THE BOREL MAP IN LOCALLY INTEGRABLE STRUCTURES
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ABSTRACT. Given a locally integrable structure V over a smooth manifold Q2 and given p € Q we
define the Borel map of V at p as the map which assigns to the germ of a smooth solution of V
at p its formal Taylor power series at p. In this work we continue the study initiated in [6] and
|3] and present new results regarding the Borel map. We prove a general necessary condition for
the surjectivity of the Borel map to hold and also, after developing some new devices, we study
some classes of CR structures for which its surjectivity is valid. In the final sections we show how
the Borel map can be applied to the study of the algebra of germs solutions of V at p.

1. INTRODUCTION

The purpose of this paper is to discuss our recent results on the Borel map and the Borel property
for locally integrable structures. If one thinks about an integrable structure as a system of (linear,
first order) PDEs with the right number of basic solutions, it becomes an intriguing question to
study the relationship between formal solutions (i.e. formal power series in the solutions of the
structure) and solutions. The relationship between the two comes, of course, from associating to a
smooth solution its formal Taylor series at a distinguished point (e.g. the origin) in the structure.
The Taylor series of a solution can be written as a series in the elements of a set of basic first
integrals {Z1, ..., Zy} defined near the origin; we refer to this map, defined by

b: & = C[Z1,..., Zm], b(u)= > uaZ®
aeN™

where the u, are appropriate derivatives evaluated at 0 of u, as the Borel map (at the origin).

We have started the study of this map, in particular the natural question of when it is surjective
(the Borel property), in a series of papers of the second author with Barostichi and Petronilho
[3] and of the first and the third author in the context of CR structures [6]. In our current
paper, we can give important insights into the nature of the geometric properties of the structure
determining whether the Borel property holds or not, and we find relationships with interesting
open questions in the analysis of locally integrable structures.

Before we begin with the discussion of our results, we refer the reader to for thorough
definitions of locally integrable structures, the Borel map (which associates to any smooth solution
its formal solution), and the Borel property (meaning that the Borel map is surjective). The Borel
property can be used to understand, and, in some circumstances, bridge the gap between the local
algebra of power series spaces and the “hard” analysis of solutions.

In we use functional analytic methods in order to characterize (abstractly) when the
Borel property holds in Proposition [Proposition 3.3} roughly stated, the Borel property holds if
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and only if when one can control the action of a sequence of differential operators on the solutions
of the structure by the C*-norm on some compact set, then the operators in the sequence need
to be ouf bounded order. We use this fact to provide some conceptually simpler and, in view of
later results, cleaner proofs of the fact that the existence of peak functions of finite type (or in
the locally integrable case, the fact that property (28) holds) is sufficient for the Borel property
to hold, and for the fact that the existence of a flat solution is necessary for the Borel property
to hold.

However, the results in our current paper show that geometric properties of this form are far
too rough to understand the Borel map. We hope that this means that understanding the Borel
map is more feasible than understanding whether e.g. a peak function exists (which is a very
hard undertaking, see e.g. the survey by Noell [11]), as it turns out that the Borel map is a
very subtle instrument which feels a lot of the intrinsic geometry of the integrable structure. In
particular, the present results give hope (and lead to some actual conjectures) that one can reach
a satisfactory geometric characterization of the Borel property, and show that its application to
e.g. the structure of ideals of solutions gives important insights into the behaviour of solutions.

There are also structural aspects of the Borel map which make its study very appealing: We
encounter one such aspect when we study partial Borel maps in Partial Borel maps
are defined as restrictions of the Borel map to solutions which are flat in a number of the basic
solutions, giving rise to formal series only depending on the other basic solutions. It turns out
that the Borel map is surjective if and only if the partial Borel maps associated to
a choice of a set of basic solutions and to its complementary set are both surjective.

Our main new necessary condition for the surjectivity of the Borel map is that
the polynomial hull of Z(K), where Z = (Z1,...,%Z,,) is the embedding of the structure into
C™ by means of a set of basic solutions, does not contain any analytic discs. It is tempting to
conjecture (especially when considering the proof of that statement) that this condition is not
only necessary but also sufficient.

Hence one of the remaining objectives of the paper is a discussion of the possible gap between
the necessity of the condition and the stronger conditions known to be sufficient. A particular case
in question is an application of the result on partial Borel maps to structures whose characteristic
set is of maximal dimension; in that case, we see that the Borel map is surjective if none of the
solutions of the structure is open .

This result highlights yet another interesting problem to which the Borel property has a curious
connection, namely the question whether there is a solution (with nontrivial differential in a
noncharacteristic direction) which is actually open; it also, therefore connects with the question
of whether a maximum principle is valid for solutions of the given structure. We shall, however,
in this paper not follow these lines of inquiry further.

Instead, we have decided to focus on the study of what we think is the main geometric question
left over in our approach here in a special model case of tube structures. We obtain a rather
complete picture in that case, which is discussed in We show in out
that if neither the known condition for surjectivity (property (28)), nor the condition for failure
of surjectivity (open mapping property) hold, that we can reduce the problem to studying sets
which are in some sense “characteristic” for property 9. and it is in many cases the geometry of
these sets which allows us to determine whether the Borel map is onto or not and
Mheorem 5.1).

In the last two sections of the paper, [section 9land [section 10| we study two particular algebraic
aspects of the ring of solutions: We first show that its maximal ideal is finitely generated by a set
of basic solutions if property (8) holds . There are also other situations in which
we can guarantee this basic property, but we would definitely like to know whether the maximal
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ideal in the ring of solutions is always generated by a set of basic solutions (or not). In the other
extreme, we also show that principal manifold ideals automatically (without further assumptions

on the structure) satisfy the Nullstellensatz (Lemma 10.30)).

We would like to note that the current paper leaves open a number of fascinating problems
concerning the behaviour of the Borel map and the relation between the algebra of formal solutions
and the algebra of solutions; we discuss a number of them in

2. THE BOREL PROPERTY IN LOCALLY INTEGRABLE STRUCTURES

A. Let © be a smooth (paracompact) manifold of dimension N over which we assume given a
locally integrable structure V of rank n. Thus V is a vector subbundle of CTS2 of rank n whose
orthogonal bundle V- C CT*Q is locally spanned by the differentials of m = N — n smooth
functions.

If p € Q we set
S,={f¢c C;;O : Lf =0, V sections L of V near p},

where we are denoting by C° the ring of germs of smooth functions at p. It is clear that &, is
also a ring.
For each & > 0 let m’; denote the ideal of C)° formed by all f € Cp° for which there is a

constant C' > 0 such that |f(q)| < Cd(q,p)**! for ¢ in a neighborhood of pE| It is also clear that
m’;“ C m]; for every k > 0 and that m]; NS, is an ideal of &,. We can then form the quotient
ring J(V)k = &,/(mh N &,), which is called the ring of k-jets of solutions at p. We have well
defined homomorphisms ¢ : J (V)];j - J (V)’;_l, k > 1, induced by the inclusions m]; - m’;_l.
Furthermore ¢j, o 1, = 71, k > 1, where 7, stands for the quotient map &, — j(V)’;. We can
form the projective limit

JWV)y =lm I (V)

which is then called the ring of formal solutions for V at p. Recall that J(V);° is the set of all
sequences (sy)>0 With s; € jpk and sx_1 = tx(sk) for every k > 1. Finally we define

byp: 6y = ITV),, byp(u) = (mr(u))k>o

Definition 2.1. We shall refer to the ring homomorphism by, as the Borel map for V at p. We
shall also say that V satisfies the Borel property at p if by, is surjective.

B. Let V be a smooth, locally integrable structure defined on a smooth manifold € and let
p € Q. According to |4 we can assert the following: p is the center of a smooth coordinate
system (z1,...,%m, t1,...,t,), which can be assumed defined in a product U = B x ©, where
B (respectively ©) is an open ball centered at the origin in R}" (respectively R}), over which
there is defined a smooth, real vector-valued function ®(z,t) = (®(x,t),..., P, (x,t)) satisfying
®(0,0) =0, D;®(0,0) = 0, such that the differential of the functions

Zi(z,t) =z + 1P (2, 1), k=1,...,m,

Here d is any distance function defined near p by using local coordinates. It is easily seen that the definition of
the ideals m’; is invariant.
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span V* over U.

Moreover dZ1,...,dZ,,dt,...,dt, span CT*Q over U.

Over U we can define smooth vector fields

. 0
My = Z ,ukk,/(x,t)%, k=1,...,m
E=1
characterized by the rule
MyZy = 0k, koK' =1,...,m.
It follows that the complex vector fields
L. 0 = 0D},

]:7‘—1 7($,t)Mk7 j:1,...,n,
o o,

span V|y. Moreover, Ly, ..., Ly, My,..., M, span CTQ|y.
The following relations are easily checked, for every 7,7 =1,...,n, k,k'=1,...,m:
dZx(Lj) = 0, dZ(My) = Ogpr, dtj(Ly) = 55, dt;(My) =0,
from which we conclude that Lq,...,L,, My,...,M,, are pairwise commuting.
Set, for W C U open,
SW)={ueC®W):Liju=0, j=1,...,n}k
it follows, according to the previously established, that

Go= lim S(W).
0 wW—{0} ( )
We are now ready to give a concrete representation of the Borel map for V at the origin using
this basic set of generators {Z1,...,Z,,}. Firstly we observe that if u € Sy then all derivatives
up to order k of the solution

. Mu(0) a
Vg = u — Z o Z(x,t)
|| <K
vanish at the origin; this can be easily seen for (MPLYvy)(0) = 0if B € Z7, v € Z", |8 + 7| < k.
In particular v € mlg N &g and hence the class of u in J (V)’g equals that of u — v, which gives
rise to an isomorphism

e JEV)o — CrlZ1, ..., Zm)

where the latter denotes the vector space of all polynomials in Zy, ..., Z,, of order < k. Further-
more, for each k > 1 we have commutative diagrams
jok(V)() L) (Ck[Zl, ceey Zm]

b J
TE W)y 25 CralZay- oy Zn)
where the vertical arrows at the right stand for the natural projections. If we recall that the ring

of formal power series C[Z1,..., Zy] equals the projective limit lim. Cg[Z1,..., Z,] we finally
obtain an isomorphism
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For the representation of the Borel map for V at the origin in terms of {Z1,..., Z,,} we must just
observe that the map b: &y — C[Z1,..., Z,,] given by

o) = 3> LWO) 7, pye

ol
aEZ™
makes the diagram
So
by \n
Jg° ! ClZ1,..., Zm]

commutative. In particular we conclude that the Borel property for V holds at the origin if and
only if b is surjective. Moreover the image of bgy and b are isomorphic.

