies
(5.9)

L= Zz'

[(Pwﬁwé(h(z) 1(2)) pi=a (! D*(2; D) s=a, (1! D7 (2;0) r<p | - D' (25 8)- D, (23 1)

161<b

ry

0 (pwﬁw5(h(z) h(z)))|ﬁ|<a’ (s!D*(2; 1)) s=a, (r' D" (2; t))r<b] D' (z; 1) (pwywﬂ(h(z) h(Z)))
AYP

H<
—Z(Hl)' aS (Pwﬁwé(h(z),h(z)))mlsa»(S!DS(Z;t))ssa»(r!Dr(Z;t))rsb Dz
i |18|<b

+ Z
lyl=a
lul<b

aAY p

(Pwp 6 (1(2), 1(2D) pi=a (51 D° (2 D) sza (11 DT (z; t))r<b] D'(z 1) (puran(h(2), ()
181<b v

In the last equality, we have used the definition given in (5.3). Now in view of Lemma the last
quantity we found for £ in (5.9) happens to coincide with R/ +Lk(z. ¢ 7). Hence R/*VK(z; 1, ) = 0 for

z€ Vg and j +k < e. Furthermore, since p is real-valued, we have R¥+Lj(z;t, ) = RV"**1(z;, t, 7). Hence
the induction step is complete, which finishes the proof of Proposition|5.6| (c). ([l

6. DENSITY AND ELEMENTARY RANK PROPERTIES

Let us now again consider a €*°-smooth CR submanifold M < C" and a fixed subset M’ c CV B
Recall that we defined fora CRmap h: M — CV "of class at least €™ and every 0 < k < m the following

quantities in 2.1)—(2.2):

ri(p) := dime span{ Li...Lipw(h(p), h(p): p € Fnopy(h(p)), Ly,...,Lj € Tp(M),0< j < k}
ri:=max{e€ Z, : ri(p) = e for p on some dense subset of M}.

If h(M) € M’, we may also define:

rear(p) = dime span{ Li...Lipw(h(p), i(p)) : p € Fyp (h(p)), L., L € Tp(M), 0 j <k},
Tk, i=max{e€ Z, : i,y (p) = e for p on some dense subset of M} .
In what follows, we will use the following obvious fact: when h(M) < M’, for every p € M, ri(p) =
e, (p) and hence ri = i pp.

The goal of this section is to discuss some elementary bounds on these integers ry when one puts
various geometric properties on the pair (M, h(M)). The first bound involves ry.
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Lemma6.1. Let M c CV be a €°°-smooth CR submanifold and h: M — CV' be a continuous CR map.
If there exists a € -smooth CR submanifold M' c CN' such that h(M) € M' then ry = N' — n' where
n' =dimcg M'. In particular, if M’ is maximally real, thenro = N'.

Proof. Pick p € M. Then by [BER99, Theorem 1.8.1], there exist holomorphic coordinates (y, ({,7)) €
" x CN'-"'-d" « ¢4’ pear h(p), vanishing at h(p), such that M’ is given by the zero set of ¢*°-smooth
functions of the form:

(6.1) (=0(,1,%7), InT=0(y, ¥,ReT).

Here 0 and @ are defined and €°°-smooth near the origin in c”+d" and C" x IRd,, 0(0) =0, ®(0) =
d®(0) = 0 and 6 being CR on the generic submanifold M = {(x,7) :Im 7 = O(y, y,Re1)} c”+d In
the same vein as what mentioned in Remark the integers r M j €N, are independent of the
choice of holomorphic coordinates in CN'. We therefore use w = (x,¢, 1) as coordinates near h(p) and
the smooth defining functions p = (p1,...,PN'—n) to see that p,, has rank at least N’ — n’. Since
pj€ I (hp), j=1,...,N'=n/,wehave ro \y(p) = N'—n' forevery pe M and hence ro = N'—n'. [

The next result provides a bound for ry.

Lemma 6.2. Let M < CN be a 6€*°-smooth CR submanifold and h: M — CN bea CR map of class €1
Suppose that there exists a € -smooth Levi-nondegenerate submanifold M’ < CN " such that h(M) <
M'. If h is immersive (on a dense open subset of M), then r; = N' — n' + n where n = dimcg M, n' =
dimCR M.

