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Introduction

Let (M, h) denote a manifold of complex dimension n with a Hermitian
metric h, and let ψ be a smooth real-valued function on M. Consider the
Segal-Bargmann spaces

A2
(p,0)(M, h, e−ψ)

of holomorphic (p, 0)-forms u =
∑
|J|=p

′uJ dz
J such that∫

M
|u|2he−ψdvolh <∞.
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Here J = (j1, . . . , jp) are multiindices of length p and the summation is
taken over increasing indices; in holomorphic coordinates, the metric h has
the form hj k̄dz

j ⊗ dz k̄ , where [hj k̄ ] is a positive definite Hermitian matrix
with smooth coefficients; the volume element induced by the metric is
denoted by dvolh := det(hj l̄) dλ; the metric h induces a metric on tensors

of each degree, so for (1, 0)-forms u = ujdz
j and v = vjdz

j one has

〈u, v〉h = hj k̄ujvk̄ and |u|2h = 〈u, u〉h, where [hj k̄ ] is the transpose of the
inverse matrix of [hj k̄ ].
Under suitable conditions the complex derivative

∂u :=
∑
|J|=p

′
n∑

j=1

∂uJ
∂zj

dz j ∧ dzJ

is a densely defined, in general unbounded operator

∂ : A2
(p,0)(M, h, e−ψ) −→ A2

(p+1,0)(M, h, e−ψ), 0 ≤ p ≤ n − 1.
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In order to determine the adjoint operator

∂∗ : A2
(p+1,0)(M, h, e−ψ) −→ A2

(p,0)(M, h, e−ψ)

it is necessary to consider the nonvanishing Christoffel symbols for the
Chern connection in local coordinates z1, . . . , zn :

Γi
jk = hi l̄∂jhkl̄ , Γī

j̄ k̄
= Γi

jk .

For a general Hermitian metric, the torsion tensor T i
jk may be nontrivial; it

is defined by
T i
jk = Γi

jk − Γi
kj , T ī

j̄ k̄
= T i

jk ,

the torsion (1, 0)-form is then obtained by taking the trace:

τ = T i
jidz

j .

We use hj k̄ and its inverse hk̄ l to lower and raise indices. For example,
raising and lowering indices of the torsion, we have

Tq
pr := T ī

j̄ k̄
hqīh

pj̄hr k̄ .
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In particular, for a (0, 1) form w = wk̄ dz̄
k , raising indices gives the

“musical” operator ] acting on w and to produce an (1, 0) vector field
w ] := hkj̄wj̄ ∂k . Now, if (∂̄ψ− τ̄)] is a holomorphic vector field the adjoint

operator ∂∗ on dom(∂∗) ⊂ A2
(1,0)(M, h, e−ψ) can be expressed in the form

∂∗u = 〈u, ∂ψ − τ〉h.

If, in addition, the metric h is Kählerian one has τ = 0 and thus

∂∗u = hj k̄uj
∂ψ

∂z̄k
,

that means that the complex vector field

X := hj k̄
∂ψ

∂z̄k
∂

∂z j

is holomorphic. In this case, the gradient field gradhψ is a real
holomorphic vector field
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We consider the ∂-complex

A2(M, h, e−ψ)
∂−→
←−
∂∗

A2
(1,0)(M, h, e−ψ)

∂−→
←−
∂∗

A2
(2,0)(M, h, e−ψ),

and the corresponding complex Laplacian

�̃p = ∂∂∗ + ∂∗∂ : A2
(1,0)(M, h, e−ψ) −→ A2

(1,0)(M, h, e−ψ),

which, under suitable assumptions, will be a densely defined self-adjoint
operator.
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In order to describe the formula for ∂∗ on (2, 0)-forms we write

v =
1

2

∑
j ,k

vjkdz
j ∧ dzk =

∑
j<k

vjkdz
j ∧ dzk ,

where vjk = −vkj . Define an operator T ] : Λ2,0(M)→ Λ1,0(M) by

T ](v) =
1

2
Tp

rsvrsdz
p.

Then
∂∗v = Ph,ψ

(
−(ψj̄ − τj̄)vpqh

qj̄dzp + T ](v)
)
.