3. GENERAL PROPERTIES OF THE BOREL MAP

A. Tt is our goal in this work to study not only conditions to ensure the surjectivity of b but also
to analyze its algebraic properties and apply them to the study the properties of the algebra &y.

We first recall a result proved in [3], Lemma 3.2: b is surjective if and only if there exists an
open neighborhood of the origin V' C U such that

(1) [JV : G(V) — (C[[Zl, .. .,Zm]]

is surjective. Here by = b o oy, where oy : (V) — & asssociates to u € &(V) its germ at the
origin.

Both 6(V) and C[Z1, ..., Z,] can be endowed with natural Fréchet algebra structures. Indeed
the first is a closed subalgebra of C°°(V') whereas for the second we consider its usual algebra
structure endowed with its Fréchet topology defined by the seminorms ) aqZ% — |ag|, f €
Z7*. Furthermore by is a homomorphism of Fréchet algebras, a consequence of the Leibniz rule,
and has dense image since it contains C[Z1,..., Zy].

Let G5 (V,0) denote the ideal of &(V') formed by all v € &(V') which vanish to infinite order
at the origin. Thus ker byy = G(V;0) and hence if by is surjective we obtain an isomorphism of
Fréchet algebras

S(V)/Gu(V,0) ~ C[Z1,. ... Zm].

Since moreover C[Zy, ..., Z,,] is a local algebra it follows that the spectrum of the Fréchet algebra
S(V)/65(V,0) is a unitary set. But this spectrum equals the set of all nonzero continuous
homomorphisms &(V) — C that vanish on &,(V;0) [7, pp. 81-82] and hence its only element
is the Dirac measure dp at the origin. Now if (zg,%p) € V is such that Z;(zo,t9) # 0 for some
j € {1,...,m} then the Dirac measure at (zg,%y) defines continuous homomorphism of &(V)
which is different from Jy which shows that when by is surjective the ideal G (V';0) cannot be
trivial. This gives a different proof of Theorem 3.1 in [3].

B. Both &(V) and C[Zy, ..., Z,] are also Fréchet-Montel spaces. Indeed the former is a closed
subspace of the Montel space C°°(V') and the latter is isomorphic to a countable product of copies
of the complex field, which is easily seen to be Montel (Tychonoff theorem). We will make use
the following result:
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Proposition 3.2. Let E, F be Fréchet-Montel spaces and let A : E — F be a continuous linear
map with A(E) dense in F. The following properties are equivalent:
(1) A(E) =F;
) YA(F") is strongly closed;
) VB C F', YtA(B) C E' strongly bounded = B strongly bounded;
) Yy} C ', { PA(y))} strongly bounded = {y}} is strongly bounded;
) YA(F") is strongly sequentially closed in E'.

(2
(3
(4
(5
Proof. The equivalence of (1) and (2) follows from [9], p .22. The equivalence of (1) and (5)
follows from [9], p. 18. Now, since A is injective, (2) implies that ( tA)~! : ‘A(F') — F’ is
continuous with respect to the strong topologies and then it maps strongly bounded sets into
strongly bounded sets, which gives (3). It is clear that (3) implies (4). Assume now that (4)
holds and let { "A(y})} C "A(F'), "A(y}) — 2’ strongly in E'. By (4) {y/} is strongly bounded
in E’. Since E’, endowed with the strong topology, is also a Montel space, it follows that {y;} is
compact, which in particular implies that { ‘A(y})} = "A{y}}. Then 2’ € tA(E"), which proves
(5). O

We apply Proposition with A = by, E = &(V), F = C[Z1,...,Z»]- The dual of
ClZi,...,Zy] is the space C[Z ..., Zy] under the duality

Cl[Z1,.... Zw] X C[Z1, ..., Zm] — C, (Zaaza, > baza> =Y aa ba.

finite

Hence the transpose of by is the map C[Z ...,Z,,] > P— Ap € &(V),

Ap(f) = (P(M)£)(0), fe&(V),

where P is the polynomial obtained from P after dividing its coefficient b, by «!. Thus the Borel
map by is surjective if and only if given any sequence of polynomials P; € C[Zy,..., Zy,] with
Ap; bounded in &(V)' then P; is bounded in C[Z1,. .., Zy].

Now a sequence P; is bounded in C[Z1, ..., Z,,] if and only if there is k such that degree(P;) < k
for every j and the sequences of the corrresponding coefficients are bounded in C. On the other
hand the sequence Ap, is bounded in &(V)" if and only if it is equicontinuous, that is

There are an open set 0 €¢ W CcC V, ¢ € Z, and C' > 0 such that
(B{(M)N) O < Cllfllcewy, e SV).

Notice that applying (3.1)) to the monomials f = Z” implies that the sequence of corresponding
coefficients of P; is bounded in C. We summarize:

(3.1)

Proposition 3.3. by is surjective if and only if the following holds: given any sequence of
polynomials Pj € C[Z1,. .., Zy)| satisfying (3.1) then sup{degree(P;)} < oc.
4. THE PARTIAL BOREL MAPS

A. We keep the notation established in the previous section and start with a digression regarding
the theory of tensor products in the category of Fréchet spaces.

Let 1 < p < m and consider the natural inclusions

(C[[Zl, .. .,Zpﬂ — (C[[Zl, .. .,Zm]], (C[[Zp+1, ce ,Zm]] — (C[[Zl, .. ,Zm]]
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Then C[Z1, ..., Zp|®C[Zp+1, - - ., Zm] can be identified to the (dense) subspace of C[Z1, ..., Z,,]
formed by all power series of the form

M
> 813(Z1, . 2p)825(Zpirs s Zom).
j=1

Recall that C[Zy, ..., Z,|&xC[Zps1, - - -, Zm] is the completion of this space endowed with the
strongest locally convex topology which makes the natural map

B : (C[[Zl,‘..,Zp]] X (C[[Zp+1,...,Zm]] —>(C[[Zl,...,Zp]] ®C[[Zp+1,...,Zm]]

continuous. On the other hand since the space of formal power series is nuclear |13], p. 526,
Corollary 1, it follows from [13], p. 511, Theorem 50.1 that the canonical map of

ClZ1,. .., Zp|@xCl[Zps1, - - -, Zim] — ClZ1, ..., Zp]@:ClZps1, - - -, Zim]

is an isomorphism (cf. the definition of the € topology in |13], page 434). In other words both 7
and ¢ topologies coincide. If we apply the same reasoning as in the proof of [13], p.531, Theorem
51.6, it follows that C[Zy,..., Zp|®C[Zpt1, ..., Zn] = ClZ1, ..., Zy].

By a property of the m-topology [14], Theorem 6.4, p. 63, it then follows that every element
S € C[Z,...,Zn] can be represented in the form

(4.2) S=> 813(Z1,.... Zp)S2(Zps1,- - - Zm),
7j=1

where

oo

> ar(S1j)ar(S25) < 1

j=1
and ¢ < g2 < ... is a sequence of continuous seminorms that define the Fréchet topology in
ClZi,..\ Znm]-

B. Denote by 6(()1) (resp. 6(()2)) the space of all u € & such that M*u(0) =0 if o ¢ {1,...,p}
(resp. a  {p+1,...,n}). We then obtain homomorphisms induced by b:
b : 6 5 C[Z1,.... 2], by: 6P = ClZps1,- .., Zm].

We shall refer to the maps b, as the partial Borel maps for V at the origin with the respect to
the decomposition {1,...,m} ={1,...,p}U{p+1,...,m}.

Theorem 4.4. The Borel map b is surjective if and only if each by is surjective, £ = 1,2.

Proof. If b is surjective and if S € C[Z1,...,Z,] C C[Z,...,Zy] then there is u € & such that
b(u) = S. But a fortiori u € 6(()1) by the definition of b and thus by (u) = b(u) = S, which shows
that by is surjective. An analogous argument shows the surjectivity of bs.

We show the converse. Firstly we remark that if V' is an open neighborhood of the origin and
if we denote by &) (V), j = 1,2, the space of all u € &(V) such that the germ of u at the origin
belongs the Gg) then each &) (V) is a closed subspace of &(V) and hence also a Fréchet space.

By a Baire category argument (cf. Lemma 3.2 in [3]) there is an open neighborhood V' of the
origin such that both induced maps

by : 6D(V) = Cl[Z1,..., 2], bay: 6D V)= ClZps1s- .., Zm]



8 GIUSEPPE DELLA SALA, PAULO D. CORDARO, AND BERNHAD LAMEL

are surjections between Fréchet spaces. From [14], Theorem 6.6, p. 65, it follows that
b1y ®boy : 6V(V) 2, 6D (V) — C[Z1,..., Z]0xClZps1s- - -, Zm]

is a surjection between Fréchet spaces.

