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ARITHMETIC PROPERTIES AND ZEROS OF THE BERGMAN
KERNEL ON A CLASS OF QUOTIENT DOMAINS

LUKE D. EDHOLM AND VIKRAM T. MATHEW

ABSTRACT. An effective formula for the Bergman kernel on H, = {]z1|” < |22| < 1} is

m

obtained for rational v = ™ > 1. The formula depends on arithmetic properties of -,
which uncovers new symmetries and clarifies previous results. The formulas are then used
to study the Lu Qi-Keng problem. We produce sequences of rationals v; \, 1, where
each H,,; has a Bergman kernel with zeros (while H; is known to have a zero-free kernel),
resolving an open question on this domain class.

1. INTRODUCTION

Given a domain (an open connected set) Q@ C C", the Bergman space A%(Q) is the
subspace of L?(f2) consisting of holomorphic functions. The Bergman space is itself a
Hilbert space, so there is a canonical orthogonal projector P : L?(2) — A2%(Q), called
the Bergman projection. This projection is carried out by integrating against the Bergman
kernel, the reproducing kernel function Kq : Q x  — C of A%(€):

Pof(z) = /Q Ko(sw)f(w)dV(w),  f e L¥Q). (1.1)

The Bergman kernel is uniquely determined by the following three properties: for each fixed
w € (2, the function Kq(-,w) € A%(); it is conjugate symmetric, i.e. Kq(z,w) = Kq(w, 2);
and it reproduces holomorphic functions, i.e. for f € A%(Q), Pof = f. In addition, Kq
satisfies many useful extremal and invariance properties; see e.g. [4, 27, 25 29]. In Section
[2.2] we recall those properties relevant to the present article.

For v > 0, define a family of bounded, non-smooth, weakly pseudoconvex domains called
generalized Hartogs triangles by setting

H‘H7 = {(2’1,2’2) S (C2 : ‘le’y < ‘2’2’ < 1}. (1.2)

When + is rational, H, can be realized as a quotient of D x D* induced by a monomial
mapping (see Section . Many aspects of Bergman theory on these domains have been
studied in recent years; see [10} [16, 17, [I8] 19} [8 26l O] [3, 23] 24 1] and the references
therein. The purpose of this paper is two fold: (1) to give a full and effective formula for
Bergman kernel of H., for every rational v > 1, and (2) to use the formulas to exhibit new
symmetries and locate zeros of the kernel in H., x H,.

The question on the existence/non-existence of zeros of Bergman kernel (the Lu Qi-
Keng problem) goes back several decades and was originally motivated by the global well-
definedness of Bergman representative coordinates; see e.g., [31], and the survey [5].

A domain (Q is said to be a Lu Qi-Keng domain when its Bergman kernel is non-vanishing.
Appropriately interpreted, the zero set of the Bergman kernel is an analytic variety on 2 x €2,
and transformation law shows this variety is a biholomorphic invariant of 2. Simple
domains such as the ball and polydisc have non-vanishing Bergman kernel, and it is an
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interesting open problem to ask when the taking of quotients of these and other Lu-Qi
Keng domains induces zeros in the quotient Bergman kernels. This has been investigated
special cases (certain ball quotients [0], symmetrized polydiscs [20} B32], the tetrablock [37]
and quotients of higher dimensional Cartan type IV domains [21]), but a unified approach
to this problem is only in its early stages.

Since the zero set of the Bergman kernel is a biholomorphic invariant, a preliminary step
to the Lu Qi-Keng problem on the domain family {H,, : v > 0} would be to identify its
biholomorphic equivalence classes. In Theorem and Corollary below, we prove
that for distinct v, > 1, the domains H., and H,, are never biholomorphic. On the other
hand, given v € (0, 1), there is a unique 7 > 1 such that H, is biholomorphic to Hy, and
therefore the problem can be reduced to understanding the situation for v > 1. Up to the
time of writing of this paper, the Lu Qi-Keng problem on H., has stood as follows:

(a) The Bergman kernel on H; (the classical Hartogs triangle) is non-vanishing; this
can be seen directly from formula below.

(b) The Bergman kernel on H., has zeros for v € [2, 00). This was shown first for integers
v > 2 in [16], then for all other v > 2 in [I8].

(¢) It has remained open as to whether the Bergman kernel of H, has zeros for v € (1, 2).

In [I8], when Edholm and McNeal found zeros of H, for v > 2, it was also observed that
the same approach fails to address v € (1,2); see Section below for more details. The
question has remained open since:

(Q1) For which v € (1,2) does the Bergman kernel have zeros?

A weaker version of (Q1) has also been raised; see [I5]. Since the topologically equivalent
domains H,; tend to H; as v; ~\, 1, Ramadanov’s theorem (more precisely, an extended
version of the more classical result; see [28]) shows that the Bergman kernels K, (-, -) of H,,
tend to the Bergman kernel K (-,-) of Hj locally normally on H; x Hy. As K is known to
be non-vanishing, it is interesting to ask

(Q2) Is there some € > 0 so that K,(-,-) is non-vanishing on H, x H, for v € [1,14¢€)?

This paper addresses both questions. In Section [4] we exhibit infinitely many rational
v € (1,2) for which K,(-,-) has zeros inside H, x H,,, marking the first progress made on
(Q1). These v values accumulate at 1, which answers (Q2) by proving no such e can exist.

1.1. An effective kernel formula. While the existence of the Bergman kernel is guar-
anteed by abstract Hilbert space theory, concrete information about its properties as a
function Kq : Q x Q — C (e.g. its asymptotics near the boundary, whether it has zeros
inside Q x Q, and if so, properties of the zero set) requires hard analysis.

Our first main result is a new and effective formula for the Bergman kernel of H,, ,,, valid
for any rational ™t > 1. Previous work (see [I8, 9, [1]) has expressed these kernels (which
have been known since [I8] to be rational functions) in one form or another, but until now
a description of the numerator polynomial from which it is possible to study the zero set
of the kernel when v € (1,2) has remained elusive. For comparison, these past results are
recalled in Section

Theorem 1.3. Let m,n € ZT with m > n and ged(m,n) = 1. Given points z = (21, 22)
and w = (w1, ws) in Hyp /s let s = z1w1, t = z9W2. The Bergman kernel of H,y, ,, is

Prn(s,t)
mm2(1 —t)2(t" — sm)2’

where the numerator is a polynomial of degree 2m — 1, given explicitly by

Ppon(s,t) =po(s,t) +pi(s,t) + pa(s,t) + p3(s,t) + pa(s,t), (1.4b)

Ko (2,w) = (1.4a)
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where

po(s,t) = m2sm ", (1.4c)
m—2

prls,t) = 3G+ 1)(k(j) + 1)sT207E0), (1.4d)
j=0
m—2 4 4

p2(87t) = Z (.7 + 1)(m - H(]) - l)sjt2n+1_L(J)7 (146)
=0
m—2 4 '

ps(s,t) = > (m—j—1)(k(j) + 1)/t H0), (1.4f)
=0
m—2 ' '

p4(8?t) = (m _j - 1)(m - H(]) - 1)8]+mtn+1_L(])a (14g>
j=0

and the expressions L and k are given by

1—|—n(j+1)"7

- k(j)=m+n—14nj—mL(j). (1.4h)

) = |
Theorem is proved in Section 3] where modular arithmetic is used to solve several
linear Diophantine equations depending on m and n, thus determining the complete set of
monomials appearing in the numerator polynomial (Proposition . This information is
then combined with functional identities for L and x (Lemma to produce the kernel.
The new formulas allow for effective analysis and the discovery of new symmetries by
improving (in fact optimizing) the presentation of the numerator polynomial. For example,
the most recent of the previous formulas for K,, (2, w) ([I, Proposition 2]; see Theorem
below) requires the computation of (2m — 1)(2n + 1) monomial coefficients in the
numerator. Theorem [I.3] however, shows that all but exactly 4m — 3 of these coefficients
are equal to zero. For large n this is an enormous simplification on both a computational
and a theoretical level, one that leads to the discovery of new symmetries that can be used
to study the zero set of the kernel.

