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Introduction

Let (M, h) denote a manifold of complex dimension n with a Hermitian
metric h, and let 1) be a smooth real-valued function on M. Consider the

Segal-Bargmann spaces
2 —
A(p,O)(Ma h,e T/’)

of holomorphic (p,0)-forms u=3", ,_, 'uy dz? such that

/ lul2e™¥dvoly, < co.
M
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Here J = (j1,...,Jp) are multiindices of length p and the summation is
taken over increasing indices; in holomorphic coordinates, the metric h has
the form hj,;dzj ® dz*, where [h 5] is a positive definite Hermitian matrix
with smooth coefficients, the volume element induced by the metric is
denoted by dvol, 1= det(h 7) d); the metric h induces a metric on tensors
of each degree, so for (1,0)-forms u = u;jdz) and v = v;dz’ one has
(u,v)p = Wkujvg and |ul? = (u, u)p, where [hfk] is the transpose of the
inverse matrix of [hz].

Under suitable conditions the complex derivative

n
ouy  :
_ / “HJ J J
= Z Z oz dzl N dz
MI=p Jj=1
is a densely defined, in general unbounded operator

d: A(p 0)(M, h, e ?) — A%p+170)(M, hye ), 0<p<n-1.
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In order to determine the adjoint operator
* ., A2 — 2 -
9" A(p+1,0)(M7 h, e ¢) — A(p,O)(Ma h, e ¢)

it is necessary to consider the nonvanishing Christoffel symbols for the
Chern connection in local coordinates zt,...,z":

i [ _ri

For a general Hermitian metric, the torsion tensor Tj’k may be nontrivial; it
is defined by
_]Ik = rJI'k - ;<j7 le = TJ’k,
the torsion (1,0)-form is then obtained by taking the trace:
T = TJ-’,-dzJ.

We use h; ik and its inverse h¥ to lower and raise indices. For example,
raising and lowering indices of the torsion, we have

Tof" = ThhghPih.
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In particular, for a (0,1) form w = wg dz*, raising indices gives the
“musical” operator f acting on w and to produce an (1,0) vector field
w? := hw; 9. Now, if (¢ — 7)* is a holomorphic vector field the adjoint

operator 0* on dom(9*) C A%l O)(M, h,e~%) can be expressed in the form

0" u=(u, 00 —T)p.

If, in addition, the metric h is Kahlerian one has 7 = 0 and thus

o

8*U = hijjﬁ,

that means that the complex vector field

ZO00 0
. wik
Xo= W sk oz

is holomorphic. In this case, the gradient field grad,i is a real
holomorphic vector field
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We consider the 0-complex

_ 0 _ 0 _
A2(M, h,e™%) :>A%170)(M, h,e~¥) :>A%270)(M, h,e™¥),

o* o*
and the corresponding complex Laplacian
Op = 00" + 0°0 : Ay g)(M, h,e™%) — A% (M, h,e™?),

which, under suitable assumptions, will be a densely defined self-adjoint
operator.
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In order to describe the formula for 9* on (2,0)-forms we write

1 . .
V=73 Z Vikdz! A dzF = Z vjkdz! A dz*,
Jk J<k
where vj = —vy;. Define an operator TH. A2 (M) — ALO(M) by

1
Tﬁ(v) =5 o VypsdzP.

Then
0"V = Phy (— (15— )Vpah¥dz? + TH(v))

Here Ph.y is the orthogonal projection from Lé 0)(I\/I, h,e~%) onto

(2 0)(M h, e~ ). i
If his Kahler and (0%)* is holomorphic then

J*v = —wfquhqjdzp.
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Holomorphic torsion

Definition

Let h be a Hermitian metric on a complex manifold. We say that h has
holomorphic torsion if
ViT,” =0,

where V is the Chern connection.

h has holomorphic torsion if and only if the components of the torsion
T,"™ (in any holomorphic coordinate frame) are holomorphic. Moreover, it
implies that 7 is a holomorphic (1,0) vector field.

Let D, and 0 be the Hilbert space adjoints of J in the Lebesgue space

L%erl 0)(M, h, e¥) and A%pﬂ 0)(M, h, e~ ), respectively.

In summary, we have the following
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Theorem

Let (M, h) be a complete Hermitian manifold with weight e¥. Assume
that the torsion T,™ of the Chern connection is holomorphic. If (0)* is
holomorphic, then for n € dom(D), p > 0, that is holomorphic in an open
set U C M, Djn is also holomorphic in U. In particular, if O, is densely

p
defined in the Bergman space A%p 0)(I\/I, h,e~%), then
Dyn = 0,n

for n € dom(0y).