Thus by [14], Theorem 6.5, p. 63, given S as in ([@.2)) there are u; € & (V), v; € @ (V)
such that 32, u;(x, t)v;(y,t) converges in C*°(V x V) and such that

S=> ba(u;)ba(v;).

J=1

Now since each b; is defined as the restriction of b we can further write
S = Z b(uj)b(vj) = Z b(UjUj),
Jj=1 J=1

since b is an algebra homomorphism. But then if we set u(z,t) = 322, uj(z,t)v;(z,t) then

u € &(V) and b(u) = S, which completes the proof. O

Still keeping the notation previously established we consider the locally integrable structure V;
over U defined as Vll = span{dZi,...,Z,}. Notice that a u is a solution for V; if and only if

Liju=0, Mpu=0, j=1,....,n, k=p+1,...,n.

In particular M®u = 0 in a full neighborhood of the origin if o ¢ {1,...,p} and consequently the
following statement is immediate:

Proposition 4.5. If the Borel map for V1 at the origin is surjective then the same is true for the
partial Borel map by.

5. PARTIAL HYPOCOMPLEXITY

In this section we continue to write Z(x,t) = (Z1(xz,t),..., Zn(x,t)) € C™ and remark that
for a fixed structure V all concepts below are independent of a particular choice of such map.

A. In the first paragraph of this section we recall the concept of hypocomplexity and some results
presented in [13]. Denote by O™ the sheaf of germs of holomorphic functions at the origin in
C™. We say that V is hypocomplex at the origin if every germ of (weak) solution u for V at the
origin can be written as u = H o Z for some H € O™ In this case given any solution u for
V defined near the origin we have, for some constant C' > 0, [M®u(0)| < Cl*Flal, a € Z7, and
consequently hypocomplexity at the origin implies the non surjectivity of the Borel map.

The following theorem gives a complete characterization of hypocomplexity in terms of the
compact neighborhoods of the origin in U. If we recall that for a compact set P C C™ its rational
hull can be characterized as the set all z € C™ having the following property: every algebraic
hypersurface through z intersects P, we can state Theorem I11.5.1 in |13] in the following form:

Theorem 5.6. The following properties are equivalent:
(1) V is hypocomplex at the origin;
(2) For every compact neighborhood Ko CC U of the origin in RN the rational hull of Z(Kj)
is a neighborhood of the origin in C™;

(3) For every compact neighborhood Ko CC U of the origin in RN the polynomial hull of
Z(Ky) is a neighborhood of the origin in C™.
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As a consequence we obtain:

Corollary 5.7. If V is hypocomplex at the origin then any non constant solution near the origin
is open at the origin.

For a proof see ([13], Corollary II1.5.2).

Corollary 5.8. Assume m = 1. Then V is hypocomplex at the origin if and only if Z is open at
the origin.

Proof. The rational hull of any compact set in C is the compact itself. g

B. Recall that if V is a locally integrable structure over €2 its characteristic set is the subset of
T*Q defined by T° = V+ N T*Q.

Taking into account Corollary and for further reference, we conclude this section introduc-
ing a weakened version of hypocomplexity:

Definition 5.9. We shall say that V is partially hypocomplex at the origin if there is a smooth
solution W for V near the origin, with dW|y € T§ \ 0, such that W is open at the origin.

Remark 5.2. Write the coordinates in C? as z = z +1iy, w = s+t and consider the hypersurface
Y defined by ¢ = s|z|2. The CR structure V on ¥ is such that its orthogonal is spanned by the
differentials of the functions Z; = x + iy, Zo = s + is|z|>. The characteristic set at the origin
is spanned by ds|g and the function W = Zy +iZ% is a solution with dW (0) = ds|o. Moreover
introducing s’ = s — 2xy as a new variable we have

W(z,y,s') =5 +i(x? —y> + (s' + 22y) (2 + y?))

and then (ImW)(z,y,0) changes sign at the origin in R2. Hence W is open at the origin and
consequently this CR structure is partially hypocomplex (but not hypocomplex) at the origin. O

6. A NECESSARY CONDITION FOR THE SURJECTIVITY OF THE BOREL MAP

In the preceding section we have seen that when Z(K) is a neighborhood of the origin C™
(K C U a compact neighborhood of the origin) the Borel map is not surjective. We now prove a
much stronger statement:

Theorem 6.10. Suppose that for every K C U compact neighborhood of the origin the polynomial

o —

hull Z(K) of Z(K) in C™ contains a non constant complex curve through the origin. Then the
Borel map forV at the origin is not surjective.

Proof. Let u be a solution for V defined near the origin. There are a compact neighborhood K
of the origin in RY and a sequence of polynomials P, € C[z, ..., 2] such that P, o Z converges
to u over K in the C™ topology (the Baouendi-Treves approximation theorem). In particular
P, converges uniformly over Z(K). Now by hypothesis there is a non constant complex curve
T y(T) € Z/(?), defined near the origin in the complex plane and such that v(0) = 0. Hence
P,(y(7)) converges uniformly to a holomorphic function «(7) in a neighborhood of the origin in
C. In particular

k
(6.3) @PV(V(TNT:O — aM(0)
for every k. On the other hand, the Faa di Bruno formula gives

k
ROM= Y Aak(OZR)0),

1<|a|<k
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(0)]%
ak—z Z k‘H |g ||a3|
s= 1p5(a k;) 7=1
where p,(a, k) is the set of all (a1, ..., a4, 01, ..., 0s) € (ZT)® x Z7, satisfying || > 0, Y aj =«
and ) ||l = k.
By hypothesis there is » > 1 such that
V1) =7"7(1)/r!, (= 7(0) # 0.
Thus 79)(0) = 0 if j < r — 1 and 77 (0) = ¢ # 0.
We assume k = rq, where ¢ = 1,2, ... and consider two cases:
e Case 1: [a| > q. If (a,...,a5,01,...,0s) € ps(a,rq) we have . |a;]¢; < |a|r. Hence
¢; < r for some j and thus Ay ,q =0. O

e Case 2.: |a| =q. f(a1,...,as,01,...,¢) € ps(a,rq) we have ), |ay[¢; = |a|r. Hence if
¢; > r for every j we necessarily must have ¢; = r for every j O

Summing up when k = rq we conclude that A, ., = 0 if |a] > g and

arq 7“q Z Z H 'T‘"aj‘ _A 7q<~0¢ if |Oé| =4q,

5= 1ZJ_1 aj=aj=l
;70
where A, 4 is a positive constant. Thus

%PV(’Y(T))‘TZO = Z Aa,qCa@?Py)(O) + Qq(az)Pu(O)

lal=q
where Q4(X) = Z|,B\§q—1 QqﬁXﬁ/ﬁ! € C[X1,...,X] has degree < ¢ — 1.

Now since

(0%P,/02%)(0) = M { P, o Z} | (2.1)=(0,0)
from (/6.3]) we obtain
Al (0) = Y AagC* (M u)(0) + Qrg(M)u(0)
|er|=q
and consequently for some constant C' > 0 we have

D" AagC(Mu)(0) + Qq(M)u(0)| < C7 (rq)L.

lor|=q
In particular, if ZB agZ(z,t)P /B! € C[Z1,..., Zm] belongs to the image of the Borel map for V
at the origin then

D Aagaal®+ D Qqpas| < CT(rg)l, k>0,

lo]=q 181<q—1
for some C' > 0. Since it is easy to construct indutively a sequence (ag) for which this property
is not satisfied for any C' > 0 our proof is complete. O
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Remark 6.3. Our argument in the proof of can be enlightened by the following
discussion. Given a formal curve (t) € C[t]™, with v(0) = 0, the map
v Clet, e oyzm] — C[t], ur uon,

is onto if 4/(0) # 0. More generally, if v(t) = t95(t) with 6(0) # 0, and if we consider the
projection map

m: Clt) — Ct'], 7w [ D oyt? | =) aat™,
J k

then

mo~*: Clzt, ..., zm] — C[tY]
is onto, since by the Faa di Bruno formula, for each k there exists a polynomial p, such that the
coefficient of t% in (70 v*)(3, aaZ%) can be written as

D aab(0)* + prlag, ;: |8 < k,j < dk).
la|=k

Theorem 6.10[shows that if v happens to be an analytic curve contained in Z(K), then by the

Baouendi-Treves approximation theorem,

(m07") (b(S&)) C C{t}
and hence the Borel property must fail. |

Remark 6.4. For the CR structure defined in the Borel map at the origin is not
surjective since the complex curve w = 0 is contained .

Remark 6.5. Write the coordinates in C? as zj =z +1y;, 7= 1,2, and w = s+ it and consider
the hypersurface ¥ defined by
t= ’z% - zg’ ‘2 .

Let V be the CR structure on ¥ induced by the complex structure in C3. Since ¥ contains the
germ of the curve ¢ ~ (¢3,¢2,0) it follows from that the Borel map for V at the
origin is not surjective. We do conjecture that the polynomial hull of a compact neighbourhood
of 0 in M also does not contain any regular curve. For such a compact neighborhood of the origin
K C ¥ in ¥ it can be shown (see [5]) that the the analogous question for the holomorphic hull of
K has an affirmative answer, that is, the holomorphic hull of K does not contain any germ of a
regular curve curve through the origin.

7. SUFFICIENT CONDITIONS FOR THE SURJECTIVITY OF THE BOREL MAP

In this section we recall two conditions which imply the surjectivity of the Borel map.