1.2. Monomial maps; symmetries and zeros of the Bergman kernel. Given a rela-
tively prime pair m,n € Z*, we recall the point of view taken in [16} [3, [, [1] in which H,,, /n
is realized as a quotient domain. The image of D x D* under the monomial map

P21, 22) = (2123, 23") (1.5)
can be identified with a rational Hartogs triangle
D (D x D*) = H,p, /-

More precisely, ®,,, : D x D* — H,,, is an m-sheeted proper holomorphic branched
covering. Using the language of [3| [7], ®,,,, is said to be a proper holomorphic map of
quotient type with respect to a group I'y, , C Aut(D x D*), the deck transformation group of
®,, . In this case I'y, ,, is cyclic of order m. In light of these considerations, the complexity
of the formulas in Theorem [I.3] demonstrates that an intricate Bergman theory can arise
on quotient domains, even when the starting domains and maps are quite simple. In our
setting @, , forces arithmetic properties of the rational index v = 7 into the Bergman
kernel via Bell’s transformation rule for proper maps (see [2]).
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> |s|
F1GURE 1. The punctured disc A* lying obliquely inside H,.

1.2.1. Palindromic polynomials. The numerator polynomial of the Bergman kernel of H,, /,,
satisfies an interesting symmetry that assists our study of the Lu Qi-Keng problem.

Given points z,w € H,, we continue the notation of Theorem and write s = z1wq,
t = zowo. It is easy to check via Corollary and Proposition hat the point (s,t) is
also contained in H, and that every point of H, can be realized in this way.

Now think of (s,t) as coordinates on C?, and consider the complex line {s = t}. For
v > 1, this line intersects the interior of Hl, = {|s|” < [t| < 1}. The intersection is a
punctured disc A* lying obliquely inside of H, (see Figure |1)):

A" ={(s,s) e Hy : s € D*}. (1.6)

Now restrict the numerator of (1.4a) to the line {s = t}. The one variable polynomial
s +— Py n(s,s) can be shown to have a root of order 2n — 1 at the origin, which suggests
the following definition

Qmn(s) = 31*2"Pm,n(s, s). (1.7)

Thus, roots of the one variable polynomial @, (s) inside D* C C are in one-to-one corre-
spondence with the roots of Py, (s,t) restricted to A* C H,.

Understanding these roots is made easier due to the following unexpected symmetry in
the coefficients of @, x:

Theorem 1.8. For any pair of relatively prime integers m > n, Qmp 45 a palindromic
polynomaial of degree 2m — 2n, i.e.,

Qm,n(s) = 32m72an,n(Sil>- (19>

Theorem|[T.§]is obtained as part of Proposition[3.22] which establishes additional identities
analogous to (|1.9) on pieces of the full polynomial. The palindromic property of @, , allows
for indirect study of roots inside D* by examining the polynomial’s behavior on the unit
circle.

This circle of ideas pays off in Section E| where it is shown that @, is non-vanishing on
the unit circle for all relatively prime pairs m > n such that m —n =1 or 2:

Theorem 1.10. Let m > n be a pair of relatively prime integers. If m —n =1 or 2, then
Qm,n has exactly half of its roots inside the unit disc. Consequently, the Bergman kernel of
H,,/n has zeros inside Hy, j,, X Hyy, /y,.

Proofs of different pieces of this theorem are found in Sections [4.1] and As a conse-
quence of this result, we obtain infinitely many rationals accumulating at v = 1 such that
the Bergman kernel has zeros, resolving (Q2) above with a negative answer.
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Corollary 1.11. Despite the fact that the Bergman kernel K1(z,w) of Hy is non-vanishing
on Hy x Hy, there is no € > 0 for which the Bergman kernels K (z,w) of H, are non-
vanishing on Hy x Hy for v € [1,1+¢).

1.3. Past results. The Bergman kernel of H, was first computed for v € Z* by Edholm in
[16], then for v = 2 € Q* by Edholm and McNeal in [18], where it was expressed as a sum of
m subkernels, each being an explicit rational function. Sharp estimates on these subkernels
imply a sharp estimate on the full Bergman kernel, which can then be used to characterize
the LP-mapping properties of the Bergman projection based on the rationality /irrationality
of 7; see [I8, Theorem 1.1 and 1.2].

1.3.1. Known results on the vanishing set. Because the LP results in [I§] were deducible
directly from the kernel estimates, little attempt was made to further analyze the numerator
of the Bergman kernel, or to re-write it in a way that could make symmetries like Theorem
easier to detect. The only result in this direction was [I8, Theorem 3.3], where it was
noted that all but one of the subkernels vanish identically on the variety {s = 0}, meaning
the full Bergman kernel restricted to this variety is given by a particularly simple formula:

1+ (’Y — 1)22@2
’}/77'222@2(1 — 22@2)2.

K’Y((()? 2’2), (07 wQ)) =

(This formula is valid for all v > 0, including irrationals.)

When ~ > 2, it is possible by inspection to find z9,ws with 0 < |23, |ws| < 1 for
which the Bergman kernel vanishes. Here, it is crucial that zo,we € D* so that both
(0, 22), (0, w2) € H,. On the other hand, for 0 < v < 2, it is not possible to find such 23, w,
meaning that those Bergman kernels are non-vanishing on {s = 0}. The v = 2 case had
previously been addressed by Edholm in [16, Corollary 4.2], where an explicit zero of Ko
inside Hy x Hy (but away from {s = 0}) was produced.

This approach of looking at the kernel restricted to a variety inspired the restriction of
the Bergman kernel to {s = ¢} considered in the present paper.

1.3.2. The Bergman kernel in terms of the function D,,. A different approach to the
Bergman kernels of H,,, comes from Chakrabarti et al. in [J], where they obtained for-
mulas as special cases of calculations on so-called Signature 1 domains in C™. In this work,
proper holomorphic maps are used to cover the domains under consideration by simpler
product domains for which the Bergman kernel was already known. Bell’s transformation
law (see [2]) is then applied and the kernel on the target is expressed as a linear combination
of functions closely related to the Bergman kernel on the source.

The difficulty with this approach is parsing this linear combination into a digestible
formula that can then be used to effectively study some other problem (such as the mapping
properties of the Bergman projection or, especially, locating zeros of the Bergman kernel).

One of the main observations of [9] is that the Bergman kernels of any Signature 1 do-
main are rational functions whose numerators can be succinctly written using the following
function defined on the integers:

B + 17 0 S B S m — 1a
Dn(B)=42m—-1-8, m<p<2m-—2, (1.12)
0, otherwise.

This function arises out of combinatorial considerations as it describes the coefficients on
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the right hand side of the following polynomial equation:
1— sm 2 2m—2
( 1—s > - Z D (8)s”.
3=0
Following the initial work ([9]) expressing the Bergman kernels on Signature 1 domains

in terms of D,,, the formulas were substantially simplified in the two dimensional case in a
recent paper by Almughrabi [I]:

Proposition 1.13 ([I], Proposition 2). Let m,n € Z* with m > n and ged(m,n) = 1.
Letting s = z1w1, t = 29Wa, the Bergman kernel of H,, ,, is given by

D (81) Dy (mBa +npr +m +n — 1 — 2mn)s?1t52
K - '

(1.14)

In this formula, the terms in the numerator polynomial are only possibly non-zero when
0< B <2m—2, and 0< By <2n. (1.15)

The presence of D,, in the numerator polynomial provides some insight into the algebra
and combinatorics injected into the problem by the covering maps ®,, , : D x D* — H,, .
Unfortunately, leaving the numerator in the form of obfuscates basic information
about the polynomial: its degree, which monomials appear in the sum with non-zero coef-
ficients, and what these coefficients are.