The content of this Lemma is a well-known fact that can be found in other variants in the existing
literature (see e.g. [M17]). We give a self-contained proof of the statement we need here.

Proof. Pickapoint p € M where h is immersive. We will use a defining function of M’ as in the proof of
Lemmal6.1} where we can (because of the assumption of Levi-nondegeneracy) achieve the additional
property that if we write ® = (@1, ..., @d,), then the matrices

R e
have no common kernel when evaluated at 0, and also assuming that @, vanishes at 0. Denote the
components of & in the (y,(, 7)-variables by i = (f, F, g). When we compute ry ;, we have in partic-
ular amongst the p,,(0) with p € %, (0) the vectors

J J - /
(CDX(O),O,O,...,(ZZ, —ECI)RGT(O)),...,O), o,o,...,1,...,0,...,0), j=1,...,d".

Since the last N’ — n’ slots in these give rise to linearly independent vectors in N as already noted
in the computation for (i), we just need to consider the DD;C (f, f,Re g) for all CR vector fields L on M.

Choose a basis L1, ..., L, of the CR vector fields on M near p. Since h is immersive, L, f,..., L, f, is of
rank 7 at p. We claim that the vectors

- - - -1 -
k k k _ .
L;j®y(f,f,Re g :(I)X,)-CLjf+§<I)X,Sng, j=1,...,n, k=1,....d
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have rank at least n when evaluated at p. Since we have normalized ® so that ®, (f, f,Re g)| p=0,it
is enough to check that the

k s 7
o Lif, =10 k=1,...,d

are of rank at least n at p. We decompose y = (y!, ¥?) € C" x C"'~" and correspondingly f = (f!, %) €
C" x C”,_”, and write the matrix

(2L BL o ) ()

After a complex linear change of coordinates in the y, we may assume that Lf?(p, p) =0, and Lf! =
I xn is the identity matrix. When we now consider

k 77 _(mk TR Lak 772
Cyilf = (q)x,iclLf TPy elf )
and evaluate at p, we obtain
5 L (f(p, D), F(p. D), Re g(p, PILF(p, p) = ®F . (F(p, P), F(p, ), Re g(p, P)).

We note that the vectors

1 1 1 ol .
xux q)XlJ_CZ cDXlJZn X1 Xn!
1 B 1 B q)l B 1 B
thll Xn"xz thXn Xn"%n’
2 B q)Z ) CD2 ) 2 B
X1X1 X1X2 X1Xn XLXn!
CI)2 ) q)Z B q)Z B 2 )
U =|"xwta |, U= "k, ... U= "xwinl,...., Uy = q))(n/,xn/
da da da q)d’
xux x1.x2 X1 Xn XX n
d’. d’. d’. d"
thil Xn’vXZ Xn”in Xn”in’

are not only linearly independentin C"' ¥ Ifwe consider the space D ={w = wh,..., wd’) ec”d: wie

(IZ”,, wt=--=w ,} as a subspace ofC”,d' then{weD:w-U; =---=w- U, =0} = {0} since the ma-
trices <I)] 7 are hermitian and were assumed to have no common kernel (by Levi-nondegeneracy of
M. Therefore, for¢ <n/,dimc{weD: w- Ul =w-U; =0} < n' - ¢, and those vectors w’s which

annlhllate Uy,..., Uy, belong to an at at most n'— n- dimensional subspace of D. It follows that the rank
of the @j'h forj=1,...,d"and ¢ =1,...,nis atleast n at p. This proves that r; 5y (p) = N'—n' + n and
hence that r; = N’ — n’ + n as desired. O



28 BERNHARD LAMEL AND NORDINE MIR

For the statement of the next lemma, we need to define the following quantities for k € Z,:

r,]CVI(p) :=dim¢span{ L;...Ljp.(p,p): p € Im(p), Ly,...,Lj €T ,(M),0 < j <k},

M

(6.2)
ry :=max{e€Z,: r,]CVI(p) > e for p on some dense subset of M} .