A. Here we assume that )V defines on 2 a CR structure of the hypersurface type. Hence we
have YNV = 0 and T° is a real line subbundle of T*Q. Let p € Q, let V C  be an open
neighborhood of p and let » € &(V). We say that 1 is a peak function at p if ¥(p) = 0, ¥(q) # 0
for ¢ # p and argy # —m in V' \ {p}. Furthermore, we say that a peak function if of finite type
if [¢(q)| > Cd(q,p)* for positive constants C' and a.

The following theorem is the main result in [6] :

Theorem 7.11. IfV is a CR structure of the hypersurface type in £ which admits a peak function
of finite type at p € Q then the Borel map for V at p is surjective.
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We shall present a sketch of a proof of this result based on the characterization given in
Proposition For this we shall show that given any sequence of polynomials P; € C[Z1,. .., Zp]
such that degree(P;) — oo, given 0 € W C U a neighborhood of the origin and ¢ € Z there is a
sequence f; € &(W) such that

(B FHO) =1, I fillceqiy — 0

We can assume that Q is a hypersurface embedded in C™ and that Z; = zjlq, j = 1,...,m,
where (21, ..., 2n) are the holomorphic coordinates in C™. We can also assume that the peak
function v is defined in in V.

For any j let b,;2% be a non-vanishing monomial of P; of maximal degree, and define Cy; =
1/bs;. For any multiindex 8 € ZT we put dg = 2718, We define a sequence f; € &(V) by
fi = Ca; Z% @q,;, where o, € &(V) is the function constructed in [6], Lemma 4.2. We have that
¢a;(0) =1 for all j € N, and all its derivative vanish at 0 (see [6] Corollary 4.3).

By [6] Lemma 5.1 and more in particular from equation (5.4) in [6], we have the following:
for fixed B € Z™ there exists jo(8) € Z4 such that [MPf;(q)| < A\aﬂ"”daj for all ¢ € V and
J > jo(B) (here we are using the fact that |a;| — oo as j — 00), where the constant A depends
on || but not on «a;. Using these inequalities for all g € Z7* with || < ¢, it follows that there
exist j1(¢) € Z+ and Ay = A1(€) > 0 such that || f;l|ceqyy < Ailoyltdy,. Thus I fillcewy — 0 as
J — oo for any neighborhood W CC V of the origin.

On the other hand, let us consider (ﬁ](M)fj)(O) Since (Mypa,)(0) = 0 for all k, it follows
that (B(M)f;)(0) = Co, (B (M)Z%)(0)20, (0) = Ca, (B(M)Z%)(0). Using that My Zyy = 8y it
is clear that M?Z (0) = 0 for all 8 # a;, hence Caj(ﬁj(M)Zaf)(O) = Co;ba; (MY Z299)(0)/a;! =
Ca;ba; = 1, which completes the proof. |

B. Next we introduce a very similar condition stated in [3] which now applies to an arbitrary
locally integrable structure V. We say that V satisfies condition (*8) at p € Q if there is a smooth
solution W for V near p such that the following conditions holds:
(1) W(p) =0, dW(p) € T;\ 0 and arg W # —7 /2 near p;
(2) There are smooth solutions Wi, ..., Wy,_; defined in a neighborhood of p, W;(p) = 0,
such that dW7y,..., Wy,_1,dW are linearly independent and positive constants y and C
such that (|Wi|+ -+« + [Wiy—1))* < C|W/| near p.

The main result in [3] is the following:
Theorem 7.12. Property (*B) at p implies the surjectivity of the Borel map for V at p.

It is an easy corollary of Theorem the fact that when V has rank N — 1, that is when V- is
locally spanned by the differential of a single function, the surjectivity of the Borel map at p € §2
is equivalent to the fact that V is not hypocomplex at p ([3], Corollary 6.2).

The conjunction of Theorem [£.4] and this result allows us to obtain the following statement:

Theorem 7.13. Assume that the characteristic set for the locally integrable V over Q at p € Q)
has mazimum dimension (=m). If V is not partially hypocomplex at p then the Borel map for V
at p 1s surjective.

Proof. Since dim T}, = m by ([4] Theorem 1.10.1) we can find smooth solutions Z1, ..., Zy, for
V near p with dZi,...,dZ,;, linearly independent and dZ;(p) € T for all j = 1,...,m. By
hypothesis none of the functions Z; is open at p and hence by Corollary 4.1 and the result just
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stated we conclude that the Borel maps for the structures V; = span {dZ;}+ are surjective at p.
Hence Proposition [£.5]in conjunction with Theorem [£.4] gives the sought conclusion. O

8. A CLASS OF TUBULAR STRUCTURES

A. We recall (cf. |12], p.308) that a locally integrable structure V over Q of rank n is tubular if
given any point p € Q there are an open neighborhood U of p and an abelian finite dimensional
subalgebra g of C*°(U; TQ) such that [g, V|y] C V|v, dim g, = dimg and CTQ, =V, + g, for all
q € U. Here

g =1{Xy: XegtCT,Q, qel.

It is proved in ([13], p.308) that V is tubular if and only if given any point p € € there are, as in
section 1(B), a coordinate system (z1, ..., T, t1,...,t,) centered at p (N = m + N) and defined
in an open neighborhood U = B x O of the origin in R" and a smooth map ® = (®y,...,®,,) :
© — R™ satisfying ®(0) = 0 such that V' is spanned over U by the differential of the functions

Zj(l',t):-%'j‘f‘@j(t), j=1....,m.
Observe that a set of n linearly independent vector fields which span V|y is given by
0 N 0Dy, ; 0

Li=— =iy —2()—, j=1,...,
J c’%j =1 atj &rk

n.

Moreover since that in this particular case the vector fields My, equal 0/0z) the Borel map at
the origin for V is given by

Sodurbu) = Z

aEeZ™

(071)(0,0)

(0%
o Z(z,t)“.

From now on we shall assume that

Q and V are real-analytic.

In particular ® is a real-analytic map. The main reason for assuming such a hypothesis is
that in this case hypocomplexity for V at the origin is perfecty determined: by a result due to
Baouendi and Treves [2] this structure V is hypocomplex at the origin if and only if for every
¢ € R™\ {0} the map ¢t — ®(t) - £ is open at the origin.

B. Assume that m = n + 1 and suppose that ® has the special form

D(t) = (¢, ¢(1))

where ¢ : R® — R is real analytic, ¢(0) = 0, d¢(0) = 0. Such structure V, is CR of the
hypersurface type: indeed in this case it is the CR structure induced by the complex structure on

C"*!) where the complex coordinates are written as (z1,...,2,11), on the hypersurface defined
by Im 241 = ¢(Im 21, ..., Im z,). Notice that for this structure the CR vector fields read
o9 9 0¢p,. 0 :
Li=——iz——i—({t)z7—, j=1,...,m.

8tj B l@xj Z@tj al'm’

Notice also that in this case
-1
E-0(t)= ) Eitj+ Ema(t)

j=1

3
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which is open at the origin if §; # 0 for some j = 1,...,m — 1. Hence V, is hypocomplex at the
origin if and only if ¢(t¢) is open at the origin.

We first study the case n = 1, which is very simple. If V is not hypocomplex at the origin then
either ¢ has a zero of even order at the origin or else ¢ vanishes identically. In the latter case
we are in the Levi flat case in which case the Borel map at the origin is not surjective whereas
that in the former case the argument in the proof of Theorem below shows the existence
of a peak function for V, at the origin and hence the surjectivity of the Borel map at the origin

follows from [Theorem 7.11}
In what follows we then assume that n > 2 and that ¢ does not vanish identically.

Our discussion of the surjectivity of the Borel map for this particular CR structure will be
given in terms of the (germ of the) variety V = ¢~1{0}. We start with the following result:

Theorem 8.14. Let V,, ¢ and V' be as before.

(1) If ¢ is open at the origin then the Borel map for Ve is not surjective;

(2) If V.= {0} then the Borel map for Ve is surjective.
Proof. We have already seen that if ¢ is open then V, is hypocomplex at the origin and hence (1)
follows.

For (2) we can assume without loss of generality that ¢ > 0 outside the origin. Hence from the
analiticity of ¢ we conclude that ¢(t) > c|t|?? if |[t| < r, where ¢ > 0, r > 0 are small constants
and ¢ € N . We set

(@, t) = —i(@m + i) + (Tm + id(t) Z x4 it;)%,

where & is positive small constant. It is clear that ¢ € &(U). Furthermore if > 0 is chosen such
that ¢(t) < 1/2if [¢t| < r then

m—1 m—1
ReW(x,t) > ap, + ¢(t)/2+ K Y Re{(w; +it;)*} > ap, +c|t[*/2+ kY Re{(x; + it;)*}
j=1 j=1

If we now use the elementary fact that for every 0 < & < 1 there is C; > 0 (depending on ¢) such
that

Re (2%7) > (1 —¢)(Re2)?! — C.(Im2)*, 2 €C,

choosing € = 1/2 and « small enough gives
ReW(x,t) > a2, + c|t|? /4 + k(a2 + ...+ 220 ))/2, |t| <r

Hence 1 is a peak function of finite type for V, at the origin and then (2) follows from
frem 7111 O

We have now to face the situation when V' # {0} and say ¢ > 0. The former is equivalent to
the existence of a (germ of a) non trivial real analytic curve «y(s) through the origin in ¢-space
over which ¢ vanishes identically. Notice that ¢ = 0 implies d¢ = 0 (because ¢ > 0) and hence
also d¢ vanishes on ~.

Theorem 8.15. Let Vo, ¢ and V be as before. Assume that V' contains the (germ of) a non
trivial real analytic curve y(s) through the origin such that each of its components has a zero of
odd order at the origin. Then the Borel map for Ve at the origin is not surjective.
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Proof. Write v(s) = (71(5),.-.,7(s)) and consider the tube structure V4 on the (z,s)-space
defined by the first integrals
Zg(:p,t) =z +ivi(s), j=1,...,n.