The kernel formulas given in Theorem entirely resolve these uncertainties. The con-
ditions on (81, B2) in requires us to compute (2m —1)(2n+ 1) polynomial coefficients,
while polynomial formulas through show that all but exactly 4m — 3 of these

coefficients are non-zero.

2. PRELIMINARIES

2.1. Reinhardt domains. A domain 2 C C" is called Reinhardt (with respect to the
origin) when it admits a natural n-torus action allowing for independent rotation in each
coordinate. In other words,

(21,22, ,2n) € = (P12, ... e2,) e Q

for any choice of 61, ...,6, € R. In C! the only Reinhardt domains are (1) discs, (2) the full
plane, (3) annuli, (4) the plane with a closed disc removed, (5) once punctured discs with
the center removed, and (6) the once punctured plane. In these settings, each holomorphic
function is represented by a globally valid Laurent expansion about the origin converging
normally on compact subsets of the domain. Each of the above domain families has its own
distinct flavor of holomorphic function theory and this distinction can be drastic, as the
contrast between the classical theories of entire functions and holomorphic functions on the
unit disc indicates.

Holomorphic functions on Reinhardt domains in C™ also admit globally valid Laurent
expansions, and as before, two distinct Reinhardt domains can give rise to drastically dif-
ferent holomorphic function theories; e.g., function theory on the unit ball (see, e.g., [34])
versus the unit polydisc (see, e.g., [33]). Properties of the Bergman kernel (its boundary
asymptotics, or a description of its zero set when it exists), and Bergman projection (its
behavior acting in LP, Sobolev, Holder classes) give a way to gauge this.

A domain Q C C" is called a domain of holomorphy when it is the domain of existence for
some holomorphic function that cannot be analytically continued past any boundary point
of . The solution to the famous Levi problem (see [36, 27]) characterizes the domains of
holomorphy as the so-called pseudoconvex ones. Several equivalent geometric descriptions
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of pseudoconvexity exist in the general setting, and for Reinhardt domains it is particularly
easy to characterize. We need two definitions:
Given a Reinhardt domain 2 C C", its logarithmic shadow is defined to be the set
Log(2) := {(log |z1],- - - ,log|zn|) € R"™ : z € Q with each z; # 0}.
A domain is called weakly relatively complete if, for each j with QN {z; = 0} # @, that
(2,0, 2") €  whenever there exists some (2, 2;,2”) € Q C C/71 x C x C" .

Proposition 2.1 ([25], Proposition 1.11.13). A Reinhardt domain @ C C" is pseudoconvex
if and only if Log(2) C R™ is a convex set and Q) is weakly relatively complete.

It is easily verified from Proposition [2.1] that the domains H, are pseudoconvex.

2.1.1. Biholomorphisms of Reinhardt domains. Recall that domains €2y and {29 are biholo-
morphic if there is a bijective holomorphic mapping 2 — €22 whose inverse is also holomor-
phic. A long standing problem in several complex variables aims to understand the moduli
space of biholomorphically equivalent domains. This problem is extremely difficult, even in
relatively tame settings (e.g. bounded complete pseudoconvex Reinhardt domains in C",
see [13, 12]).

In the study of biholomorphisms between Reinhardt domains, a simple family of maps
takes center stage:

Definition 2.2. An algebraic automorphism of (C*)™ is a holomorphic automorphism
O = (P, -, P,): (C)" — (CH"
with components of the form
Di(2) = ajzy U2y 2y, (2.3)

where the matrix A = (a;;) € GL,(Z). Two Reinhardt domains are said to be algebraically
equivalent if there is a biholomorphic mapping between them induced by an algebraic au-
tomorphism of (C*)™.

Proposition 2.4 ([35] Section 4; [30] Section 1). If two bounded Reinhardt domains are
btholomorphic, they are algebraically equivalent.

Proposition leads to a complete determination of the biholomorphic equivalence
classes in the family {H, : v > 0}; see Theorem below.

2.2. Bergman kernel properties. Let U and V' be two domains in C™ and suppose there
is a biholomorphism ® : U — V. Then the Bergman kernel of U has zeros if and only if the
Bergman kernel of V' has zeros. More precisely, if

X ={(z,w) e U xU : Ky(z,w) =0}, Y ={(z\v)eVxV:Ky(xvw)=0},
then

Y = {(®(2), () : (z,w) € X} (2.5)
This is a direct consequence of the biholomorphic transformation law:
Ky(z,w) = det ®'(2) - Ky (®(2), ®(w)) - det & (w). (2.6)

Indeed, since @ is a biholomorphism, det ®’ is necessarily non-vanishing (see [27]). Thus in
the sense of , the zero set of the Bergman kernel is a biholomorphic invariant.

The map (21, 22) — (zl 2971 22) is a biholomorphism from H; to D x D* (a domain with a
non-vanishing Bergman kernel), so we can immediately conclude K7, (2, w) is non-vanishing
inside Hj x Hy. This can also be seen directly from the formula

Z2W2

K]Hh (Z, w) =

. 2.
71'2(1 — 22@2)2(2’2@2 — 21@1)2 ( 7)
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2.2.1. Orthonormal bases. Given a Reinhardt domain 2 C C" and a multi-index o € Z"
with corresponding monomial e, (z) = 2%, we define the set of L?-allowable indices to be
S2(Q) :={a € Z" : e, € A2(Q)}.

Since the square-integrable monomials form a orthogonal basis for the Bergman space on
2, we are able to write the Bergman kernel as

KQ(Z, w) _ Z ea(z)ea(w) _ Z (lel)al Tt (Zn@n)an7 (2.8)

2 2
a€S2(Q) H€a||2 Q€S2 () ”eaHQ

where the series converges locally normally on 2 x ).

Observe that on any Reinhardt domain where the boundary intersects the center of
Reinhardt symmetry (like H,) certain negative powers are allowed to appear on square-
integrable monomials. But an elementary computation shows that any perturbation of
causes the set So(H,) C Z? to either lose or gain an infinite number of indices. This fact
underlies the drastic difference in Bergman kernel formulas of the domains H,, # H,,, even
when |y; — 72| is taken to be arbitrarily small.

2.2.2. Factorization of the Bergman kernel. Equation (2.8]) shows the Bergman kernel on a
Reinhardt domain can be written as a function of the variables ¢; := z;w;. In other words,
if ¢ : C" x C™ — C"™ is the map

w(zﬂﬂ) - (251@17 o 7Zn@n)7

the Bergman kernel factors as Ko = kq o ¢, where kg is a function defined on the closely
related Reinhardt domain

Q={teC":3z,we Qwitht = (2w, , 2,Wn)}- (2.9)

When € is pseudoconvex, Q admits a simpler description. Following [7], for any m > 0
we define the m-th Reinhardt power of {2 to be the Reinhardt domain

Q) .— {zecn:(\zly%,--- ,|zn\%)esz}. (2.10)

Proposition 2.11. Let Q C C™ be a pseudoconvex Reinhardt domain. Then 0 =00,

Proof. The containment Q2 ¢ Q always holds. Indeed, given ¢ € Q3. we have
Ci= (re™, ... rpe) e Q2 — z:=(\/T1y...,\/Tn) € Q.