Lemma6.3. Let M c CN be a €™ -smooth finitely nondegenerate CR submanifold of CR codimension d
andh: M — CN' bea CR map of class €. Suppose that there exists a smooth CR submanifold M’ < CN’
with h(M) c M', withdimcg M’ = n'. If h is of class €**! for some k € Z.,. and strictly noncharacteristic
atp, thenry(p) =N —n'—d + r,]CVI(p) > r]]CVI(p). In particular, if M is at most ¢ -finitely nondegenerate
for some ¢ < ky on an open dense subset of M and if h is of class €**' and strictly noncharacteristic
(on some open dense subset of M), then ry, = N.

Proof. We may replace M without loss of generality by a generic submanifold, so that we assume that
M c CN, where N =n+d and n = dimcg M.

Pick a point p € M where h is strictly noncharacteristic. As in the proof of Lemma we may
choose coordinates (y,{,7) such that M’ near h(p) is locally defined by (6.1), and as in the proof of
Lemma we write h = (f, F, g). Consider the generic manifold M < (C;(l' x C‘T’l’ defined by Im7 =

®(x, i, Ret); it is locally CR-diffeomorphic to M’. We write h = (f,g) and obtain a smooth map
h: M — N’ defined in a neighbourhood of p. Denoting, for j < k+1, f]-, i (p) the integers associ-

ated to the map fz, one easily checks that
(6.3) i (p) =N —n'=d' +#; g (p).
Note that since  is strictly noncharacteristic, and M’ and M’ are CR diffeomorphic, / is also strictly

noncharacteristic.
This means that the pullbacks 2*8" of the characteristic forms

6" =o(mt, - ®"(x, ¥, Re)lyy, v=1,..,d

span T°M (near p). After possibly reordering, we can assume that 72*07,..., 7*0% span.
We are next going to consider the generic submanifold M’ c C" x C%~4 x C% defined by

o', 1,7, 7) =Imt, - ®" (x, ¥, Re7) =0, v=1,...,d.

Of course, h can also be considered as a map into the (larger) manifold M' < C"+4 Hence we see
that fj,M,(p) > fj,M,(p) +d' —d, for 0 < j < k+ 1; taken together with (6.3), we see that

(6.4) rim(p) 2N —n'—d+7; g(p), j<k+1.

By construction, fz, viewed as a map from M into M, is also strictly noncharacteristic.
We are now going to check that 7 y/(p) = r,lcw (p) thereby finishing the proof of the Lemma. We

first extend each of the components 7 j of h (which are CR functions of class €**! by assumption)

. . oh; .
to €**1-functions on CV such that each of the derivatives a_z,{’ for 1 < ¢ < N, vanish to order k on M
near p. The equations

5(z,2) = p! (E(z),%) =0,..., 5%z 2) = p? (ﬁ(z),%) -0
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are then defining equations for M of class €**! (near p) since £ is strictly noncharacteristic at p. We
have that -

i - if(s, 7. \0h

pl@2) = ply (@), h@)| 3~(2.2) + Ok + 1),
where the O(k + 1)-term vanishes to order (at least) k on M. Therefore, an application of at most k CR
vector fields L1,...,L,, for some a < k, on M gives an expression of the form

L L9 = (L1 Loy (42, 752)) 222,20+ 62,72 a2

a-1 . _—
+Y Y Ly Liph (2,02 Ay i, (2,2 + O +1- @),

y=1 1=i1<.<iy<a

Taking all these equations together (for all possible choices of L1,...,L, and a < k), we infer that, as

claimed, 7. g (p) = r]]c” (p). Summing up everything we have proved so far, we get the desired result.
0J

We conclude this section by the following useful and elementary property of the open subsets con-
structed in

Proposition 6.4. Let M c CV be a €°°-smooth generic submanifold, h: M — cN' a continuous CR
map, and fix €,k € N such that0 < ¢ < N'. If the open subsetMé“ ={zeM: =?]CN"”’C(M, z) = 0} is dense
in M, then the open subset of M given by U]VV:’jf +k Qi’v is dense in M, where the open subsets Qi,v are
given by (4.5) and (4.6).