Here, Ph,ψ is the orthogonal projection from L2
(2,0)(M, h, e−ψ) onto

A2
(2,0)(M, h, e−ψ).

If h is Kähler and (∂̄ψ)] is holomorphic then

∂∗v = −ψj̄vpqh
qj̄dzp.
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Holomorphic torsion

Definition

Let h be a Hermitian metric on a complex manifold. We say that h has
holomorphic torsion if

∇l̄Tp
rs = 0,

where ∇ is the Chern connection.

h has holomorphic torsion if and only if the components of the torsion
Tp

rs (in any holomorphic coordinate frame) are holomorphic. Moreover, it
implies that τ̄ ] is a holomorphic (1, 0) vector field.

Let D∗p and ∂∗p be the Hilbert space adjoints of ∂ in the Lebesgue space

L2
(p+1,0)(M, h, e−ψ) and A2

(p+1,0)(M, h, e−ψ), respectively.

In summary, we have the following
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Theorem

Let (M, h) be a complete Hermitian manifold with weight e−ψ. Assume
that the torsion Tp

rs of the Chern connection is holomorphic. If (∂̄ψ)] is
holomorphic, then for η ∈ dom(D∗p), p > 0, that is holomorphic in an open
set U ⊂ M, D∗pη is also holomorphic in U. In particular, if ∂p is densely

defined in the Bergman space A2
(p,0)(M, h, e−ψ), then

D∗pη = ∂∗pη

for η ∈ dom(∂∗p).
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Example

Let M = Bn be the unit ball in Cn and let hj k̄ = (1− |z |2)−1δjk be a
conformally flat metric. By direct computations, we find that the torsion

Tq
pr = zpδrq − z rδpq

is nontrivial (unless n = 1) and holomorphic. Let ψ = α log(1− |z |2).
Then

(∂̄ψ)] = −α
n∑

j=1

zj
∂

∂z j

is a holomorphic vector field.
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Multiradial potential functions

We consider Kähler metrics on Cn with multi-radial potential functions

χ(z1, z2, . . . , zn) = χ̃(r1, r2, . . . , rn)

where rj = |zj |2, j = 1, . . . , n. For these metrics, we can determine
explicitly the multi-radial weight functions ψ such that (∂̄ψ)] is
holomorphic.
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Theorem

Let χ(z) = χ̃(|z1|2, . . . , |zn|2) be a multi-radial potential function for a
Kähler metric in Cn. If ψ(z) = ψ̃(|z1|2, . . . , |zn|2) is a multi-radial weight
function such that (∂̄ψ)] is holomorphic, then

(∂̄ψ)] =
n∑

j=1

Cjzj
∂

∂zj
,

where Ck ’s are real constant and

ψ̃ = C0 +
n∑

j=1

Cj rj
∂χ̃

∂rj
.
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For example, let χ̃ have the following form

χ̃(r1, r2, . . . , rn) = F1(r1) + F2(r2) + · · ·+ Fn(rn),

where rj = |zj |2, j = 1, . . . , n, with smooth real valued functions
Fj , j = 1, . . . , n. Then we have a diagonal matrix

hj k̄ = δjk(F ′j + rjF
′′
j ).

We have to suppose that all entries satisfy F ′j + rjF
′′
j > 0.

For this metric, we can always find a weight function ψ such that (∂̄ψ)] is
holomorphic. In fact, we can determine all such multi-radial weight
functions ψ.
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Theorem

Let h be a Kähler metric on Cn with a potential function

χ(z1, z2, . . . , zn) =
n∑

j=1

Fj(|zj |2).

If ψ(z1, . . . , zn) = ψ̃(|z1|2, . . . , |zn|2) is a multi-radial weight, then (∂̄ψ)] is
holomorphic if and only if

ψ(z1, . . . , zn) = C0 +
n∑

j=1

Cj |zj |2F ′j (|zj |2).

If this is the case, then we obtain the real holomorphic vector field

hj k̄
∂ψ

∂z̄k
∂

∂z j
=

n∑
j=1

Cjzj
∂

∂z j
.
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Next we consider a non-decoupled example on C2 with potential function

χ(z1, z2) =
1

4
|z1|4 + |z1|2|z2|2 + |z1|2 + |z2|2.