Now take w = z and set t := (z1wW1,- -+ , 2,Wy) = (71, ,7n), Which is contained in Q by
definition (2.9)). Since € is Reinhardt, ¢ € Q.
The containment Q ¢ Q) requires pseudoconvexity. Let t = (t1,...,tn) € Q and choose
z=(21,...,2n) €8, w=(w,...,wy) € Q,

such that ¢; = z;w; for all j. For now, assume that each ¢; # 0. Since () is pseudoconvex,
the set Log(£2) C R™ is convex and therefore the midpoint

1 1 1 1
( og |z1| ; og |wi]| - |2n| ‘; og |wn|> € Log(Q). (2.12)

Upon noting that Log(Q(Q)) = {21 :n € Log()}, we see from (2.12) that

(log [t1], ., 10g [tal) = (log |21] +log [wi], ., 10g || + log [wn]) € Log(2®),

which shows that t = (t,...,t,) € Q).
When some of the components ¢; of ¢ equal 0, we take z; = w; = 0, then repeat the
midpoint argument above on the logarithmic shadow of the lower dimensional Reinhardt
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domain obtained by intersecting {2 with the coordinate axes of the zeroed out components.
This lower dimensional domain is also pseudoconvex and its m-th Reinhardt powers are
obtained by intersecting Q™ with the same coordinate axes. The rest of the argument
goes through mutatis mutandis, confirming in this case that ¢ € Q2. O

Corollary 2.13. Given a pseudocover Reinhart domain 2 C C™, the map ¢ : C"xC" — C"
restricts to a surjection of Q x Q onto Q2. Further, there is a holomorphic function
kq : Q3 — C so that the following diagram commutes

aOxQ — Y Qe

\ J,m (2.14)

Proof. Since ¥(Q2 x Q) = Q = QO the factorization of Ko = kg o 1 illustrated in (2.14))
holds. The function kq is holomorphic on Q(2) because the power series

t& .. tOn

ka(ty, - tn) =y, 1 (2.15)

aeSs(N) ”604H2

converges locally normally on Q3 — this is a direct consequence of the local normal con-
vergence of the series defining the Bergman kernel on Q x Q in (2.8). O

Definition 2.16. Given a pseudoconvex Reinhardt domain €2 C C™, we call the function
kq : Q3 — C the holomorphic factor of the Bergman kernel.

Corollary 2.17. Let Q) be a pseudoconvex Reinhardt domain. The zero set of the Bergman
kernel Kq in Q x Q is the pullback via ¢ of the zero set of the holomorphic factor kq
restricted to Q2. In particular, Ko has zeros in Q x Q if and only if kq has zeros in Q3.

2.3. Properties of H,. For later use, we record some observations about H,. First see
that the generalized Hartogs triangles are unchanged by taking Reinhardt powers.

Proposition 2.18. Form > 0, v > 0 the generalized Hartogs triangle satisfies H( m = =MH,,
and so the holomorphic factor of the Bergman kernel is itself a function k : H, — C.

Proof. Given m,~y > 0, we have the following chain of equivalent statements:
1 1 1
z € H,(Ym) — (|a|m,|z2|m) €H, <= ]zl\% < |zo|m <1
=  |z|" < |zl <1 — zeHl,.

Since ]H[(f) = H,, the holomorphic factor k, is in fact a function on the original domain. [

Theorem 2.19. Let v, > 0. The domains H., and H,, are biholomorphic if and only if
1 1
- ——:=beZ. (2.20)
no

In this case, the map ®15(2) = (2125, 22) is a biholomorphism H, — H,,.

Proof. Let v,n > 0 and suppose that H, and H, are biholomorphic. Since these domains

are Reinhardt, Proposition [2.4] above says they are algebraically equivalent in the sense of
Definition 2.2] Thus, there is a biholomorphism ® : H, — H, of the form

w=®(z) = (P1(z), P2(2))
= (Az‘fzg,Bzfzg) = (w1, w2), (2.21)
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with A, B € C* and a, b, c,d € Z with ad — bc # 0. We now write
Hy ={lz1]” <zl <1}, Hy = {|wa|” < fwe| <1},

and turn to finding conditions on the parameters A, B, a,b, ¢, d in .

Since points z = (21, 22) € H.,, are allowed to have z; = 0, this forces a > 0 and ¢ > 0.

In fact, we must have a > 0 because no point (z1,22) € H, has 22 = 0 in its second
coordinate, and therefore the only possible way to use ® to map onto a point (0, w2) € H,,
from a point (z1, z2) € H, would be for z; = 0 and a > 0.

Now notice that if ¢ > 0, then every point of the form (0, z2) would be mapped by ®
to (0,0) ¢ H,. We thus conclude ¢ = 0, and therefore ad # 0 from the non-vanishing
determinant condition above. This means

®(z) = (Az{25, B29), (2.22)
with A, B € C*, and a,b,d € Z with a > 0 and d # 0.

We can also conclude that d > 0 as follows. Since H, C D x D*, the second component

of ® must satisfy

|®o(2)| = |B2E| < 1. (2.23)
But since we are allowed to choose points (21, 22) € H, with 2z — 0, the bound in is
only possible for d > 0.

Now observe that z; only appears in the first component of the map . This forces
a = 1, since otherwise all points (w1, ws) € H,, with wy # 0 would have multiple pre-images
under ®. The same line of thinking also shows that d = 1, since, again, points in H, would
otherwise have multiple pre-images. This now means

®(2) = (Az128, Bzy), (2.24)
with A, B € C*, and b € Z.
Since ® : H, — H, is a biholomorphism, z € H, if and only if w = ®(2) € H,, which is
to say

lwi|T < Jwa| <1 = |21|7 < |z2| < 1. (2.25)
On the other hand, shows
lwi ] < Jwe| < 1 = lwi|T < Jwg] and 0 < |we| <1,
= |Az128|" < |za| and 0 < |Bzo| <1,
= |Az |7 < |27 and 0 < |z| < |B|7Y,
= JAnVGD <z and 0< |w| < |BITL (2.26)

Now comparing (2.25)) and (2.26)), we see obtain two equivalent descriptions for the source

domain

]HI7 = {(21,22) : ’21|’y < ’22| < 1}

1_ _
_ {(zl,@) A |YGTY < |2 < |B] 1}. (2.27)
Thus, we see that this is possible if and only if the following three conditions hold
AMGP =1yt -n=r BT =1 (2.28)
This shows that there are 61,05 € R so that A = eiel,B = %2 and
1 1
- ——=0
nov

Since b is an integer, the last displayed equation gives the necessary and sufficient condition
in (2.20). We see that when ~,n > 0 satisfy this, every algebric automorphism of the form
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®(z) = (€225, €% 29) restricts to a biholomorphism of H, — H,,. Setting §; = 6 = 0
gives the map @4, as claimed. O

See Zapatowski [38] for related results on proper holomorphic maps between higher di-
mensional variants of the Hartogs triangle.

We now see that each biholomorphic equivalence class in the domain family {H, : v > 0}
contains a unique representative Hy with 7 > 1.

Corollary 2.29. Given v,n > 1 with v # n, the domains H, and H, are biholmorphically
inequivalent. But given v € (0,1), there is a unique ¥ > 1 so that H, is biholomorphic to
H.
Proof. Suppose without loss of generality that v,n > 1, v # n, satisfy 1 <7 <. Then

1 1 1 1 1
mp G| — 0<-———-<1-——, (2.30)
Yon nov Y
which means % — % cannot be an integer, and thus by Theorem H, and H,, cannot be
biholomorphic.
Now let v € (0,1). If % € Z, then HL, is biholomorphic to H;. Indeed, set ¥ = 1 so that

1 1
- —=€7Z,
Yo
and now invoke Theorem 2.19
If % ¢ Z, let us define
1 1
r:=——|—|€(0,1), (2.31)
3]
and set ]
yi=—>1. (2.32)
x
It is now easy to see that
11 1 1
S B Y
Theorem [2.19] again gives the result. O

3. AN EFFECTIVE BERGMAN KERNEL FORMULA

Let m > n be relatively prime positive integers. We begin with the numerator polynomial
of the Bergman kernel of H,,, , given in (1.14)):

Z Do (B1)Din(mBa 4+ nfa +m +n — 1 — 2mn)s1t%2 = Py, (s, 1). (3.1)
BEZ?
Our goal is to eliminate the D,, function that was defined in ((1.12]).