Proof. Since by assumption M § is dense in M, we only need to prove that U]VV:C[ +k (Qi LM }f) is dense

in M }f . For every v with k <v < N’ - ¢ + k, consider the open subset of M }f given by
M, :={ze ME: FN =k, 8) = FN 0K (M, 2) for & near z).

As each mapping M }f 3z—#N =0k (M, z) is integer valued and lower semi-continuous, each M, is
dense in M }f and hence so is their intersection ﬂlvvzljf *+k M,. We now observe that since for z € M ;f
¢ < SN -tk(M, z) < N’ for all v with k < v < N’ — £ + k, we have that

N'—-0+k N'—l+k

N Mc U (Qiyvr‘lMéc)
v=k v=k

which proves the proposition. UJ

7. PROOF OF THEOREMS[2.2]AND[I.1}, COROLLARIES[I.3}[2.3] [2.4][2.5],2.6|AND [2.9]

7.1. Proof of Theorem Since any smooth CR submanifold in CY is locally smoothly CR diffeo-
morphic to a generic submanifold in a lower dimensional complex space, see e.g. [BER99], we may
assume without loss of generality that M itself is generic in C"V. We first note that by definition, if
h is of class <€N,_“k, then for ¢ € M, we have ykN,_“k(M, ¢) = (&) since, by Lemma all of the

i ...ijg(h(z), h(z)) € @fg’N’_“k for L, ...,ij €l'¢(M) and p € .y (R(£)), 0 < j < k. Since we assume
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that r. = ¢, wehave that < r; < ykN"“k(M, ¢) for ¢ on some dense open subset of M. Hence the set
M }f < M from Propositionis actually dense, and we obtain from that Proposition and (4.8) that

N'—-¢+k N’

O := U UﬁiTcM
v=k m=0

is dense in M. If h is nowhere 6> on some nonempty subset M, of M, then by Proposition [5.1]and
(4.9), we have that

N-+k N1, N-f+k-l N1
(7.1) My, =M NG =M n Uk U[Qk’,zq = U U (Q mﬂMl)
v= m=

is. dense in M; and the conclusion of Theorem 2.2|follows now immediately from Proposition[5.2}

7.2. Proof of Theorem First note that since M is strongly pseudoconvex the integer r1 defined
in (6.2) must be equal to n + 1. Because both M and M’ are generic of codimension one in their
respective complex space, we can use Remark[2.8|to see that we may apply Lemma 6.3} which tells
us that r; = n+1 (because h is at least of class 6?). We can therefore apply Theorem [2.2|with k = 1
and ¢ = n+ 1 and get that there exists a dense open subset w of Q such that h(w) € &) < Epr. The
inclusion h(Q)) c &,y now follows from the closedness of the set &, (see [D’A82) D’A93]).

7.3. Proof of Corollary[1.3} Corollary[I.3]is a direct consequence of Theorem since in such a
situation, the set of strongly pseudoconvex points in M is open and dense in M and the mapping h is
automatically CR transversal at every point of M (see [BER99, Proposition 9.10.5] whose proof applies
in our setting as well).

7.4. Proof of Corollary[2.3, Corollary[2.3]is an immediate consequence of Theorem 2.2 with k = 0,
¢ =N'-n' and Lemmal6.1l

7.5. Proof of Corollary[2.4] Corollary2.4]is an immediate consequence of Theorem [2.2] wtih k =1,
¢=N'-n'+nand Lemmal6.2|

7.6. Proof of Corollary[2.5, Corollary[2.5)is a consequence of Theorem 2.2} Lemma [6.3]and the fol-
lowing result, whose proof can be obtained by adapting the arguments of [M17, Proposition 3.1].

Proposition 7.1. Let M < C""! and M’ c C"*! be (connected) € -smooth real hypersurfaces with
M strongly pseudoconvex and M’ Levi-nondegenerate of signature ¢', ' > n = 1. Assume that there
exists a point p € M and a germ at p of CR transversal map h: (M, p) — M’ of class €? satisfying the
following: there exists a neighborhood V.< M of p , and for every §{ € V, a smooth complex curve Y ¢
containing h(¢), depending in a €' manner on & € V, such that the order of contact of Y¢ with M’ at
h(&) is greater or equal to 3. Then necessarilyn<n'—¢' <n'.
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7.7. Proof of Corollary[2.6, Corollary[2.6)is a consequence of Theorem 2.2} Lemma [6.1]and the fol-
lowing result.