In the standard coordinates of C2, the metric is given by the matrix[
hj k̄

]
=

(
|z1|2 + |z2|2 + 1 z̄1z2

z1z̄2 |z1|2 + 1

)
,

with the determinant

δ = det
[
hj k̄

]
= |z1|4 + 2|z1|2 + |z2|2 + 1.

Let ψ(z1, z2) = |z1|4
2 + |z1|2|z2|2 + |z1|2.
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The corresponding Bergman space

A2
(0,0)(C2, h, e−ψ) =

{
f : C2 −→ C entire :

∫
C2

|f |2e−ψδ dλ <∞
}

has an orthogonal basis consisting of the functions

{zk1 z`2 : k ∈ N, k ≥ 2, ` ∈ Z, 0 ≤ ` ≤ k − 2}.

It follows that the operator ∂ is densely defined and we have for
u = u1 dz1 + u2 dz2 ∈ dom(∂∗)

∂∗u = z1u1.

Thus, the adjoint ∂∗ “forgets” the z2-variable, although the weight and
the metric both depend on z2. Let

v = v12 dz1 ∧ dz2 ∈ A2
(2,0)(C2, h, e−ψ).

Then, by the same computation as above, we get

∂∗v = Ph,ψ(−ψjv12h
2j)dz1 + Ph,ψ(−ψjv21h

1j)dz2 = z1v12 dz2.
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So we obtain for �̃ = ∂∗∂ + ∂∂∗ and u ∈ A2
(1,0)(C2, h, e−ψ)∩ dom(�̃) that

�̃u =

(
u1 + z1

∂u1

∂z1

)
dz1 + z1

∂u2

∂z1
dz2.

Theorem

The operator

�̃ : A2
(1,0)(C2, h, e−ψ) −→ A2

(1,0)(C2, h, e−ψ)

is densely defined and its spectrum consists of point eigenvalues with finite
multiplicities. Precisely, for k = 1, 2, . . . , the eigenvalues are λk = k + 1,
with multiplicity 2k − 1.
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Conformally Kähler metrics

Theorem

Let (M, h) be a Kähler manifold of dimension n > 2 and let g = φ−1h be
a conformally Kähler metric. Then the following are equivalent:

(i) g has holomorphic torsion,

(ii) (∂̄φ)] is holomorphic.

Theorem

Let M = Bn and let

gj k̄ =
δjk

1− |z |2

be a conformally flat metric on Bn. If ψ is a real-valued function on Bn

such that (∂̄ψ)] is holomorphic, then

ψ(z) = A + B log(1− |z |2)

for some real constants A and B.
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In the sequel, we consider U(n)-invariant Kähler metrics and radial
weights. Suppose that hj k̄ is a Kählerian metric induced by a radial

potential h(z) = h̃(|z |2), where h̃(r) is a real-valued function of a real
variable. Precisely, we have

hjk = ∂j∂k h̃(|z |2) = h̃′(|z |2) δjk + h̃′′(|z |2) z jzk . (1)

Thus, hj k̄ is a rank-one perturbation of a multiple of the identity matrix.

For hjk to be positive definite, we assume that h̃′(r) > 0 and

r h̃′′(r) + h̃′(r) > 0.
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Theorem

Let g be the conformally U(n)-invariant Kähler metric

gj k̄ = e σ̃(|z|2)∂j∂k̄ h̃(|z |2)

and ψ(z) = ψ̃(|z |2) be a real-valued radial weight function. The vector
field (∂̄ψ − τ̄)] and the torsion operator T ] are holmorphic if and only if

σ̃(r) = − log(C2r h̃
′(r) + C3)

and
ψ̃(r) = −C4 log(C2r h̃

′(r) + C3) + C5,

where C4 = n − 1− (C1/C2) and the constant C3 has to be chosen such
that C2r h̃

′(r) + C3 > 0. In this case we have for the vector field
(∂̄ψ − τ̄)] = C1

∑n
j=1 z

j∂j and for the torsion operator

T ](v) = −C2

n∑
q=1

zqvpqdz
p.
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