3.1. Determining non-zero coefficients. To condense the presentation of (3.1f), we in-
troduce the quantities

K’(ﬁlaBQ) = m52+nﬁl+m+n_1_2mna (32)
C(B1, B2) = Dy(B1) D (K(B1, B2)).
We now determine all pairs (31, 32) € Z? such that C (31, 32) # 0.

Proposition 3.4. Fir a rational number ™ > 1, ged(m,n) = 1, and let C(B1, B2) be defined
as in (3.3). The complete list of pairs (B1,B2) € Z* for which C(B1,32) # 0 is determined
explicitly.
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(0) C(By,B2) # 0 if and only if both 0 < B1 < 2m — 2 and 0 < k(f51, B2) < 2m — 2.
Case 1: B1 =m —1 or k(p1,82) =m — 1.

(1a) If B1 = m—1, the only possible By value for which C (51, 82) # 0 is B = n, in which

case k(f1,B2) =m — 1.
(1b) Suppose that 51, By are chosen so that C(B1,P2) # 0 and k(P1,P2) = m — 1. Then
B1=m—1 and B3 = n.

In what follows, define

L(j) = [Hn(ﬁﬂ . (3.5)
Case 2: Let 1 =j €{0,1,--- ;m — 2} be fized.
(2a) There is a unique B2(j) € Z so that (7, f2(j)) € {0,1,--- ,m — 2}.
Ezxplicitly,
Ba(j) = 2n — L(j),  w(j,$2(4)) =m+n—1+nj—mL(j), (3.6)

so each P2(j) € {n,n+1,--- ,2n—1}. Distinct choices of ji,jo € {0,1,--- ,m —2}
yield (j1,02(71)) # k(Jjo, B2(j2)), meaning that k(j, 52(j)) assumes each value in
{0,1,--- ,m — 2} exactly once as j ranges in {0,1,--- ,m — 2}.
(2b) There is a unique Bo(j) € Z so that k(j, B2(j)) € {m,m+1,---,2m — 2}.
Ezxplicitly,

Bo(j) =2n+1-L(j),  k(j,B20))) =2m+n—1+nj—mL(j), (3.7)
= fa(j) + 1, = (7, B2(j)) +m.

so each 52(2) € {n+1,n+2,---,2n}. Distinct choices of ji,j2 € {0,1,--- ,m —2}
yield k(j1,P2(71)) # k(jo, B2(j2)), meaning that k(j,F2(7)) assumes each value in
{m,m+1,---,2m — 2} ezxactly once as j ranges in {0,1,--- ,m — 2}.
Case 3: Let p1y =j € {m,m+1,--- ,2m — 2} be fized.
(8a) There is a unique B2(j) € Z so that k(j, 52(j)) € {0,1,--- ,m — 2}.
Ezxplicitly,

B2(j) =2n—L(j), k(4 B2(4)) = m~+n—1+nj—mL(j), (3.8)

so each B2(j) € {0,1,--- ,n—1}. Distinct choices of ji,j2 € {m,m+1,--- ,2m—2}
yield k(j1,P2(51)) # Kk(jo, B2(j2)), meaning that k(j,P2(7)) assumes each value in
{0,1,--+ ,m — 2} ezactly once as j ranges in {m,m+1,--- ,2m — 2}.
(8b) There is a unique B2(j) € Z so that k(j, B2(j)) € {m,m+1,---,2m — 2}.
Ezxplicitly,

Bo(j)=2n+1-L(j),  K(j,B2j)) =2m+n—1+nj—mL(j), (3.9)
= fa(j) +1, = k(J,B2(j)) +m.

so each Bg(j) € {1,2,--- ,n}. Distinct choices of j1,j2 € {m,m +1,---,2m — 2}

yield k(j1, B2(j1)) # K(ja, B2(j2)), meaning that k(j,B2(j)) assumes each value in
{m,m+1,---,2m — 2} exactly once as j ranges in {m,m +1,--- ,2m — 2}.

Proof. Statement (0) is clear from the definition of Dy,(3) given in (L.12)), and it sets the
stage for the three subsequent cases.

Case 1 concerns the situation when either 51 or (81, f2) is equal to m — 1, that is, the
input value where the function D,, peaks.
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For (1a), let B = m—1. If By € Z is chosen so that 0 < k(m — 1, 32) < 2m — 2, definition
(3-2]) shows
1 1
n—1+—<pB<n+1-—.
m m
This forces 52 = n, and a computation shows k(m — 1,n) =m — 1.
For (1b), assume f1, B2 are chosen so that x(/1,52) = m — 1. This means
m(B2 — 2n) = —n(B + 1) = f1=-1 mod m,

since ged(m,n) = 1. Since 0 < 31 < 2m — 2, this forces 81 = m — 1, which again implies
that 89 = n. This concludes case 1.

In Case 2, we let 51 = j € {0,1,--- ,m — 2}, i.e., the inputs where D,, is ascending, up
to (but not including) the peak input at j =m — 1.

For (2a), assume that 3 is chosen so that 0 < k(j, B2) < m — 2. This means

2mn+1—m—-n—nj <mpy <2mn—1—-—n—nj (3.10)

In the case m = 2 (which forces n = 1), we immediately have j =0, S = 1 and x(0,1) = 0.
For integers m > 3, (3.10]) is a closed interval of length m — 2 with integer endpoints. We
claim this interval must contain a multiple of m. If not, the left endpoint would satisfy

2mn+1—m—-n—nj =1 mod m.

But this would then necessitate

—n(j+1)=0 modm = j=-1 mod m,
which is impossible since j € {0,1--- ,m — 2}. Thus, for each j in this range, there is a
unique [y = [2(j) € Z satisfying (3.10)), given by
. 1+n(j+1 .
) = |20 - T ED | 1) (3.11)

where L(j) is defined by (3.5). Since Z < 1, L(j) is a non-decreasing function of j.
Inspection shows that L(0) = 1 and L(m — 2) = n, with each integer value between 1 and
n attained at least once. This means that $2(0) = 2n — 1 and that Sa(m — 2) = n, with
every integer value between attained by some [33(j) at least once.

Inserting (3.11)) into (3.2)) shows
k(j,52(3)) =m+n—14+nj—mL(j).
Now if ji1,j2 € {0,1,---,m — 2} are chosen so that x(j1,52(j1)) = k(j2, f2(j2)), we must
have that
n(jr —j2) =m(L(j1) —L(j2)) = j1=j2 modm,
which is only possible if j; = jo. We thus conclude that x(j, 82(j)) attains each value in
{0,1,--- ,;m — 2} exactly once as j varies throughout the same range.
Part (2b) is easily deduced from (2a). Take 52(j) = PB2(j) + 1, where 52(j) is given by
(3.11)), and see from (3.2]) that
Ii(j,,ég(j)) = mBQ(j) +njm+n—1-2mn
=m+mpa(j) +njm+n—1—2mn
=m + k(J, B2(J))-

Now since {m,m+1,---,2m — 2} is just a shift of {0,1,--- ,m — 2} by m units, all claims
made in (2b) are equivalent to those in (2a). This concludes case 2.
Case 3 is handled similarly, but now ; = j ranges in {m,m + 1,--- ,2m — 2}, i.e., the

range of values after the peak input at j = m — 1 on which D,, is descending.
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For (3a), assume [ is chosen so that 0 < k(j,82) < m — 2. This yields the same
inequalities that appeared in , only now with a different range of j values. When m = 2
(which forces n = 1), we immediately have that j = 2, so f2 = 0 and x(2,0) = 0. For integers
m > 3, is a closed interval of length m —2 with integer endpoints. Following reasoning
identical to that given above for (2a), we see that for each j € {m,m +1,--- ,2m — 2},
there is a unique 8y = (2(j) € Z satisfying . Once again (3(j) = 2n — L(j), the same
formula provided in for j € {0,1,--- ,m — 2}. Inspection shows that 82(m) =n — 1,
and that (2(2m — 2) = 0, and reasoning identical to that given above shows that [B2(j)
attains each integer between n — 1 and 0 at least once.