This structure is defined by a single vector field, namely:

o - 9
gt 2 I(o)_—
L 0s Z;%(S)@:L‘j'

1=

The point for considering this new tube structure is the following key observation: if u(z,t) is
a smooth solution for Vs near the origin then v(z, s) = u(x1,..., Ty, 0,7(s)) is a smooth solution
for Vy near the origin, that is, Lfv = 0. This follows from a simple computation.

Now if each 7; has an odd order zero at the origin then the map
n
sy ()4
j=1

is open at the origin in R for any £ € R™ \ 0, and consequently by the Baouendi-Treves [2] result
alluded to above, it follows that V; is hypocomplex. Hence if u is any smooth solution for V, near
the origin and if v is defined as above then we obtain the bounds

18%u(0,0)| = [0%0(0,0)| < ClHal,  aez?,
which imply that the Borel map for V, at the origin is not surjective. O

C. In the rest of this section we shall focus on the case when n = 2 and ¢(t) = (] — t%)2, p,q € N.
Write p/q = o/, with a and 8 without common factors. By Theorem the Borel map for V,
at the origin is not surjective if both a and 3 are odd since ¢ vanishes on the curve y(s) = (s, s%).

We shall now study some of the cases when « # [ and either « or 3 is even. We are able to
settle the following situations:

Theorem 8.16. Let ¢ be as before:
e if ¢ =2 and p is odd then the Borel map is surjective;

e if ¢ =2 and p is even then the Borel map is not surjective.

Remark 8.6. In each one of the cases where the Borel map is not surjective, the necessary con-
dition established in Theorem is not satisfied (indeed, we prove the non-surjectivity precisely

by applying Theorem .
We will first concentrate on the second statement.

C1. Given k € N, consider the following hypersurface of C3, which is equivalent to the ones
introduced in subsection B. up to a complex linear change of coordinates:

2 = {as = (2% - 2§},

We also put X9 = X N {z3 = 0}. Then ¥ can be seen as the union of the two hypersurfaces
St = {21 =25} and S~ = {x; = —24}, biholomorphic to each other. We want to show that the
polynomial hull S of X in C2 (and thus the polynomial hull Sof ¥in C?) contains a complex
line passing through 0.
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To this aim, we define X = Xy N {z2 > 0}, X = Xg N {z2 < 0}: then we can write X{ =
{zg = ¥/|21|} and X = {w2 = —¥/|z1]}. We claim that /2\36 contains (a neighborhood of 0 in)
{(0,23) € C? : 29 > 0}, and similarly f)’o’ contains (a neighborhood of 0 in) {(0, z2) € C? : x5 < 0}.

Choose then ¢ € C, ¢ = a+ib with 0 < a < (2k — 1)/(2k)% and define f : C — C? as
f(C) = (¢, ¢+ ¢?); furthermore define p : C? — R as p(z1,22) = o9 — W Writing ¢ = u + iv
we can express the composition po f: C — R as po f(¢) =a —v? +u? — W

Let now ¢ : RY — R be defined as p(t) = ¥/t — 2. A simple computation shows that ¢ is
strictly increasing on the interval [0, 1/(2k:)2kk—1] and ¢(1/(2k) 2kk—l) = (2k—1)/(2k) 2-1. We can
thus set d’ = ¢~1(a) and, choosing d’' < d < 1/(2]4:)716—17 define the rectangle R = {u + v : Ju| <
d,|v] < +Va+1}.

With this choice of R we have that po f|sr < 0. Indeed, whenever |v| = /a + 1 we can write
pof(¢) < a—v? = —1, while for |u| = d one has po f(¢) < a—¢(|u|) < a—p(d) < 0 by the choice of
d. On the other hand pof(0) = a > 0. It follows that the open set U’ = RN{pof > 0} is non-empty
and relatively compact in R. The open set C\ U has a unique unbounded connected component
V. Putting U = C\ V, it follows that U is simply connected, 0 € U and OU C {po f = 0}.

We can thus consider f : U — C? as an analytic disc attached to X, because f(0U) C Xi.
Since f(0) = (0,¢), it follows that (0,¢) € %, which verifies the claim. By Theorem we
conclude that the Borel map is not surjective, which proves the second statement in Theorem
3. 10

C2. We are now going to treat the first claim in Theorem [8.16
In order to do so we are going to study the properties of some particular domains of C?. Fix a
small enough 7 > 0 (to be specified later) and ky € N. We define Q C C2?(21, z3) to be the set

0= {(21,23) € C? . x3 >0, |Z3| <T, |21| <1+ kQ/l‘g}

and put o = QN{z3 = 0}(i.e. the unit disc in C(21)). We denote by A>(Q), A>°(£29) the subspace
of C*(Q),C*(£p) given by the functions which are holomorphic in the interior of €2, .

Proposition 8.17. The restriction map A*(Q) — A>®(Qo) is surjective. More precisely, for all

f e A%®(Qg) there is f € A®(Q) such that ﬂQO = f and %mo =0 for all k > 1.
<3

To achieve the proof of the Proposition, we modify the construction in [6], and sometimes refer
to lemmas in there without further mention. First, we need to prove an estimate which will be
useful later:

Lemma 8.18. Fized r > 0, we have

1 1
3 log(j%) <

i (1 7 sin(1/5742)7%) < 21og(27%)

for all large enough j € N.

1
Proof. Put z; =1 — (47 sin(1/577%))7"%; then z; > 0 and

P42

(1—ay) r2),

— 7 sin(1/]
1 1

Moreover, since (4" sin(1/5772))7" " > (1/252)7 " — 1 as j — oo, we have z; — 0 as j — oc.

From the expression above we get

1 . .
log(1 — ;) =~ log(¢" sin(1/ 2);
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since for j large enough we have —2x; < log(l — z;) < —x; and ﬁ < sin(1/572) < jrﬂg, we
can write
log(1/2;5?) log(25?%) log(1/5%) log(4%)
T2 e TS Ty TS Toanr T2 a0

for large j. The conclusion follows from these inequalities and again from the fact that QJT% <

sin(1/5712) < j7'1+2 for large enough j. O

Fix an increasing sequence {my} of positive integers such that my, > e’.

functions {v;}, {¢;}, {¢;} by putting

A 1 jkoe+2 ) . s
@ij(Zl,Zg) = _(Zﬁéjkﬂé'ﬂ) +B(1/]ko€+2)’ 5] = ed}]’ pj=e 57.

for all my, < j < myy1, where B(y) = 1/sin(y) and A(y) = B(y)'7¥. Note that v; is well-defined
on 2\ Qp, and Re (21, 23) = —o0 as z3 — 0. Furthermore the function ¢; extends continuously
to Q and ¢; =1 on Qy. Put Dj = {(21,23) € Q: |23 < 1/5%0)}, and fix p € Q\D With the
same computations as in Lemma 4.1 (choosing Ag = j2) we have |Im1;(p) tdj

Define sequences of

| < @ =
for my < j < myy1 and

st =2(54%) (1= (o)) -

1
= Sin(1/j50)
by Lemma Choose 1 < d < 7/2 such that d > d; for all j € N large enough (indeed d; — 1
as j — 00). From the expression above follows that

Re&;(p) > |&(p)| cos(dy) = e"¥iP) cos(d;) > j cos(d;) > j cos(d)

(1 — (" sin(1/702)) 07 > log(j2)/2 = log(j)

and thus
loi(p)| = e Re&i(p) < g—icos(d)

On the other hand we have |p;(p)| < e for all p € D; (same proof as in Lemma 4.2).
Lemma 8.19. For all p = (21, 23) € Q we have |¢;(p)| < m

2

. . .k. .
Proof. Suppose first that p € Dj, i.e. |z3] < 1/j%. Then o km)] > 1+61/j - > e > |pi(p)
: : e? 1 1 :
; > . >
If instead p € Q\ D; we can write /oy 2 G — @@y loj(p)] if 7 > 0 is small
enough. O

The next statement is an immediate consequence of the chain rule.
Lemma 8.20. Fix k € N. There is a polynomial Py(X1, Xo, ..., X)) such that
6%]. -P (8{} 825] 8k§j>

ko 920 ok
0z5 Dz3’ 023 0z

for all j € N. Furthermore, Py, is weighted homogeneous of degree k (where the variable X; has
weight j ).
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Bkap]

52k h < k. In the next lemma
Z3

h
ahv

Thus, to obtain an estimate for we need to give one for

he
we show that |8ajf (p)| grows as a polynomial in j if p € QN D;, while if p € Q\ Dy its growth is
3

compensated by the exponential decay of |¢;(p)|, resulting in the following statement:
Lemma 8.21. Let k € N, k > 1. There exist N, > 0, 7/ > 0 such that

;i
025
for all p = (z1,23) € Q with |z3] <7’ and all j € N.