Proposition 7.2. Let M c CV be a €™ - smooth minimal CR submanifold and M' < CN " the tube over
the light cone given by [2.3). Assume that that there exists a point p € M and a germ at p of a continuous
CRmap h: (M, p) — M’ satisfying the following: there exists a neighborhood V < M of p, and for every
¢ € V, a smooth complex curve Y containing h(S), depending on a continuous and CR fashion on
¢ € V, such that the order of contact of Y with M’ at h(¢) is greater or equal to 3. Then there exists a

germ at p of a continuous CR function g and real constants a.j,n;, 1 < j < N' -1 with Zj.V:/Il a? =1,
such that for ¢ near p
h($) = (@18 +iny,...,an-18(S) +inn-1,8(E)).

The proof of Proposition[7.2] consists of following the steps of the proof of [LM17b} Proposition 6.6]
and [M17, Lemma 2.3] and using the well-known fact that a continuous real-valued CR function on a
smooth minimal CR submanifold of C" is necessarily constant. We leave the details to the reader.

7.8. Proof of Corollary[2.9) We apply Lemma|[6.3]in conjunction with Theorem [2.2] with k = o and
/=N.

ACKNOWLEDGMENTS

The authors are grateful to Makhlouf Derridj for numerous remarks and the referee for his com-
ments that helped improve the exposition of the paper.

REFERENCES

[BL80] S.Bell and E. Ligocka : A simplification and extension of Fefferman’s theorem on biholomorphic mappings, Invent.
Math., 57(3) (1980), 283-289.

[BER99] M.S. Baouendi; P. Ebenfelt; L.P. Rothschild : Real Submanifolds in Complex Space and Their Mappings. Princeton
Math. Series 47, Princeton Univ. Press, 1999.

[BCHO8] S. Berhanu; P. Cordaro; J. Hounie: An introduction to involutive structures. New Mathematical Monographs, 6.
Cambridge University Press, Cambridge, 2008.

[BX15] S. Berhanu; M. Xiao : On the C* version of the reflection principle for mappings between CR manifolds, Amer: J.
Math., 137(5), (2015), 1365-1400.

[BX17] S.Berhanu; M. Xiao : On the regularity of CR mappings between CR manifolds of hypersurface type, Trans. Amer.
Math. Soc., 369(9), (2017), 6073-6086.

[C96] M. Christ : Global C* irregularity of the 0-Neumann problem for worm domains, J. Amer. Math. Soc., 9(4), (1996),
1171-1185.

[C88] B. Coupet : Regularité de fonctions holomorphes sur des wedges. Canad. J. Math. 40(3), (1988), 532-545.

[D’A82] J.-P. D’Angelo : Real hypersurfaces, orders of contact, and applications, Ann. Math. 115 (1982), 615-637.

[D’A91] J.P. D’Angelo : Finite type and the intersection of real and complex subvarieties. Several complex variables and
complex geometry, Part 3 (Santa Cruz, CA, 1989), 103-117, Proc. Sympos. Pure Math. 52, Part 3, Amer. Math. Soc., Provi-
dence, RI, 1991.

[D’A93] J.-P. D’Angelo : Several Complex Variables and the Geometry of Real Hypersurfaces. Studies in Advanced Mathe-
matics, CRC press, Boca Raton, FL, 1993.

[Do90] A. Dor : Proper holomorphic maps between balls in one co-dimension. Ark. Mat. 28(1) (1990), 49-100.

[Fe74] C. Fefferman : The Bergman kernel and biholomorphic mappings of pseudoconvex domains, Invent. Math., 26
(1974), 1-65.



32 BERNHARD LAMEL AND NORDINE MIR

[Fo89] E Forstneric : Extending proper holomorphic mappings of positive codimension, Invent. math., 95, (1989), 31-62.

[Fo93] E Forstneric : Proper holomorphic mappings: a survey. Several complex variables (Stockholm, 1987/1988), 297-363,
Math. Notes 38, Princeton Univ. Press, Princeton, NJ, 1993.