Directly evaluating in (3.2) again shows that x(j,(2(j)) = m +n — 1+ nj — mL(j),
and identical reasoning to that given above shows that if k(j1, 82(j1)) = k(j2, B2(j2)) for
Ji,d2 € {m,m + 1,--- ,2m — 2}, then j; = jo. We thus conclude that (7, S2(j)) attains
each value in {0,1,--- ,m — 2} exactly once as j varies throughout {m,m+1,--- ,2m —2}.

Part (3b) is easily deduced from (3a) in a way that parallels how (2b) was deduced from
(2a). We once again set 32(j) = B2(j) + 1, which is seen to imply that x(j, 52(j)) =
m + k(J, B2(7)). As above, all claims made in (3b) equivalent to those made in (3a). This
concludes case 3 and completes the proof. ]

3.2. Explicit determination of P, ,,(s,t). For the remainder of the paper, the quantities
k(4, B2(7)) and K(j, B2(7)) will be abbreviated as follows:

K(j) = &(4, B2(4)) = m+n — 1+ nj —mL(j), (3.12a)
#(5) = K(j, B2(j)) = 2m +n — 1+ nj — mL(j) = m + k(). (3.12D)
We first record some properties of L(j) and k(j) that will be crucial later.

Lemma 3.13. The functions L and k, defined in and , respectively, satisfy
the following functional identities

(1) L(j +m) = L(j) + n.

(2) k(j +m) = k(j).

(3) Forj€{0,1,--- ,m—2}, L(j)+ L(m —2—j) =n+1.

(4) For j €{0,1,--- ,;m—2}, k(j)+k(m—2—j)=m —2.

Proof. (1) and (2) follow from trivial computation. For (3), observe that (1) implies
L(j)+ Lim—2—j)=n+ L(j) + L(-2 — j).
By definition, L(j) + L(—2 —j) =
1 + 1 1l—-n(y+1 )+ 1 1 i +1)—1
:[ +n(‘7+)w+[ ”(J+)w:[n(1+)+ W_VQH) J (3.14)

m m m m

For j € {0,1,--- ,;m — 2}, write n(j + 1) = q(j)m + r(j), where ¢(j) € Z is the quotient
and 7(j) is the remainder. We claim 1 < r(j) < m — 1 for this range of j. Indeed, since

ged(m,n) = 1, we have that r(j) assumes each value in the set {1,2,---,m — 1} exactly
once. Thus,
n(+1)+1 r(j) + 1 n(G+1)—1 r(j) — 1
ERE R S T Lty
m m m m
and so
n(j+1)+1 . n(j+1)—-1 .
[()w =q(j) + 1, {() =q(j).
m m

Now by (3.14) we see that for j € {0,1,--- ,m — 2}, L(—2 — j) + L(j) = 1, proving (3).
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For (4), notice that
km—2—7)+k(j)=2m+2n—-2+n(m—2—j) —mL(m—2—j)+nj —mL(j)
=2m —2+nm—m(L(m—2—j)+ L(j))
=2m—-2+nm—m(n+1)=m—2, (3.15)
completing the proof. O

We are ready to eliminate the D,, function and produce a formula for the numerator of
the Bergman kernel in terms of expressions appearing in Proposition

Proof of Theorem[I.5 We use Proposition [3.4] to decompose the polynomial
Prn(s,t) = ZD (B1)Dm(mpBe +nP2 +m+n—1—2mn)s Pribz
Bez?

e Parts (1a) and (1b) together show that the two possible options in case 1 (f; =m —1
or £(B1,P2) = m — 1) in fact both correspond to the same, uniquely determined S-value:
(61, 82) = (m —1,n). This corresponds to a single monomial term in the sum above, which
we now give a name. Recalling the definition of D,, in , define

) =D, D,, : B2
po(S ) (/81) (ﬁ(ﬂl ﬁ2))s (B1,82)=(m—1,n)

= Dp(m — 1) Dy (m — 1)s™ 1"

_ mQSm 1tn‘

e Part (2a) considers ;1 = j € {0,1,--- ,m —2} and shows the integer 82(j) = 2n — L(j)
is uniquely determined so that x(j) := k(j, 52(j)) € {0,1,--- ,m —2}. Recall the definition
of Dy, in (1.12)), and give a name to the polynomial corresponding to these indices:

m—2
Z Do) D (()$71720) = 37+ 1) (0(G) + 1574210,
§j=0
e Part (2b) considers 8; = j € {0,1,---,m — 2} and shows the integer 32(j) = 2n+ 1 —
L(3) is uniquely determined so that #(j) := &(j, B2(j)) = m+r(j) € {m,m+1,--- ,2m—2}.
Recall the definition of D,, in , and give a name to the polynomial corresponding to
these indices:
m—2

pa(s,t) == Din(5) Dyn(m + 5(j)) s7¢720)

= "+ 1)(m— k() —1)s72n L0,
§=0
e Part (3a) considers 51 = j € {m,m+1,---,2m — 2} and shows the integer (2(j) =
2n — L(j) is uniquely determined so that x(j) := (4, 52(j)) € {0,1,--- ,m — 2}. Recall
the definition of D,, in (1.12]), and give a name to the polynomial corresponding to these
indices:

ps(s.t) == > Din(j)Dm(r(j))s’t%V)

= (2m — j — 1)(k(j) + 1)s/t? LU Z — j = 1)(r(j) + 1)s7TmgnLO),

Jj=m =



16 LUKE D. EDHOLM AND VIKRAM T. MATHEW

In the last step, we re-indexed the sum using Lemma to see that k(j +m) = k(j) and
L(j+m) = L(j) — n. )

e Part (3b) considers 1 = j € {m,m +1,---,2m — 2} and shows the integer (2(j) =
2n 4+ 1 — L(j) is uniquely determined so that #(j) := x(j, f2(j)) = m + k(j) € {m,m +
1,---,2m — 2}. Recall the definition of D,, in , and give a name to the polynomial
corresponding to these indices:

2m—2 .
pa(s,t) = > Dp(j) Dm(m + r(j))s7t>0)
j=m

2m—2
= 3 @m—j - 1(m - k() — i)

= S (m— j — 1) — k() — 1) HmerHLG),
=0
As above, we re-indexed the last sum using Lemma [3.13] By Proposition we have
exhausted all indices (f31,/32) corresponding to non-zero coefficients in the sum defining
Py, n(s,t). The proof is now complete. O

3.3. Palindromic polynomials. In this section we restrict the numerator polynomial of
the Bergman kernel to the variety {s = ¢}. The function s — P, ,(s,s) has a root of
order 2n — 1 at s = 0 (this is shown below), which suggests the definition of the following
polynomial

Qm,n(S) = 5172”Pm,n(37 S)‘ (316)

Observe that @, has roots in the punctured unit disc D* C C if and only if P, , has
roots in the punctured disc A* = {(s,s) : s € D*} C H,y, .

The main result in this section is that @y, 5 is a palindromic polynomial of degree 2m —2n.
Recall that a degree 2k polynomial

2k )
f(s) = Zozjsj (3.17)
=0

is said to be palindromic when its coefficients satisfy a; = agp—; for 0 < j < k.
With f defined as in (3.17)), it can be seen to be palindromic if and only if it satisfies

f(s) = s%f(s_l). (3.18)

Equation (3.18) shows that s € C\{0} is a root of the palindromic polynomial f if and
only if s7! is also a root. This immediately implies the following:

Proposition 3.19. Suppose f is a palindromic polynomial of degree 2k. Then either

(1) f has all its roots on the unit circle, or
(2) f has an even number of roots (counting multiplicities) off the unit circle, ezxactly

half of which lie inside D*.
In particular, if f is non-vanishing on the unit circle, then it has exactly k roots inside D*.

