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Introduction

Preliminaries

UCR" ...open set
P(x,D) = aq(x)D* ...PDO with analytic coeff. a, € A(V)
|o|<d
p(x,&) = aa(x)€* ...symbol of P
|o|<d
pa(x,§&) = as(x)€* ... principal symbol of P
|a|=d
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Introduction

Analytic vectors

A distribution u € D’'(U) is an analytic vector of P if
YV EUIC h>0: [[Phul|p, < Ch(dk)! Yk € No.

The set of analytic vectors of P is denoted by A(U; P).
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Introduction

Analytic vectors

A distribution u € D’'(U) is an analytic vector of P if
YV EUIC h>0: [[Phul|p, < Ch(dk)! Yk € No.

The set of analytic vectors of P is denoted by A(U; P).
Theorem (Kotake, Narasimhan 1962, Komatsu 1962)

Let P be an elliptic operator with analytic coefficients. Then

A(U; P) = A(U).
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Introduction

Gevrey vectors

Let s > 1. The Gevrey class G°(U) is defined by

feg (U)« YVeUIC,h>0VYacN:

sup |DYf(x)| < Chloljalts.
xeV

The space of Gevrey vectors is given by

u€G(U;P) <= VVEU3IC,h>0VkeNy:
[P ull 2y < Ch*(dk).

Stefan Fiirdos On a Theorem of Métivier



Introduction

Ultradifferentiable vectors
Weight sequences
M = (My)k is a weight sequence if My =1,

M2 < My_iMyp1  and /M, — .

The Denjoy-Carleman class £M}(U) is defined by
feeM(U) = YVeU3IC,h>0VaeNy:

sup [Df(x)| < Chl*I M.
xeV

The space of Denjoy-Carleman vectors is given by

ve EMHU;P)ie—= YV eU3IC,h>0VkeNy:
HPk”HB(V) < Ch* M.
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Introduction

Semiregular weight sequences
A weight sequence M is semiregular if

sup /Myy1/Mx < oo and /M/k! — .
keNy
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Introduction

Semiregular weight sequences
A weight sequence M is semiregular if

sup /Myy1/Mx < oo and /M/k! — .
keNy

g-Gevrey sequences
Let g > 1. The sequence N9 given by N;’ = qk2 is semiregular.
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Introduction

Semiregular weight sequences
A weight sequence M is semiregular if

sup /Myy1/Mx < oo and /M/k! — .
keNy

g-Gevrey sequences
Let g > 1. The sequence N9 given by N;’ = qk2 is semiregular.

Theorem (Bolley-Camus-Mattera 1979)

Let M be a semiregular weight sequence and P be an elliptic
differential operator with analytic coefficients. Then

EM(u; Py = eMH(U).
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Main Theorem

Métivier's Theorem

Theorem (Métivier 1978)

Let s > 1 and P be a differential operator with analytic coefficients
in U C R". Then the following statements are equivalent:
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Main Theorem

Métivier's Theorem

Theorem (Métivier 1978)

Let s > 1 and P be a differential operator with analytic coefficients
in U C R". Then the following statements are equivalent:

1. P is elliptic.
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Main Theorem

Métivier's Theorem

Theorem (Métivier 1978)

Let s > 1 and P be a differential operator with analytic coefficients
in U C R". Then the following statements are equivalent:

1. P is elliptic.
2. G°(U; P) =G*(U).
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Main Theorem

Métivier's Theorem

Theorem (Métivier 1978)

Let s > 1 and P be a differential operator with analytic coefficients
in U C R". Then the following statements are equivalent:

1. P is elliptic.
2. G°(U; P) =G*(U).

Goal: Generalize Métivier's Theorem to other weight sequences.
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Main Theorem

Main Theorem

Theorem (F., Schindl 2020)

Let g > 1 and P a differential operator with analytic coefficients in
U C R". Then the following statements are equivalent:

1. P is elliptic
2. £y, p) = eINTH(V).
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Main Theorem

Main Theorem

Theorem (F., Schindl 2020)

Let g > 1 and P a differential operator with analytic coefficients in
U C R". Then the following statements are equivalent:

1. P is elliptic
2. £y, p) = eINTH(V).

Idea of proof

If P is not elliptic then it is enough to construct for all g > 1 a
smooth function u such that
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Main Theorem

Main Theorem

Theorem (F., Schindl 2020)

Let g > 1 and P a differential operator with analytic coefficients in
U C R". Then the following statements are equivalent:

1. P is elliptic
2. £y, p) = eINTH(V).

Idea of proof

If P is not elliptic then it is enough to construct for all g > 1 a
smooth function u such that

> ue &NT(U; P,
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Main Theorem

Main Theorem

Theorem (F., Schindl 2020)

Let g > 1 and P a differential operator with analytic coefficients in
U C R". Then the following statements are equivalent:

1. P is elliptic
2. £y, p) = eINTH(V).

Idea of proof

If P is not elliptic then it is enough to construct for all g > 1 a
smooth function u such that

> ue &NT(U; P,
> u¢ END ).