1
(P)’ < Nyjdhok
(14 */|z3])7

Proof. In the following we always consider ¢,j € N such that my, < j < myyq, and fix h € N.
8h§'
8zgj

Moreover we put y; = 1/ jk0t+2  The following expression for can be checked inductively:

where 3, ; is bounded in j for all 1 < a < h. Thus we have

1
‘ ‘§J|Z‘Ba13’ ’aey +h — Che ’gﬂl‘ 3’h£yj+h

for some constant C, > 0 (mdependent of j). Taking in account the definition of £;, we can write

Ayj)

Cgh 1 —Re éy]j

SOl ——7¢€ 3 <
PR

’ g,
az;}

Define the function x : RT — RT as
1 7A(yj)cos(7réyj)
- T‘Zy~ .
~r) = CRane S
clearly x(r) — 0 as r — 0" and as r — +oo. Computing the first derivative
W) = (- hey; +h  Ly;j\(y;) cos(mly;) e_w
B rhlyj+h+1 p(h+1)ly;+h+1

we see that it vanishes only at

7= Lyi\(yj) cos(mly;) 1/ty;
hey; + h

hence & is increasing for 0 < r < 7 and decreasing for r > 7. Furthermore

_ Cgin(a. )i\ Vi Co\ Vo
R e e I

sin(y;) sin(y;)

, | 1/¢
_<a—yM+o<»wfm@0

cos(mly;) /i = (1 — (mly;)2/2 + O((mly;)*) "/ i

and
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are bounded (above and below) independently of j, so that for some K > 0 we can write

F> K f 1/£yj - K { jk0£+2/5 1 jk02+2/£ y E é jk05+2/5
=%\ hty; + h 2 \n 11 0/ jRof+2 = e \n '

If h < ¢ we obtain 7 > % In fact, if h < £ we have ¥ — o0 as j — 00, SO we can assume 7 > T.
Thus the function x is increasing on the interval [0, 7].
Let p € QN Dy, p = (21,23). Since |23 < 1/j% we have

‘ % 1)

5 ; < Chghﬁ',(|23‘)63(1/jkoe+2) < Chfhli(l/jko)eB(l/jkOHQ) <
Z3

< Chghjkoh(1+é/jk05+2) exp (_jkoﬁ/jkoeJrQ)\(l/jk‘oe-f—Q) COS(WE/jkO£+2) + B(l/jkof—i-Q)) _

— C’hﬁhjk()h(l'i‘f/jkoe“) exp(a;).

We can rewrite the argument of the exponential as follows:
1

1
= ikol+2y (skol o ol42\\ TFglTZT\
QJ—W(l—cos(wﬁ/j 00+2) kol gin (1 /R0l +2))3F0rF2 ) =

1 ) . ) S - 1-— COS(TFE/jkOH_Z)
— 1— kol 1 kol+2 kogl+2
(1 o2y (1~ U s ) T a i ke
The second summand in the expression above is bounded (in fact it is O(¢2/j¥¢2)), while the
first one is estimated by 2log(25%) by Lemma We deduce that

e J
8z§

for a large enough Cj > 0 (here we are using the fact that £ < log(j) by the choice of my).
The estimate above, together with Lemma show that there exists Nj, > 0 such that

angj
8z§

(jk()Z Sin(l/jk0£+2))jkoﬁ )

<p>’ < Ol RO exp(log (1) + O(1) < G

(8.4)

(p)‘ < Ny gk

for all p € QN D;.
Consider now p € Q\ D, p = (21, 23). Since |23| > 1/j* we have

"¢, 1 h :koh(14£/k0t+2
‘azg e G e)] < Gt ()] <

(P)’ < Cpt"
< Ci(log(j))" I Re €5 cos(d;) < ORI (— log(0; (p)]))-
As before, using Lemma we get that there exists V) > 0 such that
‘Bkw
o2k
for all p € Q\ D;. Since |p;(p)] < e74) — 0 as j — oo we have that
(—log(lw; (@)1)" < 1/4/lw;(p)|

for all p € Q\ D; and all large enough j, and thus

k.
85) S

<p>\ < NI i3 ()] (— Lol (p) )

< ngijgk: |Q0j(p)| < N]/C/ijoke—jcos(d)ﬂ.
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Using that 1/(1 4+ %/[z3])? > 1/e if 23] < 1/5% and 1/(1 + "§/]z3])7 > e 75 D/2 i |z5] < 7/
small enough, we can put together (8.4)) and (8.5)) as in Lemma to conclude that there exists
Ni > 0 such that

O p; ’ 3kok 1
p)| < Nijo° :
025 () (1+ "/|z3])
forallpe 2,5 €N. a

Proof of Proposition|8.17
For t > 0, define the dilation 1y : C? — C2 as 9(21, 23) = (21,t23), and let QF = ;1 (Q). We
have
0l = {(21,23) € C?: x3 >0, ‘2’3’ < T/t, ‘2’1’ <14+ k% kQ/.%'g}
so that Q' N {z3 = 0} = Qo and Q' N {|z3] < 7} € Qif t < 1. For a given f € A>®(Qy), we

k
will construct f holomorphic in the interior of €2, such that s : 832 extends continuously to €2

for all A,k > 0. Then it is clear that f’Qt € A®(QY), and thus f 1/)t € A>(Q); furthermore
fo qpt_l\go = [ since ¢ is the identity on €.

Let f € A%(Q), f(z1) = > 72 a;j21. Since f is smooth up to b the sequence a; goes to 0
faster than any polynomial, that is for all £ € N there is Ay > 0 such that |a;| < A/ 4% for all
>l N | |

We define now f(z1,23) = >, a;21¢;(23). By Lemma follows that the series 3, a;2{¢p;
converges uniformly on compact sets of the interior of €2, hence f is a well-defined holomorphic

function in the interior of €. We will show now that, for all & > 1, supgq, |gk—£] —0asc— 0,

where Q. = QN {z3 = c¢}. This will imply that f (as well as d—{) extends continuously to g, and
ﬂQO f. The same argument, applied to e { , proves that TJ; extends continuously to 2g.

Fix then k£ € N, and let Asg k42 > 0 such that |a;| < A3k0k+2/j3k0k+2 for all j € N. Given

e >0, let jo € N such that NiAsk,k+2 ZPN 7z <€ For any p = (21, 23) € Q we get

82 Z ]21 23 +Za]zl zg <
3 3<jo 3>3jo
J
< |2 et 28 )| + X gl |2 )| <
i<do 3 3>jo 0z
% Askok+2 5 ko |21]
Z“azl CIEDS FohoRt2 1V W Z%Zlak )| +e
i<jo J>]0 3 i<jo

-k, .
where we used Lemma8.21|and the fact that [21] < (14 %/23) < (1+ "%/|z3]). Since >, ajz{%%j,;(zz;)

is a finite sum and ¢; is flat at 0 for all j, we conclude that ‘%(p)‘ < 2¢ for |z3| small enough. [
3

Corollary 8.22. Define I' C C3(21, 29, z3) as the set

T = {(z1,22,2) € C* g > 0, |z] < 7, |21 + | < 14 */as)
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and let To = T' N {23 = 0} be the unit ball in C2. Then the restriction map A®(T') — A>(Ty)
is surjective. More precisely, for all f € A>®(Io) there is f € A®(I') such that flr, = f and
k7

%|po =0 for all k > 1.

Proof. Given f € A*(T'y), we can apply the construction of Proposition on the slices I' N

{az1 = Bz2} to define an extension f of f to I, holomorphic on each slice. Since the sequence of
“cut off” functions ¢; is independent of «, 3, f is in fact globally holomorphic in (21, 22,23). O
Corollary 8.23. Define X" C C3(z1, 29, 23) as the set

Y= {(21,22,23) €C3: 23>0, x1 >3~ H/a3}
and let (S,0) be a germ of smooth real hypersurface of C* such that 0 € S and S C ", Further-
more let So = SN {z3 = 0}. Then for any formal serieso =3, . aj 21 23’ there is a (germ of

a) function g € CR*(S) whose Taylor series at 0 is given by o and g—igbo =0 forallk > 1.
Proof. Define the Cayley transformation ® : C3\ {z; = 1} — C? as

1+ 2 29
q)('217'22723):<121712172:3 )

we have that ® maps IV to X", where
I = {(21,20,23) €EC3: 23>0, |z3] <7, |21)* + |2]? <141 — 21> W/z3}
on the other hand, since |1 — 21|? is bounded we have (locally) I" C T with
I = {(21,20,23) €EC3: 23>0, |z3] <7, |21)? + |22|® < 1+ C */z3}

for some large enough C > 0. However I is biholomorphic to the set I' of Corollary
via a rescaling of the z3 coordinate, so the conclusion of Corollary holds for I'”. Since
®(—1,0,0) = (0,0,0) we can consider o/ = o o ® as a formal power series centered at the point
po = (—1,0,0) € I'j. Since ¢ = —i(z1 + 1) is a (global) peak function of finite order for I'] at
po, there exists a smooth CR function f € CR>®(I'j) whose Taylor expansion at pg is o’. By

Corollary [8.22] there exists f € A(I"") such that ﬂpg = f and %“6’ =0 for all £ > 1. Putting
3

= fo® !, we have that g is defined on a neighborhood of 0 in ¥” and smooth up to the
boundary. By construction g|g satisfies the requirements of the Corollary. 0

Consider now for £ > 0 the hypersurface
L= {oz = (@it —23)’} c C°
and put g = X N {z3 = 0}.
Using the notation of section 3 with m = 3,p = 2, we consider the partial Borel maps
by : 6(()1) — Cl[z1, 22], ba: 6(()2) — C[zs].

We have that by is surjective because 235, = (m?“l — x3)? +dy3 is a peak function at 0, which

implies that the corank 1 structure induced on X by the function z3 satisfies the Borel property.
In view of the first claim of Theorem [8.16] is proved if b; is also surjective. This
is the content of the following statement:

Proposition 8.24. Let ), . ajljgz{lz%Q be any formal series in (z1,z2). Then there is a neigh-
borhood U of 0 in ¥ and a function g € CR>*(U) such that

e the Taylor expansion of g at 0 is given by Zjl,j2 ajljzzflzg2 ;
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k
° g—zg]go =0 forallk > 1.