[Ha90] M. Hakim : Applications holomorphes propres continues de domaines strictement pseudoconvexes de C" dans
la boule unité de C"*!. Duke Math. J. 60(1) (1990), 115-133.

[Hu94] X. Huang: Geometric Analysis in Several Complex Variables, Ph.D. Thesis, Washington University, St Louis (1994).

[Hu99] X. Huang: On a linearity problem of proper holomorphic mappings between balls in complex spaces of different
dimensions, J. Diff. Geom., 51(1), (1999), 13-33.

[HuO03] X. Huang : On a semi-rigidity property for holomorphic maps, Asian J. Math., 7(14), (2003), 463-492.

[KLX17] I. Kossovskiy, B. Lamel, M. Xiao : Regularity of CR mappings of codimension one into Levi-degenerate hypersur-
faces, Comm. Anal. Geom. (to appear).

[LO4] B.Lamel: A €*° regularity theorem for nondegenerate CR mappings, Monatsh. Math. 142, (2004), 315-326.

[LM17a] B.Lamel, N. Mir: Convergence of formal CR mappings into strongly pseudoconvex Cauchy-Riemann manifolds,
Invent. Math., 210(3), (2017), 963-985.

[LM17b] B.Lamel, N. Mir : Convergence and divergence of formal CR mappings (preprint 2017).

[M17] N. Mir : Holomorphic deformations of real-analytic CR maps and analytic regularity of CR mappings, J. Geom.
Anal., 27(3), (2017), 1920-1939.

[N71] L. Nirenberg : A proof of the Malgrange preparation theorem. Springer Lecture Notes in Math., vol. 192 (1971), pp.
97-105.

[NWY80] L. Nirenberg, S. M. Webster, and P. Yang : Local boundary regularity of holomorphic mappings, Comm. Pure
Appl. Math. 33(3), (1980), 305-338.

[R86] J.-P. Rosay : A propos de "wedges" et d’"edges" et de prolongements holomorphes, Trans. Amer. Math. Soc., 297(1),
(1986), 63-72.

[R88] G. R. Roberts : Smoothness of CR maps between certain finite type hypersurfaces in complex space. Ph.D. thesis,
Purdue University, 1988.

[S96] B. Stensones : Proper maps which are Lipschitz « up to the boundary, J. Geom. Anal. 6(2), (1996), 317-339.

[T90] A.E. Tumanov : Extension of CR-functions into a wedge. Mat. Sb. 181 (1990), no. 7, 951-964; translation in Math.
USSR-Sb. 70 (1991), no. 2, 385-398.

UNIVERSITAT WIEN, FAKULTAT FUR MATHEMATIK, OSKAR-MORGENSTERN-PLATZ 1, A-1090 WIEN, OSTERREICH
Email address: bernhard.lamel@univie.ac.at

TEXAS A&M UNIVERSITY AT QATAR, SCIENCE PROGRAM, PO B0x 23874, EDUCATION CITY, DOHA, QATAR
Email address: nordine .mirQqatar.tamu. edu



	1. Introduction and results for real hypersurfaces
	2. Statement of further results for CR manifolds of any codimension
	3. A smooth regularity result
	3.1. Smooth wedge coordinates
	3.2. Edge of the wedge theory
	3.3. 
	3.4. Proof of Theorem 3.1

	4. Numerical invariants for a CR map and associated open subsets decomposition
	4.1. Admissible rings of functions, numerical invariants and some basic properties
	4.2. Open subset decomposition associated to the numerical invariants

	5. Relating the smoothness of a CR map to the open subset decomposition
	6. Density and elementary rank properties 
	7. Proof of Theorems 2.2 and 1.1, Corollaries 1.3, 2.3, 2.4, 2.5, 2.6 and 2.9
	7.1. Proof of Theorem 2.2
	7.2. Proof of Theorem 1.1
	7.3. Proof of Corollary 1.3
	7.4. Proof of Corollary 2.3
	7.5. Proof of Corollary 2.4
	7.6. Proof of Corollary 2.5
	7.7. Proof of Corollary 2.6
	7.8. Proof of Corollary 2.9

	Acknowledgments
	References