Stefan Fiirdos On a Theorem of Métivier



Métivier's approach in the Gevrey case
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Métivier's approach in the Gevrey case

P non-elliptic at xp = J& € ™1 pd(x0,&) =0
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Métivier's approach in the Gevrey case

P non-elliptic at xp = J& € ™1 pd(x0,&) =0

» For each s > 1 choose suitable sp < s, e <1/2 and s’ > s.
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Métivier's approach in the Gevrey case

P non-elliptic at xp = J& € ™1 pd(x0,&) =0

» For each s > 1 choose suitable sp < s, e <1/2 and s’ > s.
» Let § > 0 be such that By = {x € R": |x — xp| < 26} € U.
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Métivier's approach in the Gevrey case

P non-elliptic at xp = J& € ™1 pd(x0,&) =0

» For each s > 1 choose suitable sp < s, e <1/2 and s’ > s.

» Let § > 0 be such that By = {x € R": |x — xp| < 26} € U.

» Choose ¢ € G(R") with suppp C {x € R": |x| < 2§} and
o(x) =1 for |x| < §.
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Métivier's approach in the Gevrey case

P non-elliptic at xp = J& € ™1 pd(x0,&) =0

» For each s > 1 choose suitable sp < s, e <1/2 and s’ > s.

» Let § > 0 be such that By = {x € R": |x — xp| < 26} € U.

» Choose ¢ € G(R") with suppp C {x € R": |x| < 2§} and
o(x) =1 for |x| < §.

Ansatz

00 ;o
u(x) = / o(t°(x — x0)) et gitéolx—0) gt
1
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Observations
> ue D(B())
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Observations
> ue D(B())

» If we consider derivatives in direction &y then we obtain

k % ke
D¢ u(x0) = ) te dt.
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Observations
> ue D(B())

» If we consider derivatives in direction &y then we obtain

k ® ok —als
D¢ u(x0) = ) te dt.

> Hence D u(xp) = s'T(s'(k + 1)) — by, where
bk = fol tkel/s'dt — 0 for k — oo.
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Observations
> ue D(B())

» If we consider derivatives in direction &y then we obtain

k ® ok —als
D¢ u(x0) = ) te dt.

» Hence ngo u(x0/) = s'T(s'(k+ 1)) — bk, where
bk = [y thel/* dt — 0 for k — oo.
» We conclude that u ¢ G7(U) for 7 < 5.
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Observations
> ue D(B())

» If we consider derivatives in direction &y then we obtain

k ® ok —als
D¢ u(x0) = ) te dt.

» Hence ngo u(x0/) = s'T(s'(k+ 1)) — bk, where
bk = [y thel/* dt — 0 for k — oo.
» We conclude that u ¢ G7(U) for 7 < 5.

Question: How to define u in the g-Gevrey case?

Hint: s'T(s'k) = foootkfle*tl/s’ is the Mellin transform of the

. 1/s
function t — e~ t/° .
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The g-Gevrey scale

It is convenient to set A =logq, i.e.
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The g-Gevrey scale

It is convenient to set A =logq, i.e.

NI = g = M = 0k, \).

> We write (in a slight abuse of notation) N* = N9.
> We can extend 6(k, A) to the function 6(z, \) = e =",
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The g-Gevrey scale

It is convenient to set A =logq, i.e.

NI = g = M = 0k, \).

> We write (in a slight abuse of notation) N* = N9.
> We can extend 6(k, A) to the function 6(z, \) = e =",
» 6(z,\) is the Mellin transform of the function

oxp [_ (Ioi\tq .

Ot \) = \/4%
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The g-Gevrey scale

It is convenient to set A =logq, i.e.

NI = g = M = 0k, \).