Proof. Define the domains

Y ={(21,22,23) €C?: 23>0, x> 23 — Jx3},

' ={(21,20,23) € C®: 23>0, 21 >3 — 243}
It is clear that ¥ C ¥'; we claim that, if € > 0 is small enough, ¥’ N B.(0) C " N B(0) (where
B(0) C €3 is the ball of radius € centered at 0). Indeed, for (small) fixed x3 > 0 consider the

function v: R™ — R
Y(t) = /g —t — (24 x5 —t).

Looking at the interval [0, 2 4+&/x3] we note that v(0) = — 4+¥z3 < 0 and moreover (2 4+/x3) =

2“\1/1 Jr3 — 2 4t xg < ¥R/ Jx3 — 2 /3 = — ¥+/x3 < 0. On the other hand we have
(1) = 1 1

T = 20+ 1 (x5 — t)26/20+1)

hence ' vanishes exactly at t = /73 + W. If 23 is small enough, neither of these values

+1

lies in the interval [0, 2 4+/z3], showing that 7 is monotone on that interval. Since v(0) < 0 and
(2 #+/x3) < 0 we must have v < 0 on [0, 2 *+¥/x3], i.e.

Y. ﬂ:% — /3 > m% — 24ty for 0 < x% < 2 4RYxs.

If instead /z3 < x% <1 we have 0 < x% — /Z3 < 1, so we can write (for small z3)

2£+\1/.CU% — J/xr3 > x% — J/r3 > x% — 241y for /x3 < azg <1.

Since /x3 < #+2/x3 we conclude that 2“%/3:% —/r3 > x% — 2 4+2/x3 for x3 small enough and

—1 < z9 < 1, which proves the claimed inclusion ¥’ N B.(0) C X" N B(0).

Using a suitable change of coordinates we can map %" biholomorphically to the domain {x; >
|22|? — 4+¥/x3}, so that Xf is a one-sided neighborhood of the Lewy hypersurface {z1 = |22]?}.
We denote again by o = 3, . aj,j,21 25" the formal series obtained by transforming the one in

the statement through this coordinate change. The conclusion of the Proposition follows then by
applying Corollary with S =¥ and ko = 4¢ 4 2. O

By using the methods above, we can deduce directly the following (apparently more general)
consequence:

Theorem 8.25. With the notation of Theorem suppose that n = 2 and ¢(t) = (f(t1,1t2))>
where the differential of f does not vanish at 0 and the domain {f(t1,t2) > 0} is strictly convex
(or concave) around 0. Then the Borel map is surjective.

Proof. Let us consider the tube manifold ¥ = {x3 = (f(z1,72))?}. Up to a linear change of
coordinates, we can suppose that the tangent line of {f = 0} at 0 is 8%1 and {f > 0} is (locally)
strictly convex. Then it is easy to show that there exists C' > 0 such that f(z1,z2) > x1 — Cm%
for all 1, xo around 0. This implies that ¥ is locally contained in the domain

{(21,20,23) € C3: 23 >0, x> Cal— \/z3}.

From Corollary follows that the partial Borel map by is surjective, which implies the Borel
property just as in the proof of the first claim in Theorem [8.16
O
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9. THE STRUCTURE OF THE MAXIMAL IDEAL OF &,

A. In most of this section we shall assume that the locally integrable structure V over (2 satisfies
condition (B) at p € Q (cf. Section 6B).

According to (]3], proof of Theorem 6.1) we can assert the following: p is the center of a smooth
coordinate system (z1, ..., Tm, t1,...,t,), which can be assumed defined in a product U = B x ©,
where B (respectively ©) is an open ball centered at the origin in R]" (respectively R}'), over which
there is defined a smooth, real vector-valued function ®(z,t) = (®1(x,t),..., P, (x,t)) satisfying
®(0,0) =0, D;®(0,0) =0, in such a way that the differential of the functions

Zp(z,t) = zp + 1P (2, 1), k=1,...,m,
span V* over U. Contracting U even more around the origin we may achieve:
(1) dZ,,(0,0) € T&O) and arg Z,,, # —n in U;
(2) There are constants C, M > 0 so that (|Z1| + ...+ |Zm_1|)M < C|Zy| in U.

As before we can consider the corresponding vector fields L;, My, satisfying the standard or-
thogonality conditions.

B. G is a commutative local ring with maximal ideal
m={ueSy: u(0) =0}

Our goal now is to give sufficient conditions in order to insure that m is a finitely generated
Sog-module. This is of course true when V is hypocomplex at the origin. On the other hand we
also have the following result:

Theorem 9.26. Assume that V satisfies condition (B) at the origin. If either V is minimal
at the origin or if V is a real-analytic locally integrable structure then the following holds: if
Wi,... Wy, € m are such that dW1(0), ..., dW,,(0) are linearly independent then

m= <W1,...Wm>
as a Sg-module
We start by proving:
Lemma 9.27. If V satisfies condition (*B) given u € m there are v; € &g such that
m
U — Zijj € kerb.
j=1
Proof. Since u(0) = 0 we can write b(u) = Z;VZI gjZj, where g; € C[Zy,...,Zy]. By the surjec-
tivity of b we can find v; € &g such that b(v;) =g;, j =1,...,N. Then b (u — Zjvzl ijj> =
N
b(u) — > 5=19;%; = 0. O
We also have:

Lemma 9.28. Assume that condition (B) holds and also that V is minimal at 0. Then

o0

kerb = ﬂ (Zk).
k=1
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Before we embark in the proof of Lemma [9.28 we show how it leads to the proof of Theorem
. ndeed let Wy, ..., Wy, be as in its statement. By lemmas [9.27] and [9.28| we can write
Indeed let W/ Wi b in i By 1 d i

m
Wi =Y WrZr, e € So.
r=1

Since Zi(0) = 0 for every k we have
AWk(0) = > 7 (0)dZ:(0)
r=1

and hence the matrix (v4,(0))1<k,r<m is invertible. By continuity it follows that the matrix of
germs (Yir)1<kr<m is invertible and that its inverse (7’“)1§k’r§m is such that v*" belongs to &y,
since the latter is a ring. Furthermore we have

m
Z =) AW,
r=1
and this concludes the proof of Theorem [9.26
Proof of Lemma Let V C U be an open neighborhood of the origin and let v € S(V)
vanish to infinite order at 0. Assume first that V is minimal at the origin. By [10] there are an

open set U in C™, a compact neighborhood of the origin K C V' (both indeed independent of u)
and h € O(U) such that the following is true:

e Z(K) C U, for every a € Z" the holomorphic function 0“h extends continuously up to
UUZ(K) and

(9.6) (0%h) o Z = M%u on K.
Notice in particular that if we consider the continuous functions on U x U
Ua(z,w) =10%h(=) = 37 0 h(w)(z = w)’/B!/]2 —w]*H,
181<k—|ql

defined as zero when z = w, they all extend continuously to Z(K) x Z(K). Consequently the
family {Ua,ﬁ}(a,ﬁ)eZTxZTa defined as

_ 0%h if 8 =0,
Un (2, 2) = { ( )|Z(K8 ifg 0
is a Whitney family on Z(K).
By the Whitney extension theorem ([8], Theorem 2.3.6) for every p there is H, € C?(C™) such
that
agB _ @)k it =0,

and |a| + |8 < p. By all the derivatives of H, of order < p — 1 vanish at the origin and
hence we must have |Hp(z)| = O(|z|P), for z near the origin in C™. In particular

u(z,t)| = [h(Z(2,1))| = [Hp(Z(2,1))] = O(|Z(z,)[").
Hence, by (B), we obtain
(9.7) u(z, )| = O(|Zm(x,)["), p=0.
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Repeating the argument with M“u replacing u we further obtain
(9-8) (M%) (z, t)] = O(|Zm(x, t)["), p=0.

Define vi(x,t) = u(z,t)/Zk (z,t), if Zn(z,t) # 0, vi(z,t) = 0 when Z,,(x,t) = 0. Then
(9.7) implies that vg(x,t) is continuous and is smooth when z,, # 0. By a standard result in
distribution theory ([8], Theorem 3.1.3) we have Ljv, = 0 and
(9.9) My, = (Mpu)/ZF, — ku/ZFH

in the distribution sense, 7 =1,...,n,{=1,...,m. By it follows that the right hand side
of is continuous (if defined as zero when Z,, = 0) and then by ([8], Theorem 3.1.7) it follows

that v, € C' and that Ljvr = 0 in the classical sense, j = 1,...,n. If we iterate the argument
it follows that vy is smooth for every k € Z and also that Ljv, = 0 for all j = 1,...,n and all
keZ,.

Next we assume that 71, ..., Z,, are real-analytic functions and let V' be an open neighborhood

of the origin in U. By the Baouendi-Treves approximation theorem the following can be said:
there is an open ball W CC V centered the origin such that every element in &(V) is constant
on the set
Fo={(x,t) e W : Z(x,t) =0}.
Let u € &(V) vanish to infinite order at the origin. Then M®u € &(V') (o € Z7") vanish at the
origin and consequently vanish on Fy. Consequently all derivatives of u vanish on Fjy and hence
Taylor’s formula gives, for every q € Z.,

u(z, t)] < Agl(x,t) = ()7, (x,1) € W, (&,1) € Ty,

where A, only depends on bounds for the derivatives of u on W of order q. Taking the infimum
over (z/,t") € Fy we obtain

lu(z, )] < Agdist((z,1), Fo)?,  (2,t) € W.
Let K C W be a compact neighborhood of the origin. Since Fj is the zero set of the real-analytic
function f = |Z1]?> + ... 4 |Zm|? by Lojasiewicz inequality (cf. [M], Theorem 4.1) there are
constants C' > 0 and v > 0 such that

dist((x,t), Fp)” < C|Z(x, b))%, (z,t) € K.
Hence

u(z, t)| < CYY A Z(x, )P, (2,1) € K,
for every ¢ € Z4. Again by (8) we derive the validity of (9.7) in this case and the preceding
argument applies without modifications. The proof of Lemma [9.28]is complete. O

Corollary 9.29. Assume that V is a real analytic locally integrable structure of rank N — 1 (that
is, V* is a complex fiber subbundle of CT*Q). Then the conclusion of Theorem 8.1 holds at every
point in €.