Mirroring the decomposition given in ((1.4b)), we express Q, » as the sum
@mn(s) = qo(s) + q1(s) + q2(s) + g3(s) + qu(s), (3.20)

where each
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The formulas for the polynomials p; given in Theorem thus yield

go(s) = m?s™ ", (3.21a)

q1(s) = Wij(j +1)(k(j) + 1)s/HOH, (3.21Db)

@@>=§§u+wxm—nu>—n§*“”% (3.21¢)

() = 3 (m — = D(R(j) + 1-EO ot (3.214)
o

%@>=fjun—j—1Xm—mu»—nﬁdﬂﬂmﬁﬁ? (3.21¢)

Proposition 3.22. The q; are polynomials with positive coefficients, satisfying

§2M= 20 (s = qo(s), (3.23a)
szm*%ql(s*l) = q4(s), (3.23Db)
82m72nq2(571) = q3(s). (3.23¢)

Consequently, Qm n s a palindromic polynomial of degree 2m —2n with positive coefficients.

Proof. Each coefficient inside the sums through is seen to be positive by
recalling Proposition [3.4] parts (2a) and (3a), that x(j) assumes each value in {0, 1, -+ ,m—
2} exactly once as j ranges in {0, 1, -+ ,m—2}. (Recall that in we simplified notation
by writing x(j) for what was originally defined by (7, 52(7)))-

Next we show that each ¢; is a polynomial, i.e., that only non-negative powers of s appear
in each respective sum. Clearly ¢ is a polynomial since we assume m > n. Also notice that
in the sums defining ¢1, ¢2, g3, q4, the exponent on ¢ in is smaller than the other
exponents. We write this exponent as

E(j):=j— L(j)+ 1. (3.24)

We now show this is non-negative for all j =0,1,--- ,;m — 2.
First, we claim E(j) is a non-decreasing function on the integers, i.e., E(j+1)—E(j) > 0.
To see this, observe

BG+1- B =1- (|

Notice that the difference of the two terms inside the ceiling brackets above is

LenG+2) 1enG+D) _n |
m m T m ’

meaning that for any j, the difference in parentheses above takes one of two possible values:
1 |+ 2 1 + 1
[ +n(j + )-‘_[ —i—néz—i— )-‘6{0,1}.

1—|—n(j—|—2)" 3 [1—1—71(]’—1—1)")

m m

m

Thus for each j, E(j + 1) — E(j) > 0. To conclude that E(j) is non-negative for j €
{0,1,--- ,;m — 2 }, it is now sufficient to check the value at j = 0:

14+n

E(0) = —L(0)+1=— [ W +1=0, (3.25)
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since 0 < 1 +n < m. This shows that ¢ is a polynomial with a non-zero constant term.

Consequently g2, g3, g4 are also all polynomials.
Now we verify the identities in (3.23]). First,

§2M=2ng (57 = 22T = 2T = go(s),

confirming (3.23al). Next consider

m—

S2m72n Z j‘l‘l +1) 2m72n+L(j)fj71’ (326)
7=0

and re-index the sum by setting j = m —2—i. By Lemma we have that k(m —2—1i) =
m — 2 — k(i) and L(m—2—i):n+1—L(i)7 and so

(B-26) = Z 1 — i) (R(m = 2 — §) 4 1) 22 Lm 2=t
=0

—2
= D (m—1—i)(m = 1= k(i)s T 2 gy (),

l\’)

i=0
confirming (3.23b)). Following the same line of reasoning, now consider
m—2

S Mga(sh) = Y+ Dm = w(j) — )t

I
[{ng

3
&

(m 1 Z)(m _ K(m _9_ Z) _ 1)S2m—2n+L(m—2—i)—m+2+i—2

I
g

(m S Z)(/i(z) + 1>Si—L(i)+m—n+1 _ q3(s),
=0
confirming (3.23c). Finally, we show Q, (s) is palindromic of degree 2m — 2n:
§T T Qun(s7H) = 87 (go(sT) Fan(sTH) Fa@a(sTh) Fas(sTh) Faa(sTh)
= qo(s) + qa(s) + a3(s) + q2(s) + q1(s)
= Qm,n(s)v
as (3.23D) and ([3.23d)) also imply s?™27q,(s71) = q1(s) and s> 2q3(s7 1) = ga(s). O

4. THE Lu QI-KENG PROBLEM

We use the work of the previous section to prove for infinitely many rationals v = 7 €
(1,2) the existence of zeros of the Bergman kernels on H,.

_ m _ 2 3 4 5 6 7
4.1. Case m —n = 1. (;—I,i,g,z,g,é)

Proposition 4.1. Let us write (m,n) = (¢ + 1,¢), ¢ € Z*. The polynomial Qu11, takes
the form

Qeyre(s) = ap()s® + ar(€)s + ao(0),

where
ap(l) =
o () =

0+ 1)(0+2),

1
6
S0+ 1)(20% + 4¢ + 3).
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Proof. For (m,n) = (£+1,£) let us first calculate the quantities L(j) and x(7) from (1.4h)).
For the range of j appearing in the sums defining ¢1,¢2,¢3,q4 (0 <j<m—2=/(—1), we

have
. 1+4(G+1) .
L(=|— 7| = 1. 4.2
o= | =i (1.2
A quick calculation now shows k(j) = ¢ — j — 1 and thus equations (3.21a] m give
/-1 —
w(s)=+1)%.  als) =) G+DE-5). o) = sZ(j +1)°
j=0 =0
-1 —1
() =5> (L=35)%  quls)=5"> (L= +1)
7=0 7=0

Now add these polynomials:

Qet1,0(5) = qo(s) + q1(s) + q2(s) + q3(s) + qa(s)

-1 -1
(1+ 5% Z]Jrl JE—=3) | +s 2> (G+1)7+(+1)
Jj= 7=0

= (1+ %) ap(l) + sai(0),

where the formulas for ag(¢) and a1 (¢) as cubics in ¢ follow from well known sums of powers
formulas (see e.g. [22]). O

Proposition 4.3. Q/y1(s) has a unique root inside the punctured unit disc D*.
Proof. We factor
Qui1.0(8) = ap(£)s® + a1(£)s + ap(¢)

= ag(l)(s —r1(0)) (s — r2(0)), (4.4)
where r1(¢) and r2(¢) denote the two roots. Observe that
ar(€) = $(0+1)(20% + 40+ 3) > (£ + 1) (€2 4 20) = 2a(0), (4.5)

which shows the roots r1(¢) and ra(¢) are real-valued and distinct. Also observe from
that 71 (¢) - 72(¢) = 1, which implies the roots have the same sign. Thus, one of them (say
r1(s)) lies inside of D* while 72(¢) lies outside of D. (It is also clear that the roots must be
negative, as the coefficient functions ag(¢) and ay(¢) are always positive.) O

Remark 4.6. We can also use the quadratic formula to find the above roots explicitly:

202 + 40+ 3 202 4+ 40 + 3\ 2
) =—(——") +4/ | ————=
02+ 2+

Now observe that as £ — oo, these roots accumulate at a point inside the punctured disc:

lim 71 () = —2 4+ V3 € D*,

{—00

Corollary 4.7. The Bergman kernel ofH& has zeros inside H¢s1 X H e for every l € Z7.
¢ 3

Proof. Since He+1 is Reinhardt, Corollary [2.17] shows that its Bergman kernel has zeros

inside ]H[z+1 X Hz+1 if and only if the corresponding holomorphic factor k.1 (s,t) has zeros
£
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(2)

inside the Reinhardt power domain H,/,. But now recall that Proposition [2.18[ shows
T

H( ) = H, for any v > 0. From equation ,
1 Prag(st)
m2(0+1) (1 — s2)2(tf — st+1)2”
where the denominator is non- vamshlng for (s,t) € ]H[z+1 Proposition 4.3|shows that Q1 ¢

has a unique root in D*, and ( shows that this root corresponds to a root of Ppqy
restricted to the punctured dlSC A* ={(s,5) €C?:5€D*} C Hep. O
£

k:urTl(s,t) =

m 3 57 9 11 13
42 Case m—n:2. (Z_*7§,577,?7117"').