> We write (in a slight abuse of notation) N* = N9.
> We can extend 6(k, A) to the function 6(z, \) = e =",
» 6(z,\) is the Mellin transform of the function

o[- (80

O(t,\) =

1
VAT 4\

Hence

0(z, 1) = / 1Ot \) dt,
0

Nﬁ:/ t“=1O(t, A) dt.
0
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Proof of Main Theorem: Part 1

Let xp € U, & € S"! be such that py(xo, &) = 0 and define
0 > 0 and By as before.
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Proof of Main Theorem: Part 1

Let xp € U, & € S"! be such that py(xo, &) = 0 and define
6 > 0 and By as before.For each A > 0 choose

> 0< A <A XN >Xand 0<e <1 to be specified later on,
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Proof of Main Theorem: Part 1

Let xp € U, & € S"! be such that py(xo, &) = 0 and define
6 > 0 and By as before.For each A > 0 choose

> 0< A <A XN >Xand 0<e <1 to be specified later on,
> e S{NAO}(R”) such that suppy C {x € R": |x| < 26} and
P(x) =1 for |x| < 0.
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Proof of Main Theorem: Part 1

Let xp € U, & € S"! be such that py(xo, &) = 0 and define
6 > 0 and By as before.For each A > 0 choose

> 0< A <A XN >Xand 0<e <1 to be specified later on,
> e S{NAO}(R”) such that suppy C {x € R": |x| < 26} and
P(x) =1 for |x| < 0.
We set

u(x) = /loo¢ (t°(x — x0)) © (t7 )\’) elt(x=x0)é0 4
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Proof of Main Theorem: Part 1

Let xp € U, & € S"! be such that py(xo, &) = 0 and define
6 > 0 and By as before.For each A > 0 choose

> 0< A <A XN >Xand 0<e <1 to be specified later on,
> e S{NAO}(R”) such that suppy C {x € R": |x| < 26} and
P(x) =1 for |x| < 0.
We set

u(x) = / P (t°(x — x0)) © (t7 )\’) elt(x=x0)é0 4
1
and obtain

00 1
ngou(xo):/l tke(t, \) dt:N,fﬂ—/O tke(t, \) dt.
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Proof of Main Theorem: Part 1

Let xp € U, & € S"! be such that py(xo, &) = 0 and define
6 > 0 and By as before.For each A > 0 choose

> 0< A <A XN >Xand 0<e <1 to be specified later on,
> e S{NAO}(R”) such that suppy C {x € R": |x| < 26} and
P(x) =1 for |x| < 0.
We set

u(x) = / P (t°(x — x0)) © (t7 )\’) elt(x=x0)é0 4
1
and obtain
o0 1
Dékou(Xo) = /1 tk@(t’ )\’) dt = Nli\jrl _ /0 tk@(t, )\/) dt.

.
~ u g EINTHU) forall 7 < V.



The lterates of P

o0
’Dk”(x) = / Qk(X, t)@(t, X)e_"t(x—xo)fo dt
1
where

Qo(x, t) = ¥ (t°(x = x0))

and

1
Quir(x,t) = > aa?P(X, t§0) D5 Qk(x,t), Kk € No.
lajl<d
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Estimates for Qy

Theorem
JA>0st VkeNy VveNj, VxeBy Vt>1:

DY Qu(x, )] < Co (ot AX [eld=pg 4 ¢2d-Dkeppa
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Estimates for Qy

Theorem
JA>0st VkeNy VveNj, VxeBy Vt>1:

DY Qu(x, )] < Co (ot AX [eld=pg 4 ¢2d-Dkeppa

In particular, if v = 0 then

‘Qk(X, t)’ < CoAk (t(d—a)k + t(2d_1)k£N2‘£) ]
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Estimates for Qy

Theorem
JA>0st VkeNy VveNj, VxeBy Vt>1:

DY Qu(x, )] < Co (ot AX [eld=pg 4 ¢2d-Dkeppa

In particular, if v = 0 then

‘Qk(X, t)’ < CoAk (t(d—a)k + t(2d_1)k£N2‘£) ]

[ 2
= [Prota] < cat [ (e o) o |- o
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Associated weight functions

If M is a weight sequence then the associated weight function wp

is defined by
tk
wm(t) = sup log —.
keNy k
In particular
th < Myemt) (%)

for all k e Ng and t > 0.
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Weight functions

A weight function in the sense of Braun-Meise-Taylor is a
continuous and increasing function w : [0, 00) — [0, 00) satisfying

» w(t) =0 fort €[0,1],

> w(2t) = O(w(t)) for t — oo,
» logt = O(w(t)) for t — oo,
>, = woexp is convex.