Friedrich Haslinger and Duong Ngoc Son Real holomorphic vector fields Obergurgl, August 2020 Supported by t



Example

Let M = B" be the unit ball in C" and let h;z = (1 — 1z|>) 716 be a
conformally flat metric. By direct computations, we find that the torsion

pr _ _pSr __ rsp
Ty —26q z<5q

is nontrivial (unless n = 1) and holomorphic. Let 1) = a/log(1 — |z|?).
Then

_ n o
f_— _ L
(81/}) _ aj:ZIZJazj

is a holomorphic vector field.
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Multiradial potential functions

We consider Kahler metrics on C” with multi-radial potential functions

X(215227"',Zn) = X(rlar27’ ..,I’n)

where r; = |zj|2, j=1,...,n. For these metrics, we can determine
explicitly the multi-radial weight functions 9 such that (9i)* is
holomorphic.
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Theorem

Let x(z) = X(|1z1|?, ..., |zn|?) be a multi-radial potential function for a
Kahler metric in C". If (z) = (|z1|?, .. ., |za|?) is @ multi-radial weight

function such that (0v)* is holomorphic, then

_ n o
COEDY Gzig

_7
j=1 /

where Cy's are real constant and
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For example, let ¥ have the following form
)Z(rl, rn,..., r,,) = F1(r1) -+ F2(r2) + .-+ F,,(r,,),

where r; = |zj|?, j = 1,..., n, with smooth real valued functions
Fi,j=1,...,n. Then we have a diagonal matrix

by = 0L+ FD)
We have to suppose that all entries satisfy F/ + r;F/" > 0.

For this metric, we can always find a weight function 9 such that (9i)* is
holomorphic. In fact, we can determine all such multi-radial weight
functions .
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Let h be a Kahler metric on C" with a potential function

n

X(zl7227 DRI Zn) — Z FJ(’ZJ’z)

j=1
Ifp(z1,...,20) = 0(|z1]%, . .., |za|?) is @ multi-radial weight, then ()t is
holomorphic if and only if
Y(z1,...,20) = Co + Z GlzI?Fj(1zi)-
j=1

If this is the case, then we obtain the real holomorphic vector field

z O 0 4 9
k _E: .
i 0zk Oz _j:1 CJZJ(?ZJ”
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Next we consider a non-decoupled example on C? with potential function
1
x(z1, 22) = Z!Zl|4 +zf |2l + |z + |z

In the standard coordinates of C?, the metric is given by the matrix

[h —] — <‘Zl2 + |z +1 212> >
| = “ ,

J 212> |21|2 +1
with the determinant

§ = det [hj,—(} = al*+ 2z + |2/ + 1.

Let ¥(z1,20) = L + 212z + |22
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The corresponding Bergman space
Ao0)(C?, he™?) = {f : C? — C entire : / If?e Y5 d) < oo}
b (C2

has an orthogonal basis consisting of the functions
{zkz5 ~keNk>2,0€Z,0<(<k—2}.

It follows that the operator O is densely defined and we have for
u = uy dz; + up dzy € dom(9*)

8*u = Z1U;y.

Thus, the adjoint 0* “forgets” the z-variable, although the weight and
the metric both depend on z. Let

v =vipdz1 A dzy € Al )(C% b, e7?).
Then, by the same computation as above, we get

v = Ph7w(—@Z7V12h2j)d21 + Ph7¢(—¢7V21h1j)d22 = Z1V12 dZ2.
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So we obtain for [ = §*0 + 99* and u € A%l 0)(C2, h,e=¥) N dom(CJ) that

Clu = (ul + zlgul) dz; + 21% dzo.
71 0z

The operator
02 Ay )(C? h,e™¥) — A )(C? h,e™¥)

is densely defined and its spectrum consists of point eigenvalues with finite
multiplicities. Precisely, for k = 1,2, ..., the eigenvalues are A\, = k + 1,
with multiplicity 2k — 1.
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Conformally Kahler metrics

Let (M, h) be a Kihler manifold of dimension n > 2 and let g = ¢~1h be
a conformally Kahler metric. Then the following are equivalent:

@ g has holomorphic torsion,
@ (0¢)* is holomorphic.

Let M = B"” and let
_ 9
1 z?

be a conformally flat metric on B". If ¢ is a real-valued function on B"
such that (01)* is holomorphic, then

8k

Y(z) = A+ Blog(1l — ]z|2)

for some real constants A and B.
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In the sequel, we consider U(n)-invariant Kahler metrics and radial
weights. Suppose that hj,; is a Kahlerian metric induced by a radial

potential h(z) = h(|z|?), where h(r) is a real-valued function of a real
variable. Precisely, we have

hig = 00 h(12|) = H(|2) o + 1" (|2*) 22« (1)

Thus, h is a rank-one perturbation of a multiple of the identity matrix.
For h;z to be positive definite, we assume that H(r) > 0 and
rh”(r) + H(r)>0.
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(Theorem .

Let g be the conformally U(n)-invariant Kahler metric

gii = e"1719,00h(|2|?)

and ¢(z) = U(|z|?) be a real-valued radial weight function. The vector
field (9y) — 7)* and the torsion operator T* are holmorphic if and only if

g(r)=— Iog(Czrﬁl(r) + G)
and 5 5
P(r) = —Cylog(Corh'(r) + G3) + Gs,

where C4~: n—1—(Cy/G) and the constant C3 has to be chosen such
that Corh'(r) + G3 > 0. In this case we have for the vector field
(Oy —7)* = C1Y_7_, 2/0; and for the torsion operator

THv) = -G ququdz”.
q=1
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