Indeed when the rank of V is N — 1 and p € Q then V is not hypocomplex at p if and only if
property (28) holds at p (]3], Corollary 6.2).

C. Besides the hypocomplex case, the conclusion of Theorem holds in some cases when it
is not known whether condition (28) is valid or not. As in section 6(A) we assume that V is
the locally integrable structure associated to a smooth, minimal, (weakly) convex hypersurface
Q C C™. Assume 0 € Q. We claim that

m= <21|Q, .. .7Zm|Q>.
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Indeed let V' be an open neighborhood of the origin in ©Q and let f € &(V) satisfy f(0) = 0.
Then there is a weakly convex smooth domain &/ in C™ such that 90U NQ =W C V is an open

neighborhood of the origin in © and there is F' € OU) N C*°(U) such that F = f in W. Since
F(0) = 0 we can write, for z € U,

1
F(z):F(zl,...,zn):/O %(F(tzl,...,tzn))dt

where the integral is well-defined because, by convexity, (tz1,...,tz,) € U for 0 <t < 1. By the

chain rule we get
=t oF m
F(z) = Z/o zja—zj(tzl, coytzg)dt = szFj(z),
Jj=1 j=1
where

1
F](z)—/ ?(tzl,...,tzn)dt
0

Zj
is holomorphic on U and smooth up to the boundary for all 1 < j < m, so that

F=> (Filw)(zlw).
J
Such argument applies for instance to the hypersurface

Qﬁ = {(Zaw) € C2 dmw = 671/"2'}

which is convex, minimal but not of finite type. Note that we do not currently know whether the
Borel property holds for the CR structure induced on €2;.

10. PRINCIPAL MANIFOLD IDEALS

We continue to work under the notation established in the last section. Let f1,..., fr € m and
consider the ideal I = (f1,..., fr) C m. We say that I is a manifold ideal if
(10.10) (dfi AoAdfendfi AL AdS) (0) #0.

We denote by V(I) the germ {f; = ... = f; = 0}, and call it the variety of I.
Lemma 10.30. If I is a manifold ideal then V (I) is the germ of a regular submanifold of real
codimension 20 of RN around 0. Moreover, we can find a coordinate system (x1,...,Tm,t1,...,tn)
centered at the origin in RN and solutions Zy, ..., Z,, satisfying the properties listed in Section

1B such that I = (Zy,...,Zy).

Proof. The first claim is an immediate consequence of (|10.10) whereas the second follows from
the arguments in (4], Theorem 1.10.1) as done in (]3|, Section 4). O

We shall now restrict our attention principal maximal ideals, that is the ones generated by a
single element f € &g such that (df A df)(0) # 0. For any submanifold germ V of R around 0,
we denote by Z(V') the ideal of V, i.e. the ideal of & consisting of those germs vanishing on V.
It is clear that I C Z(V(I)). Our aim is to show that the opposite inclusion also holds:

Theorem 10.31. Let I C &g be a principal manifold ideal. Then Z(V(I)) =1.

We remark that in the previous statement no assumption is made about the minimality of V
nor on the validity of property (%8). In order to prove Theorem [10.31| we first prove a simple
lemma.

Lemma 10.32. Let k > 2. Then the function C > z — ¢p.(2) = 2% /2 € C is of class C*2.
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Proof. Clearly ¢, extends continuously to 0 since the function z/z is bounded. Choose j,¢ € N
such that j 4+ ¢ < k — 2. Then

i+ )kt ; —\ J+1
o’ du(z) = (_1)1M’Z _ R (Z Fh—(j+e+1)
02107 " 0 2 0 \z
is again continuous around 0 by the boundedness of Z/z, since k — (j + £+ 1) > 1. O

Proof of Theorem [10.31l We can assume that we are in the situation described in Section 1B
in such a way I = (Z;) (cf. Lemma [10.30). Moreover since [ is a principal maximal ideal we can
even assume that ¢(x,t) = t;.

Let g € &p vanish on V(I) = {Z; = 0} = {21 = t; = 0}. Our goal is to show that g = geZ1
for some g, € &y.

We start by setting

LIV
(10.11) hie =Y ~——Z{Mlg, k>1
=
Notice that hy € &y. We claim that
(10.12) M*(g + hk)|v(1) =0, acZ}, o <E.
In order to prove ([10.12)) we first note that if j > 2 then 0 = M;Z; = M,z and hence M;
only involves 0/0zs,...,0/0xy,. Thus if v € C§° vanishes on V(I) the same is true for M®v if

a=(0,as,...,an) € ZT. Thus (10.12) follows if we show that M (g + hy) =0 on V(I) if £ < k.
By Leibniz rule we have

k .
~1) . .
Mifg+h) = Mig+ni{ Y SRz
j=1 7
k min{j,C} j .
—1) (¢ 4! e g
= Mj ( Z{TTMET
1“; Z_% j! <r><j—r>!1 Y

If we restrict this last sum to V(1) and recall that ¢ < k we obtain

l
S (-1 (f) (M’9)| 210 = —(M‘g)] 210 .

J=1

which completes the proof of ((10.12)).

Let ¢’ = g/Z1. Then ¢ is defined — and is a solution of V — on the complement of {Z; = 0}.
It is enough to prove that for any k > 2 the germ ¢’ extends across {Z; = 0} as a function of
class C*=2. If hj_; is as in then hyx_1/Z1 € &y and hence we are left to showing that
(g + hi—1)/Z1 extends accross Z; = 0 as a function of class C*¥~2.

We take advantage of (10.12)). By Taylor’s formula we can write
—k
g+thg1=ArZ1+ BpZ1,
where Ay, Bj, € Ci°. Consequently by Lemma [10.32] we can write
(9 +hk-1)/Z1 = Ay + By, ¢(Z1)

is of class C*~2, which completes the proof. O
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Example 1. If the assumption that I is a manifold ideal is not satisfied, the conclusion of
Theorem can fail to hold. For instance, let V be the locally integrable structure on R3,
with coordinates written as (z,y,s), whose orthogonal V' is spanned by the differential of the
functions
Z=x+iy, W=s+i(a®+1?)

(this is the standard Hans Lewy structucture on C?), and define I = (W). Then I is not a
manifold ideal, and we have that V() = {0} and Z(V(I)) = (Z, W) = m D I. Also note that m
does not coincide with the radical of the ideal I, since there is no k € Z, such that Z*/W is of
class C* around 0. It follows that the Nullstellensatz does not hold for a (general) ideal of &y.

Example 2. On the other hand, consider the structure V on R®, with coordinates written as
(w1, 29,91, Y2, s) whose orthogonal V= is spanned by the differential of the functions

Zy=mi+iy, Zo=wxo+iyy, W=s+i(z]+yi—a5—15).
Once again we have that I = (W) is not a manifold ideal, but in this case we have Z(V(I)) = I.
Indeed it is well known that V is hypocomplex at the origin [1]. On the other hand, writting
the complex coordinates in C? as (21, 22, w) we see that that if H € O®) vanishes on V(I) then
H(z1,22,0) vanishes on |z |> = |2|?, and consequently H = wH;, with H; € O®). This proves
our claim.

11. SOME OPEN QUESTIONS

A certain number of questions arise, in our opinion, naturally from the results presented in the
previous sections. Despite the quite elementary nature of some of them (the topic of the algebraic
properties of the ring &, appears to be to some extent unexplored) their treatment seems to lead
to delicate analytic issues. The following is an (incomplete) list of the problems which are for us
most natural and interesting;:

Question: is the necessary condition found in Theorem also sufficient for the surjectivity of
the Borel map?

We conjecture that this should be the case, at least when the structure V is real-analytic.
Question: does the conclusion of Theorem [10.31| hold for a non principal manifold ideal?

The method used in the proof of Theorem [10.31] does not extend easily to ideals generated by
more than one solution.

Question: is there an example in which the maximal ideal m is not generated by the basic
solutions Z1,..., 2"

The results in section 9] show that this property in various situations, far apart from each other.
The knowledge of the behavior of the Borel map seems to be important in most of the proofs,

with the exception of the argument in section [9)C).

Question: for what values of p and ¢ does the structure in Theorem [8.16] satisfy the Borel
property?

We expect that the Borel property should hold precisely when p and ¢ have different parity.
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Question: is the image of b isomorphic to a ring of the form (C{Z1,...,Z,})[Zp+1,--., Zm]?

In other words, in the cases settled so far the image of b consists of formal series in a subset
of variables whose coefficients are holomorphic functions in the other variables (more precisely,
these coefficients must have a common radius of convergence).

Question: Suppose that two integrable structures V;, Vs are not hypocomplex (e.g. correspond to
pseudoconvex hypersurfaces My, Ms C C™), and the solutions rings 66, 6(2) are isomorphic. Does
it follow that Vi, Vs are locally equivalent (i.e. that My and Mj are locally CR diffeomorphic)?

It is clear that the answer to the previous question is negative if Vi, Vs are hypocomplex,
since both rings of solutions will always be isomorphic to the ring of convergent power series in
n variables: if, however, there are enough solutions, one might hope that the ring Gy contains
enough information.
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