Let o} (t) = sups>o(st — ¢w(s)) be the conjugate function of .
The ultradifferentiable class associated to w is given by

fecl“dU)«—= vVveUIC,h>0VaeN]:

sup |[DYf(x)] < Ceh™ "o (hlal)
xeV
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Weight matrices

A weight matrix 2 is a family of weight sequences such that for
all M, N € 9t we have either M, < Ny for all k or N, < M, for all
k. The ultradifferentiable associated to 91 is defined by

fe&™M(U):«—= YVelUIMeM3IC h>0VYaeN]:
sup [Df(x)| < Ch*! M,
xeV
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Weight functions vs. Weight matrices

Let w be a weight function. The weight matrix 20 = {W” : p > 0}
associated to w is defined by

W} = exp [p ok (pk)] -

Then 1 U) = £} (V) as topological vector spaces.
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Weight functions vs. Weight matrices

Let w be a weight function. The weight matrix 20 = {W” : p > 0}
associated to w is defined by

W} = exp [p ok (pk)] -

Then 1 U) = £} (V) as topological vector spaces.

Lemma
Let w be a weight function and 20 = {WP" : p > 0} the weight
matrix associated to w. Then

w(t)

wwe(t) < —= Vt>0, Vp>0.
p
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An example

We consider the weight function wo(t) = (max{0, log t})2.

Stefan Fiirdos On a Theorem of Métivier



An example

We consider the weight function wo(t) = (max{0, log t})2.
= pa(t) = wa o exp(t) = 2.
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An example

We consider the weight function wo(t) = (max{0, log t})2.
= pa(t) = wa o exp(t) = t2.
= ©5(t) = supsso(st — 2(s)) = t2/4.
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An example

We consider the weight function wo(t) = (max{0, log t})2.
= pa(t) = wa o exp(t) = t2.

= ©5(t) = supsso(st — 2(s)) = t2/4.

Let 202 = {W?* p > 0} be the weight matrix associated to
w.

Stefan Fiirdos On a Theorem of Métivier



An example

We consider the weight function wo(t) = (max{0, log t})2.
= o(t) = wy o exp(t) = t2.

= ¢3(t) = supsso(st — pa(s)) = t2/4.

Let 202 = {W?* p > 0} be the weight matrix associated to
ws.Then

NA = w24 YA > 0.
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An example

We consider the weight function wo(t) = (max{0, log t})2.
= pa(t) = wa o exp(t) = t2.

= ©5(t) = supsso(st — 2(s)) = t2/4.

Let 202 = {W?* p > 0} be the weight matrix associated to

ws.Then
NY = w24 YA > 0.
Hence I )
t
wpr (1) < (ofA) . WE>1, YA>0. (o)
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Final estimates |

Set r=t1"¢/d R =121/d) for t > 1 and \; = A — \o > 0.
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Final estimates |

Set r=t1"¢/d R =121/d) for t > 1 and \; = A — \o > 0.
~» (%) and (¢) =

_ 2 2
(a2 — k< A e [(d £)? (log t) }

d2\ 4
2 2 2
2d—1)ke _ pdk A e“(2d — 1)* (log t)
£ ke — R gNdiexp[ W 4
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Fixing the constants

For fixed A > 0 choose € and A\g < A such that

dvA=Xo 1

ESVA—AO+v§Qd—1) 2

0<
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Fixing the constants

For fixed A > 0 choose € and A\g < A such that

0. dvA—Xo 1
\/)\ Ao +f(2d—1) 2
e2(2d — 1) <( —¢)?
(A — Xo)d? Ad?

Stefan Fiirdos On a Theorem of Métivier



Final estimates Il

The integral

" (d—e)k d—1)ke p/A (log t)?
/1 (t( k4 ¢(2d-1) Nd,‘j)exp [— |

ot (oo [ (G )]

converges for
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Final estimates Il

The integral

" (d—e)k d—1)ke p/A (log t)?
/1 (t( k4 ¢(2d-1) Nd,‘j)exp [— |

ot (oo [ (G )]

converges for

- HPkuHL2(Bo) < CA*NG,

Stefan Fiirdos On a Theorem of Métivier



Final estimates Il

The integral

" (d—e)k d—1)ke p/A (log t)?
/1 (t( k4 ¢(2d-1) Nd,‘j)exp [— |

ot (oo [ (G )]

converges for

- HPkuHL2(Bo) < CA*NG,

Since u € D(By) we have shown that u € EIN}(U; P).
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