Proposition 4.8. Let (m,n) = (20+ 1,20 — 1), ¢ € Z*. The polynomial Qor4+1,2¢—1 takes
the form

Qa2r41,20-1(5) = ap(0)(1 + 84) +a1(0)(s+ 83) + a2(6)52,

where
ap(f) = 20(0+1)(2¢ + 1),
a1(f) =Ll +1)(20+1),
az(l) = 3(20 + 1)(56% + 50+ 3).
Proof. We compute L(j) and x(j) from (1.4h)), and see that the relevant j values satisfy

0<j<m-2=2(—1.
L(j) = F+<2€—1><J‘+1>1 i1 V(ﬁl)_lJ

20+1 20+1
e (<j<2e-1. '
A short calculation now shows
. 20— 2 — 273, 0<j<t—-1,
K(j) = : : (4.10)
40— 1 — 25, (<j3<20—1.
Equations (3.21a)—(3.21¢c) now give
qo(s) = (20 4+ 1)s%, (4.11)
201
ai(s) =Y (G +1(k(G) + 1)s?HIH
j=0
-1 201
=3 [+ 120 = 1= 2)s7 T L N (G 4 1) (40 — 24) 87!
Jj=0 j=t
110 2€ 1 200+ 1)(20+1
_ * >>+< e >>s, (4.12)
201 o
ga(s) = Y ( +1)(20 = w(j))s?~HIT2
j=0
1 201

=25 (G+1)>+5* ) G+ 12 +1-20)
7=0 3=t
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L+ 1)(20+1 020 +1)(b—1
_(MDe) | (1REY ,

Once again, these sums are computed in closed form by using well known sums of powers
formulas (see e.g. [22]). Proposition now shows

ls) = <e(£+1)3(2£+ 1)> o <£(2£+ 1()3(5z_ 1)) 2
wls) = <z(z+1)6(ze+1)> a (25(“1;(2“ 1)> -

Now add go+¢q1 +¢2+ g3+ qa to confirm QQ2¢41.2¢—1(s) takes the form given in the statement
of the theorem. O

Proposition 4.13. Qa11.2¢-1(s) has exactly two roots inside the punctured unit disc D*.

Proof. To locate the roots of Qas4+12¢—1(s), we start with the formula in Proposition
and factor out the coefficient of (1 + s%):

L0+ 1)(20+1 6
Q2041,20—1(8) = ((+ D)2+ 1) <1+68+ <10+ €2+£> 82+6s3+s4>

6
L0+ 1)(20+1
e )6( D 2ps), (4.14)
where
6
-2 -1 2
RZ(S) =S + 65 + <1O + M) + 65 + s°. (415)

The roots of Q2¢4120—1 are exactly the roots of R,(s). We now show that Ry(s) is
non-vanishing on the unit circle.

Suppose the contrary, that s = e

is a root for some € € R. Then
Ry(e?) = 4cos? 6 + 12 cos 0 + <8 + £2§—£> =0, (4.16)
which is equivalent to saying there exists x = cos@ € [—1, 1] such that
6
Go(x) =42 + 122 + B({) = 0, where B) = (8 + ) .

The roots of Gy(s) can be calculated explicitly:

) =2+ 5V BD,  mall) =5 — /I B0, (4.17)

Note that ¢ — £(¢) is a decreasing function with 4(1) = 11, 8(2) = 9 and limy_,~, 5(¢) = 8.
When ¢ = 1, the roots above are the complex numbers:

3 V2 3 V2
n) =gt =y s

which are clearly not in the interval [—1,1]. For £ > 2, the roots are real numbers given by

ri(0) € [‘2"1>’ ro(l) € (-2,_2].

In particular, Gy(z) has no roots in the interval [—1,1], which means that R,(s), and
consequently Q2¢412¢—1(s), are non-vanishing on the unit circle. Since Qgy12/—1(s) is
palindromic, Proposition [3.19] shows that exactly two of its roots lie inside D*. O



22 LUKE D. EDHOLM AND VIKRAM T. MATHEW

Remark 4.18. We now describe the limit behavior of the roots of Q2¢41,2¢—1(s). Note that
by ([4.14), s*Re(s) is a monic polynomial sharing the same roots as Qasy120-1(s). Now
observe

Jim s2Ry(s) =1+ 65+ 108> + 65> +1 = (s +1)*(s* + 45 + 1),
—00

which has roots at {—1,—1,—-2+ \/3, -2 — \/3} Thus one interior root moves to the unit
circle (s = —1) as £ — oo, but the other interior root stays inside D* and approaches
s = —2+4 /3. In Remark we showed this interior root accumulation point is also the
root accumulation point when m —n = 1.

Corollary 4.19. The Bergman kernel of Haey1 has zeros inside Haerr X Haeys .
20—1 20—1 20—1

Proof. The same proof given in Corollary [£.7] applies here with trivial modifications. U

4.3. Case m —n > 3. We now briefly consider relatively prime pairs m,n € Z* with
m —n = k > 3. Though analysis becomes harder as k£ grows, there is ample evidence to
suggest that every ()., , is non-vanishing on the unit circle.

To supplement the £k = 1 and k£ = 2 cases in Sections and the authors have
also recently carried out arguments analogous to those given in Propositions and
proving the non-vanishing of @, , on the unit circle when k = 3,4,6. These new arguments
require analysis of polynomial families of degree 6,8, 12, respectively. Interestingly, the (still
open) k = 5 case is more difficult because (letting ¢ denote Euler’s totient function; see
[22]) ©(5) = 4, while p(3) =2, ¢(4) = 2, p(6) = 2. The higher the value of ¢(k), the more
separate cases must be considered, thus complicating the analysis.

The problem that seeks to locate the roots of @, for a general pair of relatively prime
integers m > n is wide open. The authors have, however, been able to prove that for each
k € ZT, there are an infinite number of explicitly given pairs m > n with m —n = k such
that @, n is non-vanishing on the unit circle. This argument requires detailed analysis of
the polynomial coefficients considered in tandem with conditions bounding the number of
real roots of cosine polynomials with real coefficients. This material is the subject of a new
paper by the authors currently in preparation.

In addition to these theoretical considerations, the authors have also used Mathematica
to analyze an abundance of @), , polynomials outside the purview of the above results and
have still never observed a single one with a root on the unit circle.

Conjecture 4.20. Let m > n be positive integers with ged(m,n) = 1. The degree 2m —2n
palindromic polynomial (), is non-vanishing on the unit circle. Consequently, m — n of
its roots lie inside D*.

If this conjecture holds it would be somewhat remarkable, as palindromic polynomials are
generically expected to have roots on the unit circle. Indeed, a beautiful result of Dunnage
[14] from 1966 shows that, given a single randomly generated palindromic polynomial with
real coeflicients, the expected value of the percentage of its zeros lying on the unit circle is
%, or about 57.7%.

If Conjecture can be proved, it would then immediately imply that the Bergman
kernel of H,,, /, has zeros inside H,,/,, x H,y,, for every positive rational number 7 7 1.
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